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I. Some Points in Electrolysis. By J. SWINBURNE*. — y 7] 

HT a cell be considered, with its external circuit closed 
through a resistance so high that in comparison the 

internal resistance is negligible. The cell discharges, and 
in passing from one pole to the other each coulomb does a 
certain quantity of work proportional to the difference of 
potential of the poles, HE. ‘This is really a mere definition : if 
difference of electric potential between two points is defined 
as what is measured by the work done on unit quantity of 
electricity passing from one to the other, the work done is 
numerically equal to EH. The work done on the coulomb 
passing onward through the cell to regain its original position 
is equal to the work done when it passes through the;external 
resistance. This work done on the coulomb may be supplied 
at the expense of chemical energy, or there may be local 
cooling somewhere. There may be chemical energy supplied 
at some points, and absorbed at others, and heat may disappear 
at some points, and may be evolved at others, but the 
algebraical sum comes out equal to EH. Call the poles of 
the cell p and n, the positive pole being, for example, pla- 
tinum and the negative such a metal as zinc, and suppose the 
electrolyte to be one homogeneous fluid. Part of the work 
done on the coulomb in passing from n to the electrolyte may 
be supplied chemically and may be called H_, another part 
may be supplied by local cooling H.,,, ¢ standing for chemical 

* Communicated by the Physical Society: read March 20, 1891. 

Pht. Mag. 5. 5. Vol.-32. No. 194, July 1891. B 
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and h for heat. If there is really local heating this will be 
negative. There is no work done by the homogeneous 
electrolyte, and the work done on it, in overcoming its re- 
sistance, is assumed to be inappreciable. The work done on 
the coulomb passing from the electrolyte to the plate forming 
the pole p is similarly H,,+H,,. We have thus 

K a la. ar Hy + Bn ar Ei 

First assume that the chemical work done is not dependent on 
the temperature of the cell. Let it discharge one coulomb 
at temperature 0, and do work equal to H, joules; H, being 
the electromotive force of the cell at that temperature. Of 
this work E,.9,+Hy9, is supplied by chemical changes, and | 
Hine, + Hpio, by cooling of the cell. Let the cell now be 
heated to the temperature 0, and let it be treated as a 
secondary element, and charged with one coulomb. The 
work done upon the cell is then Hy ; so 

H, = Einco ate Epeo iE Enns ne Hone. 

The chemical work E,. and H,.¢ is common to both pro- 
cesses. If H, were equal to H,, the same work would be 
done at the two temperatures, or Hyyo, + Hpi, would be equal 
to Bane + Lyra. 

But on letting the temperature of the cell fall to @, again 

def (Hinze + Hyne) is available for external work ; so that we 

should have perpetual motion. EH, must therefore be greater 
than E,, so that a margin is allowed for the available work. 
We thus, by simple reasoning, arrive at Helmholtz’s equation, 

CAD 
H=H,,+H,,+0 7 . 

The electromotive force needed to do the chemical work 
may also vary with the temperature. For instance, if the 
chemical changes involved in discharging are brought about 
in a calorimeter at different temperatures, different heats may 
be evolved. Suppose H,, and H,, are less at a high tempera- 
ture, and suppose at the lower temperature 0, there are 
no Peltier effects at the plates, so that, for that temperature 
at least, the cell obeys Sir William Thomson’s law. If the 
cell could be charged at @ with a low electromotive force of 
E.9, needed to bring the chemical changes about, and then 
discharged at 0, with a higher electromotive force, perpetual 
motion would be obtained. There must therefore be an 
absorption of electric energy at @ in addition to that needed 
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to produce the chemical work. This must be liberated as 
heat, and some of this must be available; the cell must there- 
fore not only have a Peltier effect at the higher temperature, 
but though the chemical work done at that temperature is less, 
the electromotive force must actually be greater. By taking 
a cell whose E, varies with the temperature round the usual 
Carnot cycle, we get 

which shows that the temperature-coefficient of the cell is not 
affected by the variation of chemical work with the tempera- 
ture. The term —dHE,/# is the remains of the extra work 
that had to be allowed in compensating for the reduction of 
the chemical work in the example just taken. Cutting it out 
we get 

AD 

T9769 
or 

di 

ee ae 
which is Helmholtz’s equation again. Writing the equation 
in full, with separate terms for the poles, we have 

dEn dH, 
dg +? aa" 

The cell may be made up with the plates in separate vessels 
with a tube of electrolyte to connect them; and the vessels 
can be heated to different temperatures. As H,, H,., and 

LK, 
2S depend on the temperature of their vessel, the last 

equation can be split up into two :— 

di, 

Hn+Ep=E +H, +8 

dEKin 
H,=E,, +? dé or En=0 a> 

and 
bs di di Np=E,.+0 7G or Ep=O 7: 

and, as the temperature-coefficient of each contact can be 
found, the Peltier effect at each contact can be obtained 
separately. 

The hypothetical cell discussed has only one fluid, and is 
reversible. It might be difficult to find sucha cell. If two 
fluids are used, their junction can be arranged in a third 

a 
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intermediate vessel, and their Peltier effect, or difference of 
potential due to heat-formation, may be found as in the case 
of the plates. 

Several workers, for instance M. Bouty and H. Gockel, 
have been investigating and measuring the temperature- 
coefficient or the Peltier effect directly. 

Prof. J. Willard Gibbs has, of course, discussed the subject. 
In a letter to Dr. Lodge* he took a theoretical case in which 
this cell could be heated to the temperature of dissociation. 
He has written a second letter going more fully into the 
subject f. 

This leads at once among the various conflicting views of 
electrolysis. One view, which seems tenable, is that electro- 
lysis is always a case of double decomposition : that there 1s 
really a change. According to orthodox chemistry, if 2HCl 
is electrolysed H, and Cl, are obtained, and not 2H and 2Cl. 
The hydrogen and chlorine form combinations with themselves. 
Dissociation does not always split a compound in the same 
way as electrolysis, and the results of it are often “ free 
atoms.” It might be urged that in such a case as the electro- 
lysis of NH,Cl free atoms of NH, cannot exist, so NH; and 
HCl are produced by a sort of secondary action. 

The cells discussed have been assumed to be reversible ; 
and some question may arise as to what the chemical work 
means. For instance, in a Daniell cell are we to take such 
data as Zn,O = 85,430 and Cu,O=37,160t from a convenient 
treatise on Thermochemistry, and to consider that the conver- 
sion into sulphate and other actions in the cell are secondary? 
It is to be regretted that writers on Thermochemistry seldom 
give their data so that their meaning is clear. Zn,O, for 
instance, often means that metallic zinc is burned in gaseous 
oxygen. Allowance must then be made for the physical states 
of the components before, and of the products after the 
combination. 

Returning to the reversible cell, however, before discharging 
a coulomb there are certain quantities of certain substances in 
certain physical and chemical conditions. After the discharge 
certain chemical and physical changes have taken place. 
Suppose any one of these is a secondary, or non-adjuvant 
action. Jor instance, suppose in discharging a Daniell cell 
that the conversion of zinc into oxide is a primary action, and 
the conversion of zinc oxide into zine sulphate secondary or 

* B, A. Report, 1886, p. 388. 
+ B.A. Report, 1888, p. 343. 
t J. Thomsen, Thermochemische Untersuchungen, iii. pp. 275 and 

320. 
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non-adjuvant. -Some heat will be evolved, and the change 
from oxide to sulphate will not appear as external electrical 
work. On charging again there is only enough electromotive 
force at that contact to cope with the attraction of zinc for 
oxygen and not with the greater attraction for SQ,. The 
result is that the cell is not reversible. Any secondary or non- 
adjuvant action in the cell thus means non-reversibility. We 
thus have to deal not merely with Zn,SO, or ZnO,SO3aq, and 
so on, but in a reversible cell, like a Bear we have to 
consider the attraction of Zn for SO, ; the physical change of 
Zn from a solid to a liquid state, which is generally included 
in the “heat of combination,” as given ; the solution of the 
ZnSO,; and perhaps such small matters as change of volume 
of the cell. The copper salts must be dealt with similarly. 
Hven if the heat of solution were non-adjuvant the cell would 
not be reversible. 

Since 1883 I believe I have been alone in holding that not 
only is lead sulphate formed on both plates of a secondary 
battery, as shown by Dr. Gladstone and Mr. Tribe in 1882, 
but that its formation is the cause of the action of the cell, 
and not a secondary reaction at all. That is to say, there is 
no intermediate formation of PbO. To find out H, of a cell 
we must open a sort of book. On one side put the heat of 
formation of every compound formed on discharge, and on the 
other of every compound broken up on discharge ; the balance, 
including the physical changes, giving H,. For instance, in 
a storage cell we credit the formation of PbSO, on the spongy 
plate, including, of course, the change of the SO, into the solid 
state, and on the per onde plate we again credit PbSO,. Two 
equivalents of H,O are also credited. ‘Two equivalents of 
H,SO,+ Aq are debited, also two equivalents of H,SO,, 
and one equivalent of PbOs, allowing for the O, becoming 
liquid. 

It has been repeatedly urged that as the formation of 
PbSO, takes place on both plates it must cancel out. As in 
the case of a Daniell cell we have to deal with the difference 
between the heat of formation of two sulphates, it is assumed we 
must also deal with differences in a secondary battery. A 
little consideration will show, however, that the cases are 
different. In a discharging Daniell sulphate of zinc is formed 
and sulphate of copper is decomposed, so one goes on the 
credit side, the other on the debit. In a secondary battery 
sulphate is formed on both plates on discharge, and is there- 
fore credited twice. 

The doctrine of the Conservation of Energy also teaches us 
that electrolytic or nascent oxygen and hydrogen, which many 
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chemists regard as such valuable reagents, do not exist. What 
is the evidence in favour of the existence of nascent hydrogen ? 
If some such metal as magnesium, or sodium amalgam, is put 
in dilute acid, bubbles come off. Many other metals act simi- 
larly. If such a compound as persulphate of iron is put in, too, 
it is reduced to proto-sulphate. From frequently observing 
effervescence when reduction is effected, it is easy to assume 
the effervescence is the cause of the reduction. The theory is 
that the energy supplied first produces hydrogen. A power- 
ful attraction has just been overcome, and has been satisfied 
neither by combination with more hydrogen nor otherwise. 
The hydrogen then seizes on the persalt of iron, and takes 
away some of the acid radical, forming free acid, which in its 
turn acts on the oxide of the metal. This action is secondary, 
and may be supposed to evolve heat. There is thus waste of 

‘heat, and the cell is irreversible. A better explanation would 
be, that the metal can dissolve if it either reduces the persalt or 
evolves hydrogen. The reduction of the persalt needs less 
energy, so that takes place. When there is no reducible salt 
available, hydrogen is evolved ; and as it has to be expanded 
into the gaseous form, a good deal of work has to be done on 
it. Hvolution of hydrogen and reduction of the salt are thus 
alternate, not consecutive results. Similarly in an engine— 
the steam either works the engine or comes out at the safety- 
valve; it does not begin to lift the safety-valve, and then 
change its mind and work the engine in a nascent state. It 
must be remembered that the term oxidize has come to denote 
many other things than adding oxygen. Jor instance, adding 
any electronegative radical is called oxidizing. If sulphur 
had been as common as oxygen, no doubt we should always 
talk of sulphurizing. The use of the term“ oxidize” has 
also led to the tacit assumption that in electrolysis the water 
is electrolysed and the other results are secondary actions of 
electrolytic oxygen and hydrogen. If there were such a 
thing as nascent hydrogen, putting a depolarizer, such as 
nitric acid, round the carbon plate of a Bunsen cell would not 
increase its electromotive force ; it would merely make it heat 
more on discharge. 

So far the cells considered have been reversible. It does 
not follow that a cell is always reversible, but, if not, there is 
at least one non-adjuvant action. Asa good example of non- 
reversibility, aluminium and its solutions may be taken. 
Aluminium does not dissolve in dilute nitric or sulphuric 
acid, yet it cannot be deposited electrically. from any 
known solution. Aluminium and carbon in nitric acid give 
only a small fraction of a volt. 
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Points in Electrolysis. ( 

From the definition of electromotive force adopted in this 
paper, the “seat of the electromotive force” is in the cell 
and not between the positive and negative metals outside. 
Yet the electrometer behaves as if there were a contact elec- 
tromotive force. Dr. Lodge has attempted to explain this in 
accordance with the “chemical theory.” He argues that 
when, for instance, zinc is exposed to the air, the oxygen 
either begins to combine with it, or actually combines with it, 
the particles of oxygen giving up their charge to the zinc on 
combining. This produces a difference of potential which 
increases till the oxygen’s attraction for the zinc is counter- 
balanced by it. There is thus an electromotive force set up. 
Air being an insulator, the circuit is not completed. If the 
tendency to combine with oxygen can produce an electric 
stress which prevents combination, actual combination must 
either charge the metal, if insulated, or produce a current, if a 
path is allowed. If a clean piece of sodium is put on an 
insulating stand it goes on oxidizing, the amount of oxide 
formed corresponding to an enormous number of coulombs. 
Where do they go to? If the metal charges electrostatically, 
it must soon be millions and millions of volts below the 
potential of the air, and must discharge disruptively. More- 
over, the millions of volts are far more than equivalent to 
Na,,O. Dr. Lodge assumes that a single element is an 
electrolyte, whereas a cell can only discharge by double de- 
composition. That is to say, to produce such an effect the metal 
must tear the oxygen from a combination, the other radical 
combining with another less electropositive metal, or remoy- 
ing an electronegative radical from it. It might be argued 
that zine and copper plates in chlorine water will give a 
current, and chlorine is a single radical like oxygen. But 
immediately the plates are inserted the chlorine combines 
directly with both metals, without giving any current. A 
three-fluid battery is thus produced. The zinc is in a solution 
of zinc chloride, and the copper in copper chloride, and the 
intermediate liquid is chlorine water. The cell then dis- 
charges like a Daniell. 

Though the oxygen form of the corrosion theory of contact 
electromotive force may not hold, it is quite possible that the 
Volta effect may be produced by thin films of water. Water 
is even more difficult to get rid of than oxygen, and might 
easily cause the electrometer readings. It must be remem- 
bered in connexion with this, that water must be present to 
enable even a combination of a metal with chlorine to take 
place. It is well known that dry chlorine will not attack a 
dry metal. Hvyen sodium may be left in contact with chlorine. 



8 On some Points in Electrolysis. 

Even if the Volta effect is due to the presence of traces of 
an electrolyte, such as water, and not to a non-elecirolytic 
combination with free oxygen, the “seat of the electromotive 
force ’’ still depends on a mere definition. The term “ electro- 
motive force ” is continually used in two senses. It is some- 
times used to denote the difference between the potentials of two 
points, and sometimes to denote the rate of fall of potential. 
Maxwell gives it the latter definition formally, but frequently 
writes of the electromotive foree when he means the line- 
integral of the electromotive force, that is to say the difference 
of potential. In connexion with cells, ‘‘ electromotive force ” 
is always used to mean difference of potential, so the stricter 
meaning, rate of fall of potential, may be disregarded just now. 
If we define the difference of potential between two points as 
proportional to the work done on a unit quantity of electricity 
moving from one point to the other, we have a clear statement 
of what we mean. But if we attempt to make the measure- 
ment, we find the unit quantity of electricity must have some 
carrier ; and when we use an electrometer, we do not measure 
the work done on a unit quantity of electricity moving from 
one point to the other; we really measure the work done 
when a particular conductor is used as carrier. It is not 
necessary to consider any part of the circuit as the seat of the 
electromotive force. There is a circuit, and the potential is 
cyclic. Similar cases occur in other branches of electricity. 
For instance, a “unipolar” dynamo may be made up of a 
rotating magnet witha stationary circuit. If the resistance of 
the internal circuit is negligible in comparison with that of the 
external, the whole expenditure of power is in the external 
circuit, and the fall of potential over the external resistance is 
sensibly the whole potential or electromotive force of the 
machine. There is, however, no way of finding the seat of 
this electromotive force. If the rotating magnet is sup- 
posed to carry ‘‘ lines of induction” round with it, they cut 
the external circuit and produce electromotive force there, 
so that becomes the seat of the electromotive force. If the 
lines of induction are taken as stationary, the rotating part of 
the circuit cuts them and becomes the seat of the electromotive 
force. ‘The effects on the external resisiance are the same in 
both cases. If it is a voltmeter the readings are the same, 
and they remain so if the lines of induction rotate faster or 
slower than the magnet, or in the opposite direction. If the 
voltmeter is replaced by an electrometer, it is still impossible 
to say where the seat of the electromotive force is. The 
readings would be the same whether the lines of induction 
were - stationary, or revolved and cut the leads to the elec- 
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trometer, or revolved and passed through the electro- 
meter as if it were a zigzag gateway, without cutting the 
metallic part of the circuit anywhere. If the electrometer is 
removed and a proof-plate is used, by touching one terminal 
with it and measuring the work done when it moves to the 
other, the result isthe same. If the lines are stationary, the 
proof-plate is charged by one terminal and repelled by it and 
attracted by the other. If the lines rotate, the proof-plate is — 
urged torward by the lines of induction cutting it at right 
angles to its path. The reading is the same in both cases. 
The lines of induction are a mere convention, and there is no 
way of finding the seat of the electromotive force. All that 
can be said is that it is cyclic, and that the difference of 
potential of any two parts of the circuit of the same metal can 
be measured. In some cases the seat where power is spent 
can be determined, and in others it cannot. : 

Similarly in the cell, the seat of expenditure of power can 
sometimes be told, as when there is a resistance in circuit; 
sometimes it cannot, as when the cell works a unipolar, or, by 
extension, any other motor. The difference of potential be- 
tween any two points of the same material can be measured, 
but all that can be said is that the electromotive force of the 
whole circuit is cyclic. ? 

II. Electrical Notes. 
By Artuur Scuuster, F.R.S.* 

1. The Vector Potential. 

HERE is a general tendency at present among elec- 

tricians to dispense as much as possible with the “ Vector 
Potential,” but I believe that many of the difficulties which 
have led to the restriction of its use may be removed. At 
any rate there seems room for the following renewed dis- 
cussion of some well-known equations. 

I was led to the investigation through an attempt to find 
the magnetic effects of currents distributed through space in 
such a way that the lines of flow should be identical in form 
to the lines of induction in certain simple magnetic systems. 
We might, for instance, wish to find the components of mag- 
netic force which are produced by currents in an unlimited 
homogeneous conductor, the electrical potential at every 
point being the same as the magnetic potential due to a simple 
magnetic shell. The case could be realized by a conductor in 

* Communicated by the Author. 
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which a constant electromotive force is distributed over a 
finite surface. 

Any one attempting the solution of such a problem would 
probably be led into the same difficulties which I encountered, 
and although he would doubtless soon get over them, the 
following discussion may save him some trouble. 

I begin by writing down the well-known equations refer- 
ring to the Vector Potential in Maxwell’s form, taking in the 
first place the magnetic permeability as constant. 

F,G, H being the components of the vector potential, 
u, v, w those of the current, we have 

Ble _ d (ak —) 

AT a Nal. (ely Age dy | Hee 

or, writing 

J= ak a dG | aH 
adx dy he Bos 

dor = SO VPP, 5 SEE Gea 

with similar equations for v and w. 
Putting 

= (\\" du dy dz, | 

io 
Crs (\(° da dy dz, (3s nie 

r 
| 

j 

@~ee 

Ee {\(2 dx dy dz; 

1 J 
= ihe da dy dz, 3 ; ° : (4) 

Maxwell concludes that 

pap 2% | 
lx | 

Cee, (5) 
ay 

aay, dy | H=H-% 

This conclusion is not, however, justified. The second 
terms on the right-hand side of equations (5) disappear 
altogether from equations (1). If therefore i’ G’, H” are 

solutions of (1), the value of y is not restricted to that given 
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in (4), but is arbitrary. If, on the other hand, F’,G’, H’ are 
not solutions of (1), they cannot be converted into solutions 
by the terms involving y. 

iat FG, H, as given in (5), do not necessarily satisfy (1) 
may be shown as follows. Writing F,, G,, H, instead of 
F, G, H on the left-hand side of (5), we obtain from these 
equations, 

yh ye dyn , 
: Ae 

and with the help of (8) and (4), 

Aru= S SAU. sos ee ee a ACO) 

Comparing this with | 

Aqu= = SURI) oc RMh es. Teen ca, 2) 

it is not correct to draw the conclusion that F, is a solution 
of (2), for equation (6) still involves on the right-hand side 
the quantities F,G, H. The correct conclusion is that 

7 ay a Seas ee siailuly) 

We may treat equation (5) in a different way, ai deduce 
from them 

arpa doi,, dH; di@ntdG’ di’ 

da dy dz “hae y dy eA Gi 

If, then, F,, G,, H, were equal to F, G, H, as Maxwell puts 
them, it would follow that 

aK’, diGia aaa 

dx dy dz a eetecge ana Sain se) 

and this would show that I’, G’, H’ are solutions of (1) 
without the addition of the terms involving y 

It may be shown that in all legitimate cases equation (8) is 
satisfied ; but before proceeding to discuss the conditions on 
which this depends, | shall treat of a special case which will 
bring out clearly the points to which I wish to draw attention. 

Let u, v, w be electric currents deducible from a current 
function @ such that 

_dp _dg dd 
nice: weeny OS ae 

The lines of flow in this case are identical in shape with the 
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lines of force due to an indefinitely small magnet of finite 
magnetic moment. 

Substituting the above values of u, v, w into (3), it will be 
shown further on (13) that 

2a) Daren} 
Br Yr | 

Qe ORY ae 

H’ 

i] 

Epes Arve | | 

3 

But these values of F’, G’, H’ neither satisfy equations (1), 
nor do they satisfy the condition J=0 for 

ad’ dG’ dH’ hh 8 wrx 

de * dy dz 3 

1t seems well at this stage to investigate the conditions 
which have to be satisfied in order that J =O. 
By a well-known transformation we obtain from equa- 

tion (3), 

aw “dG au! =\{(" du dv : 

ae ag eae qe nas sei Pe 
me es AS. 

The triple integral vanishes, and the surface integral has to 
be taken over the boundary of the region which is considered. 
If this region includes all space which contains electric cur- 
rents, the second integral will also vanish provided the space 
includes no singular points. In the example which has been 

e JG e e e 

given, however, = —, which makes the components infinitely 
Y 

large at the origin. If this point is excluded by an infinitely 
small sphere surrounding it, the surface integral in the above 
equation has to be taken over this infinitely small sphere and 
will be finite. It is owing to this fact that the condition 

dk" dG’ dH’ ae 

da dy ©. 
0) 

is not satisfied in the special case treated above. 
This may perhaps be more clearly seen in another way. 

Maxwell’s equations fall to the ground unless the currents 
flow everywhere in closed lines. The example we have chosen 
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violates that condition at the origin. For the current func- 

tion ¢= = represents the limiting case of a source and sink 

which are indefinitely approached to each other. If the 
source and sink are joined together by the linear current 
necessary to complete the circuit, the proper solution of the 
question may be obtained. 

Take a system of currents due to a sink of electricity at A 
e e I : 

of strength 47 having a current function ~ & source of 
1 

| aaate jh : 
strength 47 at B having a current function — x and a linear 

2 

current equal in intensity to 4a joining A’and B. The value 
of E” in that case would be 

v= (\{(2 i od v dy da+ + 
(as, 

when the last integral is to be taken over the line joining A 
and B, The integration gives 

he —20 (7 =) 4 4e ze, 7h wa 

If A and B approach each other indefinitely, 

P= y= 09 2 
and 

W=—2n = (“ ye ieeeeee — peg is(= + +5); 
dx , 

the current function at the same time becomes 

ax as s 
Pea, 

. > e aby e 

Corresponding to a current function @= —, we obtain therefore 
, 

the values 

. (10) 

8 t 

U—— ~- 

These equations differ from those obtained before (9) by a 
quantity representing the effect of an indefinitely short 
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current at the origin, which current is necessary to complete 
the circuit as shown. 

The values of F, G, H in (10) satisfy the condition 

als dG? dE 
ip ee eee 

and are therefore solutions of the problem. A comparison of 
(10) and (9) also shows that V?E’=V’F, agreeing with the 
conclusion previously arrived at (7). 

In the expressions (9) the flow at the origin is taken to be 
parallel to the axis of X. The equations show that the Vector 

lek 27x 
Potential may be expressed as the resultant of a vector oe 

; ! he 2a 
directed towards the origin, and another — ‘ along the axis 

of X. If, in the general case, >, mw, v are the direction- 
cosines of the axis of flow, the components of the Vector 

Potential are 

P=—20|~ +5 Aetyy +r) |) | 

G=—20[ + 4 wetmy+r2) |) 5 TR 

H=—27 iE + re (de + wy +2) |- | 

We are now prepared to deal with the problem indicated at 
the beginning of this paper. Imagine a magnet having an 
intensity of magnetization at a point &, 7, , measured by its 
components A, B,C. We wish to find the vector potential 
for a system of conductors flowing along the lines of induction 
of such a magnet; and having therefore a current potential 
identical with the magnetic potential due to A, B,C. The 
result is obtained directly from (11), by multiplying the right- 
hand side with Id&dnd¢, taking account of the change of 
origin and integrating throughout the space of the magnet. 
We find in this way 

1 i A ene 

gone V4 eo eC? +S) aD) 

+ C(ze—) | \aedy de Sale} 

with corresponding expressions for G, and H. 

For some purposes it may be more useful to expand the 
current potential in terms of solid harmonics, and we are - 
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therefore led to find the vector potential for a system of 
currents, 

i$ ,_d$ ,_a¢ 
dx’ “aay y Te 

when ? is a homogeneous function of degree n. 
The following transformation will be useful :—~ 

? dd & dh adr? dd 2,2 2,2 
Wie = ad oN Gs da? Raa a 

dr? d*p +) 2g 

dz dx dz 

pb ga (pb 4, CO, &S 
=0P + 4( oo an J dyda 7) 

a gy te 
=(4n+2) 7. 

Writing 

[lee =\\\5 — da ty de=|({ 5. - 

by we may satisfy the condition V?i!/=—4a —* 

Qa dd 

Dip = Laue 2 
Wes (13) 

with similar expressions for G’ and H’. 
Butthese expressions do not satisfy the characteristic equation 

for the vector potential, and it is easily seen that the problem 
is indeterminate as long as we do not fix the manner in which 
the system of currents is completed at the origin. This will 
have to be determined in each case from the nature of the 
problem. From (138) we easily obtain 

di" f A Aa 2 Aa 
dx dn Cee nat uD. 

If F,, G,, Hy are quantities satisfying the condition 

Ver = veG, = Wid 0, 

and 
d¥, dG, dH, 4c 

du a dy = dz TF eel? Oe: 

The components F’+F,, G'+G,, H'+H,, will satisfy all i 
necessary conditions for the vector potential. The solution | 
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may be effected in a number of different ways. For instance, 
we may make 

AanV 

Son ye eee 
dV 

when V is defined by C7, tee 

In this case the currents are completed at the origin by a 
flow parallel to the axis of X. 

As regards the surface conditions to be satisfied by the 
vector potential, there seems no difficulty when the magnetic 
permeability is uniform throughout space, but for the sur faces 
of two media having a differ ent permeability special conside- 
rations seem necessary. Iam not aware that this point has 
been investigated. 

If the medium through which the currents flow is subject 
to magnetic polarization, we may write for the vector potential 
at the point x, y, z, 

ik =({{" da! dy' de’ + (\\@e-¢ ca ee Pau dy! dz, (14) 

where the components of the currents are functions of w'y/ z' 
and p is the reciprocal of the distance between 2, y, z and 

J lf Us eeas 
A, B, C are the components of magnetization of the medium. 

If these are due to the distribution of currents alone, we have 
the additional equations 

A=ka, B=Ks) C= key, 

a, 8, y being the components of magnetic force. Integrating 
the second term of (14) by parts and substituting 

dy _ dB Aru= = — 
dy dz’ 

the equation for the vector potential is obtained in the form 

j= (|= du! dy! dz! +{- (Bn—Cm)d8S, . (15) 

when w=1+47« and J, m, n are the direction-cosines of the 
normal drawn towards the outside of the element dS, the 
surface integral being taken over all surfaces at which two 
media of different magnetic properties join. 

These equations differ from those given by Maxwell by the 
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second terms. These terms are of some importance, for 
Maxwell’s expression cannot be made to satisfy the surface 
conditions, while the surface integrais in the equations (15) 
allow us to do so. 

The expression (Bn—Cm) may be considered as the com- 
ponent of a current which must be imagined to be distributed 
over the surfaces of separation of the two media. 

In order to determine the discontinuities of the differential 
coefficients, let «, and x, be the magnetic susceptibility in the 
two media, and let l,m, n be the direction-cosines of the 
normal to the surface drawn towards the inside of the medium 
to which the index 1 refers. The surface currents are then 
given by 

ul = me — K2"/2) — (418, — 282) 

vl =n (Kyat, —Kotq) —1 (Ky) — Kao), > » ~ (16) 

w= («,B,—K 8) — m( Ka, — Katty). 

If the axis of zis taken in the direction of the normal, 
w'=(0, and we conclude: The first differential coefficients of 
the normal component of the Vector Potential are continuous. 
The differential coefficients of F and G in the directions wv and 
y must also be continuous, and the only ones which may be 

discontinuous are = and co The discontinuities may be 

written down from (15) and (16), | 

au vd T+ & = 47 (8, —W8r). 
dz, do 

In this equation his written for the differential coefficients 
2) 

along the negative axis of z. But 
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Hence 
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Phil. Mag. 8. 5. Vol. 82. No. 194, July 1891. e 
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- Equation (17) is one of the required boundary conditions. 
The second is obtained by symmetry. 

ce ie (1) ee 
by dzq plz Az, My pa} dy 

(18) 

The two last equations complete the solution of the pro- 
blem, as all other differential coefficients are continuous. 

It is easy to show that the conditions we have found lead 
to the well-known continuity of the normal components of 
the induction and of the tangential components of the mag- 
netic forces. 
We have arrived at the conclusion that 

i 

Ba {Mae dy ae + (fas, eR 

with the corresponding equations for G and H will always 
give us correct expressions for the Vector Potential, u, v, w 
being the components of the given currents, and w', v', w! 
currents distributed over the boundaries between bodies of 
different magnetic permeabilities. IF, G, H are not, however, 
the only solutions, but others may be obtained by addition of 

2 i = respectively, x being arbitrary. It appears, how- 

ever, that if uw’, v', w' in (19) are determined so as to satisfy 
the necessary boundary conditions, both yx and its first 
differential coefficients must be continuous throughout space. 
The function y may therefore be expressed as a potential 
function of attracting matter distributed throughout space 
with an arbitrary volume-density, there being no surface 
distribution anywhere. If y does not vanish it follows from 
(5) that 

Ciena. di Pits 

for it has been shown that whenever currents flow in closed 

circuits only, 
GAS tg Crear a 
Ga Ga. deme 

If, then, the additional condition is imposed on the Vector 
Potential that 

an dG, dH 
dz ° dy dz 
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should vanish, its components become determinate in every 
respect. 

Returning for a moment to the investigation which has led 
to equations (10), we may write the vector potential due to a 
conduction current 47 through a linear element ds at the 
origin, the currents being completed by displacement cur- 
feats 

Lee A d dre \ 

B=2nds(= +5 )= (2-7 Das: 

G=2nds~! = ee b pe OS 
7 DY 9 

iO nds == = = ith ona. 
ed dz 

As far as the magnetic forces are concerned, the terms in- 
volving the differential coefficients disappear, and we might 
put equally well 

F=—“", G=0, H=0. 

If the conduction current is 2 instead of 47, we obtain 

1D = = C—=(), Jal 0 

and this is exactly what we should have obtained if we had 
neglected the displacement currents altogether: a well- 
known result. 

The following transformation seems of some interest. Con- 
sider electric currents in a system of bodies whether con- 
ductors or non-conductors, the magnetic permeability being 
uniform for the sake of simplicity. The Vector Potential at 
a point w, y, z will be 

F=4((< da db de 

where the currents are given as functions of a, 0, ¢. 
Assume further the existence of a current function, from 

which the currents may everywhere be derived. Over certain 
surfaces the current function may be discontinuous. We put 
therefore 

and form the equations for the components of magnetic 
C 2 

ee ee ee eee 
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induction. It will be sufficient to carry out the transformation 

for one of the components :— 

1 ih 
2 d- 

= \\\\ a : | da db de, 
w= — v— 
dy Uz 

and, finally, remembering that 

de du 

de Tae 
? 

mw—nv .. 
= {| ——__—__ 7. 7 

He | { Daal 
PP 

Sunilarly, 

ev 

l, m, m are the normals drawn to the inside of each medium. 
The surface integration must be carried out on both sides of a 
surface at which w, v, w are discontinuous. 

I do not know whether these equations will ever really 
simplify the investigation of an actual problem, but it seems 
of interest to know that we can always express the magnetic 
forces due to steady currents in a conductor, in terms of the 
values of the currents at the surface of the conductor ; the 
components of the currents inside may be unknown, though 
of course they are determined by the surface values. 

Ill. The Theory of Dissociation into Ions, and its Consequences. 
By SPENCER UMFREVILLE PicxeErine, J.A., /.R.S.* 

fhe supporters of the present physical theory of solution 
hold that the majority of salts, acids, and bases, when 

dissolved in a large excess of water, are entirely resolved into 
their component ions. That the facts of the case warrant such 

(Communicated by the Physical Society : read March 20, 1891. 
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a conclusion I have already disputed (Phil. Mag. vol. xxix. 
p- 490, and ‘Nature,’ xlii. p. 626); but theoretical objections of 
a fundamental character can, I believe, be raised against this 
dissociation theory, and, though I have already alluded to 
these, they have not yet been fully discussed. Many of the 
‘questions which are asked in the following pages can no doubt 
be answered satisfactorily, but as far as 1am aware this has not 
yet been done, and it is certainly incumbent on the supporters 
of the theory to give physicists and chemists a clear concep- 
tion of what their theory involves. 
When hydrochloric-acid gas, for instance, is dissolved in 

water, the molecules, which were intact to start with, become 
resolved into their ions, so that each of these acts as if it were 
a separate unit. This I believe is, according to the theory, the 
total and only change which occurs : the water remains in the 
same state in which it was to start with. The resolution of 
HCl into H and Cl atoms has been held of necessity to involve 
an absorption of heat, an absorption considerably in excess of 
that which we know occurs when it is resolved into hydrogen 
and chlorine molecules ; and, whether the ions are identical 
with free atoms or not, we have the positive statement of 
Arrhenius, the originator of the present dissociation theory, 
that the resolution of a body such as hydrochloric acid into its 
ions absorbs heat*. If then this, which is the only change, 
absorbs heat, whence comes the 17,300 cal. which are, as a 
matter of fact, evolved during dissolution ? 

In the communication to which reference has been made, 
Arrhenius does not consider the thermal results of dissolution, 
and a subsequent consideration of these seems to have led 
some of the supporters of the theory to hold a view diametri- 
cally opposed to that just quoted. They now hold, I believe, 
that the decomposition of molecules into their ions evolves 
heat ; that that heat, which they still admit must be absorbed 
by the decomposition of the molecules into ordinary atoms, is 
more than counterbalanced by the combination of the atoms 
with electric charges. This change of front must rather be 

* Arrhenius, Bitrag till Kongl. Svenska Vetenskaps-Akademiens Hand- 
lingar, Stockholm, 1888-4. Out of several sentences I may quote the 
following italicised passage :—“ La transformation de l’état inactif en l’état 
actif d’un hydrate (faible) est accompagnée par une absorption de 
chaleur;” and the heat absorbed in the transformation is named 
“chaleur d’activité.” The terms used in the above must be translated 
into the more modern language of the dissociationists, thus: inactive = 
undissociated ; active=dissociated into ions; hydrate=any hydrogen 
compound, such as an acid or base; feeble=not much dissociated. See 
also Lodge’s epitome of Arrhenius’s paper, B. A. Report, 1886, pp. 361- 
384, 
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inferred indirectly from the writings of dissociationists than 
from any definite retraction which they have published ; nor 
does it appear to have been followed by all the supporters of 
the theory, for the explanation given by Arrhenius of the 
constancy of the heat evolved on neutralizing acids with bases 
is that it is in all cases due to the combination of the ions H 
and OH to form H,O, and this explanation was quoted as 
recently as September last (B. A. meeting) by Shaw as being 
one of the strongest arguments in favour of the theory. It 
may also be remarked that up to July 1889 Ostwald seems 
to have held both views, and to have adopted either just as the 
exigencies of the case suggested: he explains the normal 
heat of neutralization as being due to the heat evolved in the 
formation of a molecule from its ions (‘ Outlines of General 
Chemistry,’ 1890, p. 368), and the abnormal heat of neutraliza- 
tion as being due to heat evolved in the formation of ions 
from a molecule, though not, of course, the same molecule as 
in the previous case (p. 569). : 

The first point, therefore, on which the dissociationists 
should give us definite information is, whether the dissociation 
of a molecule into ions is supposed to evolve or absorb heat. 

_ Presupposing that the answer will be that heat is evolved 
(at any rate in cases similar to that of hydrochloric acid), 
their theory cannot be said to be prima facie inconsistent with 
the conservation of energy ; but other very serious difficulties 
arise which call for explanation. 

The idea of heat being evolved by the combination of a 
charge with an atom involves the conception that the charge 
is originally independent of the atom: indeed the main idea 
of the theory seems to lie in the distinction between an ion, or 
charged atom, and an ordinary or uncharged atom*. We 
may ask, therefore, whence come these charges? All the 
ordinary means by which bodies become charged seem to 
be absent in the present case. No external energy has been 
expended, no friction can be supposed to exist except such as 
might result indirectly from an attraction between the water 
and the acid; but even if the existence of such an attraction 
were admitted, it could never cause sufficient friction to over- 

* Cf. Ostwald, loc. cit., p. 275 :—‘* What actually existsin the solution 
is single potassium atoms with enormous electrical charges. We do not 
know what those charges are in reality, but this we do know, that the 
chemical properties of substances are greatly altered by electrical charges. 
... As soon as the potassium atoms in solution lose their charge, as they 
do, for example, when led by an electric current to a platinum wire, where 
they can give up their electricity, potassium with its ordinary properties 
is at once produced, as is seen in its ability to decompose water with 
evolution of hydrogen.” 



Dissociation into Ions, and its Consequences. 23 

come the very attraction which is the original cause of it, to 
say nothing of the still stronger attraction which holds the 
atoms together: induction cannot apply, as both water and 
acid are supposed to be uncharged to start with, and even if 
there were a contact difference of potential between these two 
substances, it would not result in communicating both the + 
and —charges to one only of the bodies brought into contact,— 
the acid. 

In the second place, how can we imagine that an electric 
charge, which we must at present regard as an affection of 
matter, can combine with matter to produce heat and itself 
remain in statu quo? Such a view is little less than endowing 
the charges with some of the exclusive properties of matter, 
and calling this new matter into existence just when and 
where may be most convenient to the theory. 
In the third place, how can it be maintained that the 

positive electrification of the hydrogen, and the negative 
electrification of the chlorine, would dissolve the union between 
them? According to all our experience of electricity, such 
electrification would make them cling together all the more 
firmly. Further, if these so-called + and — charges repel 
each other, why are they attracted by the — and + charges 
respectively on electrodes during electrolysis? or why, again, 
do the similarly charged atoms not attract each other (as 
dissimilarly charged ones are supposed to repel each other) 
and form hydrogen and chlorine molecules ? 

That a molecule, when decomposed by some force superior 
to the attraction of its constituent atoms, gives rise to free 
atoms which are possessed of a certain amount of free energy, 
and that this free energy, which we call chemical affinity, 
may really be of the nature of an electric charge, has received the 
support of the greatest chemists and physicists whom Science 
has known ; but the present theory seems to have nothing in 
common with sucha view—indeed, it seems to be directly opposed 
to it. On the old theory the atoms when separated have more 
free energy than when combined, on the new theory they have 
less: on the old, the electric charges are the consequence of 
decomposition by some superior force, and form an integral 
part of the stuff resulting from the decomposition; on the new, 
they are the cause of this decomposition and are something 
outside and independent of the matter itself. The old theory 
attributes chemical affinity and combination to the existence 
of these charges ; the new theory considers the charges to be 
antagonistic to chemical affinity, and to be the cause of 
chemical decomposition. 

The view has been suggested, I believe, that the supposed 



24 Mr. 8. U. Pickering on the Theory of 

dissociated atoms, though no longer held together by chemical 
attraction, may be still held together by the electrical attraction 
of their charges. This seems to be but an attempt to over- 
come a difficulty by changing a name, and so far from really | 
diminishing the difficulty, it would appear only to increase it : 
for heat has been evolved, and, therefore, the state of com- 
bination is more intimate than it was before dissolution, so 
that the matter must be held more firmly together by these 
electrical charges than it was by its chemical affinity: how 
does this help the statement that they are less firmly united 
now—so much less firmly according to the theory, that they 
act as independent units? The difficulties as to the origin of 
the charges and the antagonism of chemical and electrical 
attraction are, moreover, not removed by this method of ex- 
pressing the theory. 

Another view, again, was suggested at the recent meeting 
of the British Association: that, instead of regarding the 
ions as atoms with electric charges, they might be regarded 
as allotropic modifications of the atoms themselves. This 
appears to me to be but hypothecating a new form of matter 
to satisfy a theory which is inconsistent with known matter, 
and, inasmuch as atoms of the same substance cannot differ 
from each other except by possessing different quantities of 
energy, it practically amounts to the conjuring away a stock 
of energy that the theory may not be said to be contradicted 
by the principle of the conservation of energy. But surely 
such a process is in reality as much a violation of this principle 
as writing 2=4 would be. The energy equation will not 
equate, so the excess of energy on the one side is boldly struck 
off by imagining a new form of energyless atom, just as on 
the electric-charge theory the same is done by saying that 
the superabundant energy has been expended in combining 
with charges which have come from nowhere. 

Whereas the potential energy of the ions of a substance 
such as hydrochloric acid must be regarded as less than that 
of the molecules when gaseous, it would appear that it must 
be greater than that of the molecules when solid—at any rate 
in such cases where the solid dissolves with an absorption of 
heat. Thus, in the case of potassium chloride, 74°5 grams of 
the salt dissolve in water at 0° with an absorption of 5184 eal. 
Let P and K represent the potential and kinetic energy of the 
solid (KCl) and of the ions (K + Cl) respectively, then 

P(KCl) +K (KCl) =P(K + Cl) + K(K + Cl) —5284 eal. 
The kinetic energy of the solid, K(KCl), is possibly an un- 

known quantity, but it is certainly a positive quantity ; the 
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kinetic energy of the dissolved substance, K(K+Cl), can, 
according to the osmotic-pressure theory, be calculated. With 
a monatomic gas no intramolecular work is possible, and 
therefore the pressure caused by that gas is a measure of its 
total kinetic energy (cf. Ostwald, loc. cit. p. 76) ; the pressure 
of each ion is in this case, ex. hyp., the same as that which an 
ordinary molecule produces, and the pressure-producing energ 
of a gram-molecular proportion of such a gas is 34,008,000,000 
ergs, or 819 cal., so that 

K(K + Cl) =2 x 819 cal., 
and P(KCl) =P(K + Cl) —3646 cal.—K(K()); 

thus the potential energy of the ions must be considerably 
greater than that of the solid molecule. 

The same substance might have been taken as an instance 
of a gas dissolving with evolution of heat and a solid with 
absorption of heat; and in such a case the potential energy 
of the substance in solution must be intermediate between 
that of the gaseous and solid molecules. It is certainly 
difficult to imagine that this substance can consist of uncom- 
bined atoms. 

But a still greater difficulty arises in some cases : a solution 
of calcium nitrate, for instance, absorbs heat on dilution, and, 
as the only change produced by diluting an already dilute 
solution is, according to the theory, to dissociate into ions 
some of the molecules still remaining intact, and as these mole- 
cules are present in the uncombined and gaseous condition, it 
follows that the dissociation of gaseous calcium nitrate mole- 
cules must absorb heat; therefore the gaseous salt on being 
dissolved in excess of water must absorb heat, the liquid salt 
would absorb more than the gas (by an amount equivalent to 
the heat of vaporization of this salt), and still more would be 
absorbed by the solid ; yet direct experiment shows that this 
last, instead of giving a large absorption, actually evolves 4000 
cal. when it is dissolved. 

The conception that salts &c. in solution are entirely de- 
composed into ions has been regarded asa development of the 
theory of Clausius that a few free ions exist at any givenmoment 
in a mass of solution. But these two views appear to me to 
be radically different. Clausius’s conception (Phil. Mag. 1858, 
vol. xv. p. 100) was of a two-fold nature. (1) That the molecules 
in any fluid, being at different temperatures at different times, 
owing to the impacts to which they have been subjected, some 
of them may occasionally be so hot as to be above their dis- 
sociation temperature, and that some temporarily free atoms 
would therefore be present. (2) That two similar molecules 
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MRand M’R’ might collide under such circumstances that M’ 
might come nearer to R than M was, and, consequently, M'R 
would be the result ; whether, however, M and R’ would find 
themselves in such close proximity that they would instantly 
combine together, or whether they might remain for a time 
actually free, is a question which our ignorance of the distances 
and forces concerned do not allow us to settle. Williamson’s 
theory (Phil. Mag.) was practically identical with Clausius’s 
second proposition—continual interchange of radicals, but 
not necessarily the presence of free atoms. Clausius’s theory 
was proposed to account for the facts of Electrolysis, William- 
son’s to account for Chemical facts. Nothing which has come 
to light since that time seems to have shaken the idea of a 
continual interchange of atoms in the molecules of a liquid; 
there seem, however, to be decided objections to the concep- 
tion of free atoms being present. Whether it is probable that 
in a liquid at ordinary temperatures there can be any mole- 
cules as hot as the dissociation temperature (which is probably 
1000° to 2000°) or not, is a matter of opinion; but if any 
free atoms are present the chances of their meeting atoms 
of the same nature would be equal to those of their meeting 
atoms of the opposite nature: with the former they would 
combine just as they do with the latter, and the result would 
be that hydrogen and chlorine gas would be formed, and the 
acid would gradually become entirely decomposed : nor can 
it be argued that the similar charges on the free atoms of the 
same substance would prevent these combining, for in the 
analogous case of hydriodic acid we know as a fact that free 
iodine is produced when the acid is heated to its dissociation 
temperature. 

It does not seem necessary, however, to imagine the presence 
of free atoms to explain the phenomena of electrolysis (¢f. 
Lodge, B. A. Report, 1887, p. 338). The facts of the case, I 
believe, are that although an H.M.F. of finite magnitude is 
required to produce sensible electrolysis, 7. e. the liberation of 
gas, &. in recognizable quantities, any electromotive force 
will produce results indicative of electrolysis, these results 
being a gradual leakage of electricity, and a reverse or 
polarization current on removing the battery. The leakage 
may be explained by the electrolysis of those molecules which 
happen to be at a temperature above that of the average 
molecule, and decomposable by a lower H.M.F. than is the 
average molecule, or else by the action of the E.M.F’. on those 
dissimilar atoms which at the moment when they lose their 
original partners find themselves comparatively very far apart 
from each other (M and R’ in the case above cited). As to 
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the polarization current I venture, though with considerable 
diffidence, to ask whether it really is evidence of actual elec- 
trolysis. It is explained by the statement that a coating of 
liberated ions is formed on the electrode, and that these can- 
not be discharged so as to become ordinary atoms till the 
potential of the electrode attains a certain value, they conse- 
quently remain there and cause a reverse current. But 
might not such a current be caused by a similar coating of 
simple but undecomposed molecules ; such molecules are, I 
believe, not fully saturated compounds, but still possess a 
certain amount of residual affinity, or, on the older electro- 
chemical theory, a certain amount of unneutralized charge; 
these would be attracted to the electrodes and would present 
their + and — ends to the — and + electrodes respectively : 
a charge would thus be retained on the electrodes after the 
battery was disconnected, and this charge would cause a 
reverse current when the two electrodes were connected 
together. The action in fact would be similar to that in a 
condenser. Such an explanation may obviate objections 
which can, perhaps, be urged against the idea of a coating of 
ions, for it seems difficult to see why a certain E.M.F. should 
be reached before the atoms can discharge themselves, unless 
we imagine a definite attraction between an atom and its 
charge, or why the H.M.F’. required to effect this discharge 
should not always be the same whenever the same element is 
liberated ; it also obviates the necessity of regarding an ion 
as possessing any form of charge which a free atom does not. 

Whatever be the value of these suggestions, and of the 
objections raised against that part of Clausius’s conception 
which supposes the presence of a few free atoms in a liquid owing 
to the accidental superheating of some of the molecules, it 
must be borne in mind that this view is totally distinct from 
the modern dissociation theory, that all the molecules are dis- 
sociated, and that too not by heat but by their affinity for 
electrical charges of incredible origin, and possessing hitherto 
unknown characteristics. 

IV. On Changes of Voltaic Energy of Alloys during Fusion. 
By Dr. G. Gor, #.R.S.* 

J. REGNAULD has observed that liquid gallium is 
4VE celectropositive to solid gallium in a neutral solution 
of gallous sulphate (Comptes Rendus Acad. Sci. June 10, 
1878 ; ‘ Chemical News,’ vol. xxxviil. p. 33). He states that 

* Communicated by the Author. 
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this “ categorical experiment renders manifest, in a very simple 
case, the influence exercised by the heat of constitution upon 
the energy of its chemical properties ;” and that “the available 
chemical work which a body possesses depends not only 
upon the specific nature of the atoms, but also upon the 
total of calories which its maintenance in the physical state 
determines.” 

The object in making the following experiments was to 
ascertain whether, consistently with the above observation, the 
change of physical state of an alloy from solid to liquid by 
fusion, and the large absorption of heat which then occurs, is 
usually attended by a correspondingly large increase of voltaic 
electromotive force, and whether the converse effect occurs 
during solidification. The apparatus employed in the experi- 
ments is shown by the annexed sketch. 

A isa glass cup, B a tobacco-pipe with a wide bowl, and Ca 
bent glass syphon-tube provided with a tap. A bar of the 
alloy was placed vertically in A, and a second portion of the 
alloy was melted in the bowl and some distance up the stem 
of the pipe B, so as to exclude the production of thermo- 
electric currents at the junction with the connecting wire, 
and then allowed to solidify and cool. 

The electrolyte, at atmospheric temperature, was poured 
into A and B, and a portion raised by suction into C so as to 
connect the portions in A and B. The terminals of the 
portions of alloy were connected by iron wires with a suitable 
astatic galvanometer of 100 ohms resistance, and the needles 
allowed to settle at zero. Heat was then gradually applied 
by means of a small flame to the bow] of B until the alloy in 
it melted, and the temperature of the electrolyte was raised 
nearly to the boiling-point; the flame was then removed. 
The amounts of deflexion of the needles of the galvanometer 
at definite intervals of time, during the heating and cooling, 
and especially at the fusing and solidifying points, were care- 
fully observed and recorded. 
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Three electrolytes were used, viz. one composed of 1 part 
by weight of absolute hydrochloric acid in 100 of water; a 
second, of 1 part of chloride of sodium and 100 of water ; 
and a nearly saturated solution of that salt. 

In the following experiments: Ist, on applying heat, the 
heated portion of the alloy became gradually electropositive 
to the cold portion up to its fusion-point ; and, 2nd, a more or 
less sudden increase of electromotive force occurred during 
the further heating of the alloy and the electrolyte up to the 
boiling-point of the latter, and this sudden increase appeared 
to coincide in point of time with the melting of the alloy, but 
this could not be accurately determined, especially with the 
amalgams in experiments No. 4, 5, and 6, because the fusion- 
point was not sufficiently sudden or distinct. Substantially 
the reyerse of these phenomena happened after removing the 
flame, during the processes of evolving latent heat and subse- 
quent cooling. A partial exception to the phenomenon of 
sudden increase of electromotive force during the act of 
fusion took place with cadmium amalgam in experiment No. 7. 

Experiment 1. Fusible alloy of bismuth 70 parts, lead 40, 
tin 20, and cadmium 15. Melting at about 66° C. In the dilute 
acid at 16°C. The amount of sudden effect by gradual 
heating in this case was quite large, and the galvanometer 
deflexion increased from 20° to 60°. Huxperiment 2. The 
same alloy in the weak solution of sodium chloride at about 
16°C. The amount of sudden increase of current by gradual 
heating was again large. Hwperiment 3. Analloy of bismuth 
8 parts, lead 8 parts, and tin 38. Melting at about 107°C. 
In the concentrated solution of sodium chloride. The sudden 
increase of current by gradual heating was considerable. 

Asin each of these instances there was a more or less sudden 
change of physical state of the alloy, but no such change of the 
electrolyte, the coincident rapid increase of electromotive force 
must have been due to the alloy and not to the electrolyte ; 
it could not have been due to a sudden rise of temperature, 
because that of both substances must have remained nearly 
stationary during the act of fusion in consequence of the heat 
becoming latent. 

The next three experiments were made with mercurial 
amalgams. Hxperiment 4. An amalgam of bismuth 10 parts, 
tin 3°5, lead 3°2, and mercury 2°0, in the weak solution of 
common salt. Experiment 5. Amalgam of zinc 1 part, and 
mercury 7,in the same liquid. LHwperiment 6. Amalgam of 
tin corresponding in composition to the formula Sn,H¢g,, in 
the same solution. This amalgam was soft at 16°C., and 
mercury drained out of it after standing a bar of it some 

rn A a a 
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time in a vertical position. Hach of these amalgams gave 
only a small amount of sudden increase of current at the 
period of liquefaction, probably because the liquefaction was 
more gradual, and the effects of solution in mercury of the 
other metals present masked those of fusion. 

EHaperiment 7. Anamalgam of 1 part cadmium and 4 parts 
of mercury, in the weak solution of common salt. The 
amalgam was more solid at 16° C. than the other three, but it 
easily liquefied in boiling water. When it was heated and 
had become pasty, the current began to increase; but just 
previous to complete liquefaction the current suddenly and 
considerably decreased, and the liquid amalgam became electro- 
negative to the solid one ; the period of reversal was very 
brief, and on further heating the current suddenly increased 
to a slightly higher point than it was at previously. The 
annexed curve approximately represents the results obtained 
with a freshly prepared portion of the amalgam, and shows 
that the phenomenon is much more complex than a simple 
measurement of the total amount of heat evolved or absorbed 
would indicate. The sudden depression of electric energy 
was probably due to a sudden act of chemical union of the 
ingredients and a corresponding loss of potential (7. e. latent 
or specific) heat. 

Curve of Variation of Electromotive Force of Cadmium Amalgam pro- 
cueee heating and fusion in a 1-per-cent. Solution of Sodium 

oriae. 

Deflexions. 
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Above 0 the hot electrode was +, below 0it was negative to the cold one. 

By repeated experiments of the above kind with this 
amalgam it was found that the sudden decrease of electric 
current was greater with the freshly prepared substance than 
with that which had been remelted several times, and L 
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have examined this interesting circumstance (see ‘‘ Changes 
of Property of Amalgams by Repeated Fusion,” Phil. Mag. 
September 1890, p. 228). 

The mixtures of metals which produced the most sudden 
increases of current in these experiments were those which 
exhibited the most sudden liquefaction. An explanation I 
venture to suggest of the increase of voltaic energy during 
liquefaction is, that the molecules of the liquefied alloy are 
usually in a state of more active motion than those of the solid 
substance, partly because the liquid has absorbed more potential 
heat ; and that the suddenness of the increase of the current 
at the period of liquefaction is due to absorption of heat being 
promoted, and chemical and voltaic action facilitated by the 
sudden occurrence of convection currents in the liquid alloy. 

As energy is indestructible, the effect of each unit of heat 
absorbed by the alloy upon its total amount of energy of 
molecular motion must be the same whether the heat is 
absorbed as specific heat and raises its temperature, or as 
latent heat which, without altering its temperature, changes 
its physical state by fusion, or its other properties, as in the 
case of iron at its ‘ critical point.” 

The results of the experiments show that changes of voltaic 
energy may be used in the above manner to detect physical 
and chemical changes in metallic alloys. 

V. A Kinetic Theory of Solids, with an Experimental 
Introduction. By WittiaAm SUTHERLAND *, 

ae present work started in an experimental inquiry 
having a twofold object,—to try to ascertain whether 

there is a general law connecting the elastic properties of metals 
with temperature, as is the case with gases, and to discover it 
if possible, and, failing that, to obtain empirical means of find- 
ing the values of the elastic constants of the metals at absolute 
zero, at which temperature they would be specially interesting, 
as the molecules would be at rest. 

The first result was that a general law unfolded itself with 
singular ease, namely that the law of variation of the rigidity 
of the metals with temperature is the same for all: if n is the 
rigidity at absolute temperature 6, and N that at absolute 
zero, while T is the melting-point, then 

x=1-(1) 
a law almost as simple as that of perfect gases. 

* Communicated by the Author. 
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It next appeared in a similar manner that the law of 
variation of Young’s modulus of elasticity with temperature 
is nearly the same for all metals, and nearly, though not 
quite, as simple as that for rigidity. 

As these results amounted to an experimental proof that 
rigidity (and elasticity generally) is essentially a kinetic 
phenomenon I was encouraged to proceed with a kinetic 
theory of solids, which had been in view when the experi- 
mental inquiry was undertaken. 

The present paper will be divided into two parts :— 
Experimental Introduction and Theory. 

HiXPERIMENTAL INTRODUCTION. 

' This will be divided into two parts, Rigidity and Young’s 
Modulus, in which the matter will be taken in the following 
order :—first, an account of my own experiments on the effect 
of temperature on elasticity ; second, a compilation of all 
available data on the same subject ; third, a compilation of 
all the available data as to the absolute values of Rigidity and 
Young’s Modulus at about 15° C. ; and fourth, establishment 
of the general law connecting these elastic constants with 
temperature, and determination of their values at absolute 
zZeY0. 

. Rigidity. 

1. Haperiments.—The variation of rigidity with tempera- 
ture has been worked at by Napiersky, Kohlrausch, Pisati, 
and Tomlinson ; but these experimenters have almost confined 
their attention to the nobler metals with high melting-points. 
As I expected that in the case of the metals with low melting- 
points the law of variation would be easier to discover, it was 
necessary to make a study of these metals. 

I used the torsional method of measuring rigidity both in 
its static and kinetic form, and found the two forms to give 
agreeing results ; but as the static proved less accurate, I will 
not waste space by giving its results here. The kinetic 
method was worked in the usual manner. The metal to be 
experimented on was taken in the form of a wire, with a 
cylindrical vibrator of thin sheet iron soldered to one end, and 
a strip of thin iron to the other by means of which it could 
be clamped. As chamber in which to produce variations of 
temperature, a wooden box about 65 centim. by 20 by 27 was 
taken and fixed with its long edge vertical. The top and 
bottom had a hole bored at each middle point to let the wire 
pass through freely. The iron strip was clamped to the top 
of the box, and the vibrator either swung just outside or inside 
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the box according to the length of the wire. It was con- 
venient to have the vibrator swinging outside when it was 
necessary to largely increase the moment of inertia of the 
vibrator. To heat the chamber I used as a preliminary ex- 
pedient a gas-flame burning inside it at one of the bottom 
corners with vent-holes so distributed as to prevent the con- 
centration of a stream of hot air on any one point of the 
wire. The mean temperature of the chamber could be regu- 
lated by the size of the flame, and was measured by a 
thermometer the bulb of which was almost in contact with 
the middle point of the wire. Although this was intended 
to give only rough preliminary measurements, it worked so 
well and was so simple and handy that I retained it through- 
out. It was tested repeatedly in the following manner :—a 
gas-flame was turned on sufficient to maintain a constant 
temperature of say 70° C., as recorded by the thermometer, 
and the period of vibration of the wire under experiment was 
observed. The flame was then increased till a temperature of 
105° C. was reached, when the flame was turned off, and the 
vent-holes closed ; the temperature of the chamber then fell 
slowly and the period of vibration of the wire was again 
observed while the temperature fell from 71° to 69°; the 
difference in the two values of the period never amounted to 
more than what would correspond to an uncertainty of 2° 
in the reading of the temperature, and in most cases was 
actually inappreciable. This was a degree of accuracy quite 
sufficient for the purpose in view. i 

In determining the period of vibration of wires with such 
molecular viscosity as those of lead, tin, and zinc, there is this 
difficulty, that when vibration is started it tends to die away 
after a very few swings, so that accuracy in the measurement 
of the time of a single swing is not possible without some 
method of periodically reinforcing the swing. I found the 
simplest and best plan of doing this to be the application of a 
slight impulsive couple with the hands to the vibrator at the 
middle of every nth swing. With a little practice it was soon 
possible to make a large number of measurements of the 
period of a lead wire not differing amongst themselves by 
more than 1 in 300. Each determination of a period of 
vibration was made by observing with the seconds hand of a 
watch the time of between 100 and 300 swings. 

The rigidity is calculated from the experimental data by 
the formula 

ATE AE p* 

re m(t/2)”’ 

Phil. Mag. 8. 5. Vol. 32. No. 194. July 1891. D 

i 
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n being the rigidity, 7 the length of the wire vibrated, m its 
mass, p its density, | the moment of inertia of the vibrator, 
and ¢ the time of a complete vibration. Using C.G.S. units in 
the measurements, the rigidity is given in dynes per square 
centim., but as the gramme weight is the unit of force most 
employed by elasticians it will be used here. 
When the vibrator swung outside the chamber, a small 

length of the wire was not heated directly but only by conduc- 
tion; to allow for this the small length was assumed to be at 
the temperature of the external air, Let , be the rigidity at 
the initial temperature @, of the surrounding air, ny that at 
any higher temperature 0, and A the length of the small part 
of wire outside of the chamber, a the coefficient of linear ex- 
pansion of the wire, ¢, and ¢, the periods observed at the two 
temperatures, then the ratio n./n,; 1s given by the formula 

ae 1 Pe. 3 : l—xr ] 

nm  § 1+4+82(0,—86,) ° a 1+ a(,.—9;)5 , 

Lead.—Commercial wire. 

L A M. I 

7705 cm. 4cm. 284 9m. ee 586500 gm. cm.” 

Temperature C.@ ...... 21° 60° 102° 

lalitcpertod (720 0.05. 551 sec. 5°71 6°00 

Rigidity ratio n/n, ...... 1:00 "924 829 

Rigidity at 21° C., 90 x 10° grammes weight per sq. cm. 

To control the absolute value found, a large number of 
measurements were made on a longer wire with a lighter 
vibrator ; length 238°7 centim., mass 88 gm., density 11:4, 
moment of inertia of vibrator 3350 gm. centim.’, temperature 
17° C., and half-period °7365 sec. These values give a 
rigidity 90 x 10° at 17° C., in close agreement with the value 
found from the shorter wire. 

To make still surerof getting this absolute value of the rigidity 
of lead thoroughly tested, I carried out some experiments on 
a much larger scale, using a piece of stout lead pipe instead 
of wire. For vibrator a rectangular plank 179°7 centim. long 
and 14°6 centim. wide was taken ; a hole was bored at its 
centre through which the pipe was nushed till a short length 
projected which was slit and hammered back in four flaps, 
then strongly nailed to the plank ; a conical plug being driven 
into the pipe, there was no doubt about the rigidity of the 
connexion between pipe and vibrator. The plank weighed 
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2649 om. The other end of the pipe was similarly secured 
to a plank which was clamped as rigidly as possible to the 
beams ofa roof. In the case of a hollow cylinder of external 
radius rg and internal radius 7, rigidity is given by the formula 

io" Satie 

oP G2) 

The moment of inertia of the plank could be increased by 
adding weights. 

0. Toe Vie 

3° °9014em. °6482.cm. 

l m . 5 ; 0- 

120°9 em. 16999¢m. 114 2 

With the plank alone, whose moment of inertia was 
7176000 gm. em.?, the period was 717 sec. ; the moment being 
increased to 10577000 the period became ‘881 sec., and with 
the moment again increased to 20684000 the period rose to 
1-222 sec. These values give for the rigidity the values 
89°3. x 10°, 87°2 x 10°, and 88°6 x 10° respectively, the differ- 
ences being due doubtless to imperfect rigidity in the sup- 
porting of so heavy a vibrating system. The mean value 
884 x 10° at 23° is close enough to the former value 90 x 10° 
at 17° to make it pretty certain that the absolute value of the 
rigidity of lead at 20° can differ but little from 89 x 10° 
grammes weight per sq. centim. 7 

Zinc.—To get a wire of zinc I had a strip about ‘3 centim. 
wide cut from a sheet of rolled zinc ‘3 centim. thick. The rod 
of square section was then roughly trimmed to circular section 
with a file, and, finally, by longitudinal scraping while kept 
revolving it was converted into a fairly uniform circular wire. 

EL r. Mn. p- i. 

Coty + 3° 1 36°3 7:04 586500 

Pemeeto AS 63° 822.90. 61° | B22) ZI 

t/2...1°388 1:367 1:398 1:446 1495 1°405 1:382 1:340 

n2/n,, 1:0 952, 1 906) 842. 1) (S84. 397.2 11930). BON 

Rigidity at 18°, 311 x 10° grammes weight per sq. centim. 

Tin.—A gain | had to make a wire, this time by casting a 
rod and hammering out to three times its original length. 
I did not succeed in getting uniformity or true circularity of 
section, so that a reliable absolute value of the rigidity of tin is 
not obtainable from these experiments, but the rigidity ratio 
being independent of the form can be accurately got. 

D2 
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I . Xr. mM. 0. ; 

PRT 2°09 87°45 7:29 586500 

OCA: 16° ple 66° 86° 103° 

b/ 20) apes QAD (if '2:35 DAA 2 oe ees 

No|My. see 1:0 ‘854-804 °727 «=~ *666 

The rigidity at 16° is 109 x 10°, an uncertain value. 
To get a more accurate absolute value of the rigidity of tin, 

I carried out some experiments on a large scale on a piece of 
tin pipe in the same manner as on the lead pipe. 

l. Mm. “p- 0. 1g. pe 

116°8 (Qo) (ay) 18° 689 429 

With the three moments of inertia 7176000, 10577000, 
and 20684000 the periods were °851, 1029, and 1°416 sec., 
and the corresponding values of the rigidity are 1543 x 10°, 
1561 x 10°, and 160°9 x 10°; the mean rigidity of tin at 18° 
being therefore 157 x 10°. This is a more reliable determina- 
tion than the last. . 

Magnesium.—The specimen used was a piece of commercial 
fine wire. 

L. Xr. Me p- ie 

54°6 0 "25 om. Ie 525 om. em.” 

Cao. OIA Dale 100° 

Dist es ca NEL eA) 145 

5) alee 110) IS 

Rigidity at 21°, 130x 10°. 

To check this value of the absolute rigidity another deter- 
mination was made on a longer wire with a heavier vibrator ; 
f 200-6, m °891,,p 1:74, 1 3395; 0 202. ¢/2) 7-02 itv enetainy, 
131 x 10°, a result in good agreement with the last. 

2. Compilation of Data as to Variation of Rigidity with 
Temperature.—The most extensive work yet done on’ ‘this 
subject is that of Pisati (Wied. Bezbl. 1.), who studied silver, 
copper, gold, aluminium, iron, steel, and platinum from zero 
to 200°, and in some unannealed specimens up to 300°; but 
the results at high temperatures on unannealed specimens are 
of no use for our present purpose, because mixed up with the 
pure temperature effect there is an annealing effect. How- 
ever, from zero up to 100° the proportional change of rigidity 
of the metals with high melting-point is nearly the same in 
the unannealed as in the annealed state. The other sources 
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of knowledge on this subject are Kohlrausch and Loomis 
(Pogg. Ann. exli.), Napiersky (Pogg. Ann., Erganzbd. ii.), 
and Tomlinson (Proc. Roy. Soc. xl.), who do not go beyond 
100°. The simplest way of comparing the results of different 
experimenters will be to tabulate the ratio of the rigidity at 
100° to that at zero as found by each, I will also give from 
Pisati the ratio for rigidity at 200°. Where a specimen is 
known to have been unannealed it will be marked (w.) 

TABLE I. 

Metal. 100° DOD aa Authority. 

Copper (wv) ......... ewe Oboe) )| GUS bisacr. 
Goppery.-...s.\..- 000... Pomorl  '\\) -ONGiped | sk isatt. 

Se ee ea } 945 | Kohlrausch. 
2 eee ‘971 Tomlinson. 

Salven (27) <..2225.<:..... "960". | > “S58 yA ih Bisati. 
SUL Ei Wasa eee 96 ‘898 | Pisati. 
OS See eee hepeont) | | Napiersky. 

a8 ‘961 | Tomlinson, 
OD) BS... <0 oil eae isaGl: 
Magnesium ............ 945 | Sutherland. 
LON ee "848 | Tomlinson. 

BN Sees ‘749 - Sutherland. 
Aluminium (7)......... 932 803 | Pisati. 

43 es oe ‘943 | Tomlinson. 
Lik © =a 638 | Sutherland. 
Meade. . BEB: sh 773 | Sutherland. 
Lic ee ae “979 “942 | Pisati. 

ABST Penasenso- oss. “960 _| Napiersky. | 
<5. ee "950 | Kohlrausch and Loomis. 
2) 973 | Tomlinson. 

Birelicl eee i ece5.. sca OT | Tomlinson. 
Plata | (72) \......... 984 | 964 Pisati. 
IRM 5 cic... 0. 982 | -984 Pisati. 

-. Ree ee 993 | Tomlinson. 
| | 

The discrepancies in the above table are such as have 
hitherto proved inevitable in elastic experiments on account 
of differences in purity of specimen and elastic state. But in 
Pisati’s experiments up to 200 for the metals with high 
melting-point, and in my own up to 100° for those with low 
melting-point, there is a large enough variation of rigidity to 
be only slightly perturbed by accidental circumstances, as will 
be seen when the law of variation is under discussion. In the 
case of zinc, where there is pronounced disagreement between 
Tomlinson’s result and my own, Tomlinson’s is to be preferred 
as he experimented on a true wire. 
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3. Compilation of Data as to Absolute Values of Rigidity at 
Ordinary Temperatures (between 0° and 20°). 

The sources of these data are, in addition to those men- 
tioned in the last compilation, Kupffer (Zém. de ? Acad. des 
Sc. de St. Pé. 6 sér. t. v.), Tomlinson (Phil. Trans. 1883, 
and Proc. Roy. Soc. xlii.), Sir W. Thomson (Hncye. Brit. 
art. Elasticity), and Kiewiet (Wied. Ann. xxix.). 

The rigidity is given in grammes weight per square centi- 
metre. 

TasxE IT. 

Metal. | 7/108. | Authority. - Metal. 2/108. Authority. 
| es LE ae aero patina (us af hh 

Copper ....fsiec: 390 | Kohlrausch and!) Aluminium (w)| 234 | Pisati. 
Loomis. 250 | Tomlinson. 

397 =| Pisati. | 267 | Tomlinson. 
441 | Tomlinson. i 241 | Thomson. 
420 | Tomlinson. APM. 2 Ue ann eae 121 | Tomlinson. 
457 | Tomlinson. 150 | Kiewiet. 

(mean ofmany)| 449 | Thomson. (hammered) | 109 | Sutherland. 
440 | Kiewiet. (pipe) ...<.8.2. 157 | Sutherland. 

Copper (w)...... 436 | Pisati. Lead \........:..|)' V4 +) Momsen, 
DSUIMON: wei. ss cetsian. 283 | Kupffer. 89 | Sutherland. 

257 | Pisati. 88 | Sutherland. 
272 | Tomlinson. Tron’ osc ecete- | doe en ees ee 
270 | Thomson... 713 | Kupffer. 

Silver (wz) ...... dl | Pisati. 694 | Kohlrausch. 
Silver|(#) 2:2. 276 | Tomlinson. 811 | Pisati. 
Golder... 271 | Kupffer. 773 | Tomlinson. 

281 | Thomson. 751 | Tomlinson. 
Golds(@) 20 265 | Pisati. | 766 | Tomlinson. 
Magnesium 172 | Tomlinson. 790 | Thomson. 

130 | Sutherland. Nickels. .cc.es 758 | Tomlinson. 
ARNO (22) 2 sees 340 Tomlinson. | Platinum ...... 637 | Kupffer. 

360 | Thomson. | 628 | Pisati. 
380 | Kiewiet. ! | 693 | Tomlinson. 

Zine (rolled 311 | Sutherland. | | 662 | Tomlinson. 
anneal.) | | | 622 | Thomson. 

| ( \ 

The discrepancies in this table must be due mainly to 
differences in purity and elastic state. But on taking the 
mean of the above values for each element we must obtain 

values near to the true ones at 15°; these are now given. 

Cu. Ag. Au. Mg. 

430 280 270 150 

Tasxe III. 

Mean values of 10-6 times the Rigidity at 15° C. 

Zn. Al. “aaa 

300 250 1385 84 750 760 650 
Sn. Pb Fe. Ni. Pt. 
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4. General Lawof the Variation of Rigidity with Temperature. 
The method of procedure in discovering this law was as 
follows :—For no single metal was the temperature range 
large enough to show clearly any simple law, but if the 
molecules of the different metals behave like similar dynamical 
systems, then, in passing from the rigidity of rest at absolute 
zero to the vanishing point of rigidity at the melting-point, 
the different systems must show close similarity in behaviour. 
The first thing to do, then, was to find some empirical formula 
with which to extrapolate for a first approximation to the 
rigidity at absolute zero. In addition to the experimental 
data, there'was the valuable fact that in each case the rigidity 
is known to vanish at the known melting-point, so that, 
although only a small are of the whole curve of rigidity and 
temperature was known in each case, the curve could be pretty 
safely completed by sentiment down to the point of zero 
rigidity at the melting-point. The curves thus drawn looked 
as though they could be fairly represented by the empirical 
formula 

c8 
pT 

Lig eet 
n 

T being the melting-point. This makes the rigidity vanish 
at the melting-point, and allows the three constants a, b, ¢ to 
be determined from three values of the rigidity at different tem- 
peratures : the formula therefore represented a large stretch 
of curve, and could with some confidence be used for extrapo- 
lating over about 800° down to absolute zero. In this manner 

temperatures in terms of the value at absolute zero as unit, 
and, further, it was promising to express temperature for each 
metal in terms of its melting-point as unit. When the 
rigidity ratios so found for the different metals were plotted 
as ordinates to the temperature ratios as abscisaze, the points 
for all the metals were found to lie on one curve, a parabola 
with the equation 4 

n aN? n=1-(q) caer i wea alleen 

The temporary exponential form can now be discarded ; 
and we will proceed at once to the proof that the simple rela- 
tion just given is the actual law of the variation of rigidity 
with temperature. The best way to proceed with the data 
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already given in this paper will be as before to measure 
rigidity for each metal in terms of that at common tempera- 
tures (about 15°) as unity, and then according to the data 
given in the earlier part of this paper for lead, zinc, tin, and 
magnesium, and in Table I., after Pisati, to calculate a value 
of Nin from equation (1) tor each value of n given for the 
different values of 0. 

For example, in the case of tin we have the following 
values, T=503° (absolute) :— 

Oo 289 7 324°. 839° 309° 376° 

Hepes (ele 854 "804 727 666 

which give respectively the following values of N/n,:— 

1-492 401 deat 2 2 a0 cas): 

with a mean value 1°483, the departures from which are 
within the limits of experimental error. 

In the case of zinc, as already mentioned, there is dis- 
crepancy between Tomlinson’s results and my own; Tom- 
linson gives for the rigidity of zinc at any temperature the 
formula 

4=N (1—*00108: —-00000492), 

by means of which I have calculated the rigidities at the 
same temperatures as my own determinations were made at 
in terms of that at 18° as unit in the following, T=690° :— 

pions al ao) GRRE 355° 370° 
nfm (Toml.) 1:0 955 ~~ 989 896 ‘865 

These give the following values of N/n, :— 

LDQ 7E A218) eZee Dah elie lesa 

while at the same temperatures my own experiments give 

Penh ane. 1-0 ‘952 -906 +842 +784 
Nate elot 1217 «1-215 1-188) a os 

Thus, while Tomlinson’s values confirm the formula with 
wonderful accuracy, my own fail to do so, the reason being I 
believe that my specimen of zinc was not a genuine wire, 
whereas Tomlinson worked with a properly drawn wire ; the 
mean value of N from his experiments is 1:218, with a 
maximum departure in the individual experiments of 25 per 
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cent., which I take to be a very satisfactory confirmation of 
the law. 

The following table needs no explanation now. 

TABLE IV. 

Temperature 0 ............ 273° 373° 473° 
‘ [ 2/2 1-0 ‘971 Oey | aa02: 

Copper ----) win! | 1-044 | 1-054 | 1-050 | Mean 1°05. 
Silver n,/N, 1:0 ‘956 898 | T=12380°. 

ayo N/n, 1:052 | 1:053 | 1:054 | Mean 1-053. 
Gold 1/2, 1-0 ‘971 12h SOP: 

peters N/ny 1:045 | 1056 | 1:049 | Mean 1-05. 
Wager. | 22/% 1:0 SIRT! Gra cca Aven A 

N/n, 1-063 IDL a ere Mean 1:055. 

Temperature @ ............ 294° 333° 375° 
anil 1, |Ny 1:0 “O24 829 3) 590°. 

Beriatetstelajeto N/n, 1:318 1:338 1-364 Mean 1:34. 

Memugerature @’|:..........- 2940" aver 373° 
: N,/ TO)“ ler oeeee "95d T=1028°. 

even | IN ies (| 170900 ine ne 1:102 | Mean 1-096. 

Wenmperature @! | fi2. 20.2... 973° | 378° 473° 
Plati Rosin |) LO.) 1) 982 54 i)  D=—2050°. 
ae ON / 1018 | 1:016 | (-987?)| Mean 1:017. 

In the case of iron, if the absolute melting-point 2080, as 
given by Carnelley, is taken, and Pisati’s measurements of 
rigidity used to calculate N/n,, the agreement is not satis- 
factory ; thus 

Temperature ......... 273° 373° 473 573° 

Ny /No COCO SOE 1:0 og S942, “904 
Tron : 

IN Gea aie LO1L7 ae Se Ot 993 ‘978 

but if the melting-point is taken at 1650°, which is within the 
limit of some determinations, then the values of N come out 

L025 a elcOe tt 1:026 1-028 

with a mean value 1:028 and a maximum departure of °3 per 
cent. 

Using the mean values of N/n, just found, and the values 
of n; given in Table III., we get the following values of N :— 

TABLE V. 

10-® N or 10-§ times the Rigidity at absolute Zero. 

Cam Ac sAu <iMe. Zn. “<All! Sn. Pb. Ke. Ni. Pt. 

452 295 284 164 426 264 200 118 771 781. 661 
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The readiest way of clinching the whole demonstration now 
will be to draw the parabola y=1—a? from #=0 to e=1, 
and with the mean values of N/n, or N, calculating n/N as y 
and 6/T as x, to mark the separate points so determined. 
This is done in the figure. 

For zinc Tomlinson’s values of the rigidity are used, and 
for iron the melting-point is taken as 1650. To avoid ex- 
cessive crowding of points on the figure all the points except 
one for iron, and all for platinum and magnesium are omitted. 
The course of the curve among the points proves that as 
regards the connexion between rigidity and melting-point the 
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molecules of the metals are similar dynamical systems, and 
also that 

pe | = 
Nepaaee co 5 

This concludes the experimental inquiry as to rigidity. The 
result shows that rigidity in its essence is a kinetic phenomenon 
almost as simple in character as the elasticity of perfect 
gases. | 

| [To be continued. | 

VI. Note on Kohlrausch’s Theory of Lonic Velocity. By 
W. C. Dampizrr WuHetHam, B.A., Coutts Trotter Student 
of Trinity College, Cambridge *. 

OHLRAUSCH calculates his numbers for the specific 
velocities of different ions from measurements of the 

conductivities of salt-solutions, and of their migration con- 
stants, on the supposition that all the molecules of the salt 
present in solution are actively concerned in conveying the 
current. The values thus obtained were found to agree with 
experiment in certain cases by Prof. Oliver Lodge, and an 
investigation [ am now engaged in carrying out seems also 
to confirm them. It seems to be generally supposed that this 
is inconsistent with any theory (such as that of dissociation) 
which supposes only a certain part of the salt to be active (see 
Lodge, B. A. Report, 1886, p. 391), though some such form of 
theory seems to be required by the relations shown to exist by 
Arrhenius, Van’t Hoff, Ostwald, and others. If we examine 
the matter a little more closely, however, I think the two sup- 
positions can be reconciled. Suppose that the ratio of the 
numbers of the active and the inactive molecules (which is 
generally supposed to measure the “ dissociation”) represents in 
reality the average ratio of the time during which each molecule 
is active to the time during which itis inactive. Every mole- 
cule is in turn active, but at any instant only a certain traction 
of the molecules are active. [In terms of the dissociation 
hypothesis, the dissociation ratio measures the ratio of the 
mean free time to the mean paired time of theions.|] Thisis, 
of course, equivalent to supposing a certain fixed fraction of 
the whole number of molecules to be active, as far as statical 
effects, such as osmotic pressure, are concerned, but when we 
consider the velocities of the ions the case is different. 

* Communicated by the Physical Society: read May 9, 189]. 
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Kohlrausch calculates the relative velocity of the two ions 
U=u-+v from the molecular conductivity k/m, where k=spe- 
cific conductivity of the solution, and m its contents in gramme 
equivalents of salt, U;=u-+v=k/m. If now we suppose that 
at any instant only 1/nth of the number of molecules are active, 

we should apparently have to put U.=" in order that the 

same current may be carried, which would give U,.=nUj. 
But this U, represents the actual velocity of the ions while 

they are “free,” and if we take a “dynamical” view of the 
dissociation equilibrium, they are only free for 1/nth of their 
time ; while combined they have no relative velocity, and so 

their average velocity for any long time is —U,=U,, the same 
as on Kohlrausch’s hypothesis. ‘. 

The investigation alluded to above, at which I am now 
working, seems to yield excellent 
results for certain cases, though it is 
of somewhat limited application. It 
consists in observing the phenomena 
at the junction of two salt-solutions, 
one of which is differently coloured 
to the other, when a current of elec- 
tricity is passed across it. Salts are 
chosen which have one ion in com- 
mon and the other different. Let 
us represent them by AB and CB, 
and consider the junction pheno- 
mena. ‘The effect of the molecular 
interchanges will be a motion of B 
ions in one direction, and a motion 
of C ions and of A ions in the other. 
When a C ion crosses the boundary, 
it again forms CB, but the colour of CB is different to that 
of AB, hence the boundary between the colours will move. 

The method will be discussed when more experimental 
results are obtained ; it appears that by measuring the rate of 
this motion the velocity of the ions can be arrived at. The 
present is merely a preliminary communication in explanation 
of the experiments shown to the Physical Society of I.ondon 
on the occasion of their recent visit to Cambridge. 
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VIL. On the Solitary Wave. By J. M°Cowan, M.A., B.Sc., 
Assistant Lecturer on Natural Philosophy, University 
College, Dundee*. 

N his Report on Waves to the British Association in 1844, 
Scott Russell gave an account of experiments he had 

made on the propagation, along the surface of still water in 
a straight channel with rectangular cross-section, of a wave 
consisting of a single elevation or depression, and which he 
called a wave of translation or solitary wave to distinguish it 
from waves forming part of atrain. From these experiments 
he concluded that the solitary wave was unique, having 
characteristics entirely its own:—it had a definite form de- 
pending only on the depth and the volume of the water 
composing it, and this form, in the case of a wave of elevation, 
appeared to be propagated with constant velocity and without 
any change except such degradation in height as might 
reasonably be attributed to frictional and other disturbances. 

In 1845 Harnshawf sought to give a theory of these waves, 
but it was unsatisfactory as involving a discontinuity in the 
pressure within the liquid. 

In his Report on Recent Researches on Hydrodynamics to 
the British Association in 1846, Stokes, commenting on 
Russell’s experiments and WHarnshaw’s theory, concludes 
that the observed degradation of the wave is not to be attri- 
buted wholly, nor even chiefly, to friction, but is an essential 
characteristic of the motion ; and, again, in 1847, in a paper 
“On the Theory of Oscillatory Waves’’t, he reiterates this 
opinion and offers a proof involving, however, an oversight 
which I shall be able to point out. 

It has been thought by some that the solitary wave is in- 
cluded in the general theory of long waves, but this is 
certainly only so to a very rough approximation, for its 
velocity does not agree closely with that of the long wave, 
nor does it gradually increase in steepness in front as the long 
wave does, the change which does take place in it being 
simply a diminution in height and consequent increase in 
length such as might be caused by a dissipation of its energy 
by friction, &e. 

The first sound approximate theory of the wave was given 
by Boussinesq in 1871§, who obtained an equation for its 

* Communicated by the Author, having been read before the Edinburgh 
Mathematical Society, May 8, 1891. 

+ Trans. Camb. Phil. Soe. vol. viii. 
{ Trans. Camb. Phil. Soc. vol. yiii. 2 
§ Comptes Rendus, tom. 1xxii. 
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form and the same velocity of propagation as Russell deduced 
from his experiments. In 1876 Lord Rayleigh* gave another 
method of approximation leading to an equation for the sur- 
face similar to that of Boussinesq and the same velocity of 
propagation. These theories, however, give little further 
information regarding the wave, and I am not aware that 
anything further has been done. 

In the following paper I propose, after briefly discussing 
the general theory, to proceed to a somewhat detailed ex- 
amination of the wave based on a simple but close approxima- 
tion. It will be found that the results are in substantial 
agreement with Scott Russell’s experiments, and confirm his 
opinion as to the unique character of the solitary wave of — 
elevation. 

It will be seen further that an approximate account of the 
phenomena of the breaking of waves on passing into shallower 
water follows naturally from the results obtained. 

1. General Theory of the Wave. 

Though the possibility of the propagation of a solitary wave 
without alteration in form and with constant velocity along 
a straight channel of rectangular cross-section has not been 
established on theoretical grounds, yet the result of experi- 
ment is such as to show that a method based on this assump- 
tion must lead at least to a highly approximate account of the 
motion. We shall assume, then, the invariability of the wave 
motion, understanding it of course to be two-dimensional, 
and shall in the first place suppose it reduced to steady motion 
by having impressed upon it a velocity equal and opposite to 
that of the wave propagation. 

Take the axis of « in the horizontal bottom of the channel 
along the direction in which the wave is propagated, and that 
of ~ vertically upwards. Then noting that the motion is 
essentially irrotational as being propagated into (incompres- 
sible) liquid at rest, and putting therefore ¢ for the velocity 
potential and W for the current function, we must have 
w+. a function of z+ux. (t= V¥—1). 

At a great distance from the wave the liquid will practically 
be at rest, and therefore in the corresponding steady motion 
it will ke flowing uniformly: hence for the steady motion it 
is convenient to take 

w+idb= —U(etor)t+f(ztiz), . . . (L) 

where U is the velocity of propagation of the wave. 

* Phil, Mag. April 1876. 
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To determine the form of f (¢++2) we note that (i.) as the 
wave is to be solitary it must be non-periodic as regards «, 
(ii.) it must be finite and continuous throughout the liquid 
including the bounding surfaces, (iii.) when 2 is infinite 
(+ or —) it must vanish or have a finite value independent 
of z or #, and (iv.) if we take yr=0 at the bottom, it must be 
an odd function of (2+ ¢2). 

Thus we obtain 

f (+ We) = Zaria tan ym(e +o), ge ae hee es) 

with the restriction mz <7. 
The condition for a free surface only remains to be satisfied, 

and for this the coefficients a,, a3... may be determined by 
the method of successive approximation, but for the present 
at least we shall content. ourselves with examining to what 
degree of accuracy this condition can be satisfied by taking 
the first term only. 

2. The First Approximation. 

Take, then, 

Ww+tib=— U(ze+exr) + Uatan dm(zt+er), . . (3) 

which gives 

ie 
cos mz + cosh maz 

and 

eo, Ua sinh ma ine) 

cos mz-+ cosh mu 

Let g be the whole velocity and u, w its components parallel 
to the axes of w and z respectively, then 

d.ptip 
ea a =utiw= —U{1—4ma sec?dm(z4+ w)} 3. (6) 

which gives 
1+ cos mz cosh maz 

Sea { 1m sin mz. sinh mex }. easy 
t ; 
(cos mz + cosh ma)” 

and 
E, 2.2 a : Peis Se ma? —2ma(1 + cos mz cosh mz) 

q =U © af (COS E+ cosh mea)? 3 (9) 
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By means of (4), (9) is immediately reducible to 

=U? —2mU (Wt Uz) cot mz + m72(v + Uz)? (cosec?mz — 2/ma).(10) 

Let 4 be the mean depth, or, which is the same thing, the 
depth at an infinite distance from the wave, then by (4) the 
value of at the surface will be —Uh. Let 7 be the eleva- 
tion of the surface above the mean level, then at the surface 
w+ Uz=Un, and therefore by (4) the surface will be given 
by the equation 

sin m(h +) 

Cos m(h-+n) +cosh mea’ = (11) 

and tor the surtace, (10) will reduce to 

gy? = U7{1— 2mn cot m(h +) + m?n?(cosec? m(h +) —2/ma). (12) 

So far the equations are exact. Now expanding (12) in 
powers of 7 and neglecting all beyond 7° it becomes 

y= U?{1—2myn cot mh + m?n?(8 cosec?’mh — 2/ma) 

— 4°’ cot mh cosec? mh + &e.}; . (13) 

but tor the free surface the condition to be satisfied is 

9? =U? — 27 ane sys des AGA) 

So comparing (13) with this we see that ifwe take 

mU? cotmh=g and 8ma=2 sin? mh 

the motion under consideration will satisfy the condition for 
a free surface to that degree of approximation in which the 
term containing 7° in (13) is considered negligible. 

It is possible, however, to get at once a much closer approxi- 
mation: for if we take ma=%sin° m(h+2n), where 7 is a 
quantity of the same order of magnitude as 7, (13) becomes 

g? = U7{1—2mn cot mh + 4m'4?() —7) cot mh cosec*mh}, (15) 

and thus the condition (14) will be accurately satisfied 
(7* &e. neglected) where »=7 as well as of course where 
n=0. Hence, for reasons which will be more fully examined 
immediately, we shall take for 7, the maximum elevation of 
the wave or elevation of the crest above the mean level. 

Thus, finally, taking 

W2> 9m ‘tan mh. VS ee 
and - 

ma =% sin” m(h-+ 2), 4 2) = ee ee 

where, by (11), 

Mo=e tan dm(h+ 9), sie = ee ie 
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the equations (4) and (5) give the current function and 
velocity potential, and (7) and (8) the velocity components 
of a steady motion which, to the degree of accuracy indicated 
by (15), satisfies the condition that its surface, which is given 
by (11), may be a free surface. 

Thus to this degree of approximation the form of the 
solitary wave is determined by (11), and we see that, since 
by (17) ma is essentially positive, the wave consists solely of 
an elevation, and that there cannot be a wave of depression 
capable of propagating itself unchanged with constant velocity: 
a result in accordance with the observations of Scott Russell. 
We proceed to consider in greater detail the character of 

the approximation we have.adopted for the free surface. 

3. The Surface Pressure in the Approximate Theory. 

The pressure at any point of a liquid in steady irrotational 
motion is given by the equation 

p=constant—spq*—gze, . « - .. (19) 

where p and p are the pressure and density respectively. 
Over the free surface p ought to be constant: hence if dp 
denote the excess of pressure at any point of the surface given 
by (11) over the pressure at the mean level f in the motion 
just investigated, we have by (15) and (19) 

dp = —4m'n? (no —7)p U? cot mh cosec? mh, 
or 3 

dp = —Agpm?n?(q.—7) cosec? mh. . . . . (20) 

Thus there is a defect of pressure everywhere but at the crest 
and the mean level. Note, however, how this negative 
pressure is distributed :—At the crest dp vanishes, and as it 
contains the factor y»—7 and the crest is the point of maai- 
mum elevation, it remains very.small over a long range on 
either side of the crest. Again, 6 vanishes at mean level 
and remains very small over an infinite range. Finally, ép 
is a maximum at the point where y=2m, having then the 
value —3$gpm?n,3 cosec” mh (only 34 of what the maximum 
would have been had we taken 3ma=2 sin? mh): but this is at 
the point of inflexion (accurately when 7,/h is very small) 
where 7 is increasing most rapidly, and therefore this maxi- 
mum pressure occurs where it can have least range. Thus we 
see that the pressure-error, small at its greatest, is so dis- 
tributed as to be least effective. 

4. The Approximations of Boussinesq and Lord Rayleigh. 

We have found that to a high degree of approximation 
Phil. Mag. 8. 5. Vol. 82. No. 194. July 1891. a 
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the form of the solitary wave is given by the equations (11), 
(17), and (18), and its velocity of propagation by (16). 
We may from these eliminate, when required, any two of the 
three constants a, m, and m, but it is in general convenient to 
retain them, as each has a direct physical significance. 

For purposes of approximation it should be noticed that 
when mh is regarded as a small quantity of the first order, 
then, by (17) and (18), ma will be of the second, and mm of 
the third order. We proceed to consider certain rough 
approximations. | 

If in (11) we neglect mh? in expanding the cosine, &e., it 
reduces by means of (18) to 

n= sech*5mt, > ake) sy.) eee 

which is the approximation to the surface obtained by Boussi- 
nesq, and again by Lord Rayleigh. 

Sunilarly (17) and (18) give for a first approximation 

my=i mh? or m= / Bm’), » . = (22) 

as found by Boussinesq : Rayleigh obtained 

m= VJ {3n/h?(h+n) }5 

which is a little nearer, for, proceeding to the next approxima- 
tion, (17) and (18) give 

m= / Bilt ae ae 
‘Treating (16) similarly we obtain 

U?=gh(1+ tif’) 
or 

Wao(ht+ ye 2) es 
the approximation obtained by Boussinesq and Rayleigh, and 
the result originally deduced experimentally by Scott Russell 
and confirmed by Bazin*. It is, however, to be noticed that 
the experiments of Russell and Bazin cannot be regarded as 
capable of discriminating between the approximation of (24) 
and the more exact result given by (16). This will be 
sufficiently obvious to those who have had experience of such 
measurements, and it need only be pointed out that the 
experiments on which Russell relied to establish (24) were 
made in a long trough 20 or 30 feet long, and that, so faras I 
am aware, no allowance was made, nor I think could well 
have been made, for the influence of the successive reflexions 
from the ends. oe : 

* Mém. des Savants étrangers, tom. xix. 
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5. The Wave-length. 

The solitary wave cannot directly be regarded as having 
any finite length as the elevation approaches the mean level 
asymptotically towards c= +0 and—«. Practically, how- 
ever, Scott Russell found its length to be sufficiently definite 
to admit of his giving measurements of it. To obtain a 
measure Rayleigh suggested that the wave might be con- 
sidered to end where its elevation became some definite and 
fairly small fraction, say 1/10, of its maximum elevation. 
Comparing, however, the formula (16) for the velocity with 
that in the ordinary theory of a train of waves, or the corre- 
sponding formule for @, yr, &c., itis natural to take for the 
wave-length A=27/m. If for an approximation we take the 
value of m given by (23), this gives 

A= Qa W/ [h?2(h+43)/By$3 ~~ . « (2d) 

or, for waves just on the point of breaking, 

N27) came ie. tga) ews (20) 

for in this case, as we shall see later, mh=1. 
Curiously enough the formula (26) is that taken by Russell 

to represent approximately his experimental results, and it 
agrees well with (25), for all fairly high waves, such in fact as 
would be best suited for measurement. He noticed further 
that low waves were longer than high ones, which is also in 
accordance with (25); and thus altogether his results may be 
taken as giving a practical basis for the definition we have 
chosen, in addition to the theoretical one on which it is 
founded. 

It should be noted, further, that this definition is practically 
of the kind suggested by Rayleigh, for, taking for the moment 
(21) as an approximation to the free surface, we see that 
taking X= 27/m is equivalent to regarding the wave as end- 
ing where n/n)=sech?7/2 = 0-16, or where the elevation is a 
little less than one sixth of the maximum. 

6. Lhe Volume and Displacement oy the Wave. 

The wave surface is given by (il), or, expanding by 
Lagrange’s theorem, by 

asin mh a” d sin? mh = 
7 cos mh + cosh nue 2 dh (cos mh + cosh me)? Oepl AU) 

We 
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and the volume of the wave elevation per unit breadth of 
channel is 

o=f nda= af nde. °°. eS eee 
cO 20 7 

To perform the integration it is convenient to use the trans- 
formation 

@ e 

) sin*mh da *(cos mO— cos mh)"-1d0 

0 (cos mh+cosh mx)” Jo m sin”— tinh 
= An say. (29) 

This gives, neglecting m*h’, 

A,=h, A,==4mh?—den’ht, Az=m7h’?,. . (380) 
hence 

v=—2ah(1 +4mataemay-. . . . (all) 

or, for a rough approximation, v=2ah. 
Again, we see from (7) that the horizontal velocity in the 

wave-motion of all particles in the same vertical line is 
approximately the same, and that therefore each will be dis- 
placed through nearly the same distance as the wave passes 
over it. The average displacement 6 of the particles is easily 
obtained, for as the wave passes completely across any section 
of the channel it must convey over it a quantity of liquid 
equal to its own volume, and this being done by the dis- 
placement of the particles we must have v=hé, or 

S=v/h =2a(1+4mat yma’). . . . (82) 

The displacement of the particles comes, however, most 
naturally from the general discussion of the motion of the 
particles, to which we proceed. 

7. Lhe Motion of the Particles. 

So far it has been sufficient to consider the steady motion 
resulting from the wave-motion by impressing on it a velocity 
equal and opposite to that of the wave propagation, but it 
now becomes necessary to consider the wave-motion itself. 

Let & and ¢ be the displacements parallel to the axes of # 
and z respectively at time ¢, of the particle which was initially, 
1.@. when t=—o, at a,z. Let and ¢’ be the current 
function and velocity potentia] respectively, at the point #+&, 
z+¢ at time ¢, and for brevity put 2’=2+6 ec’ =«2+é&—Ut, 
then by (4) and (5) : 

by / sin mz 
a'=Uau ig Leese 

cos mz’ + cosh ma’? C ) 

eae sinh ma?’ (34) 

cos mz! + cosh ma” 
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and from (7) and (8), or directly from (83) or (34), the com- 

ponents € and € of the velocity ¢ will be given by 

: 1+cos mz’ cosh ma! 
E=Uma - <2) 

(cos mz’ + cosh ma’) 
(35) 

: sin mz’ sinh ma’ 
6¢= Uma 

(Gostnz -meosm mae © (36) 

and 
~ o=UWma/(cosmz-+coshm7). .)). = (8d) 

From (37) and (35) we see that the whole velocity and 
its horizontal component at any instant are nearly constant 
for all particles in the same vertical line, while the vertical 
component is, by (36), roughly proportional to the distance 
from the bottom. Further, from (37) we see that at the end 
of the wave, as we have defined it in Section 5, the velocity is 
only about 0°16 of the velocity in the centre of the wave, and 
that it decreases with extreme rapidity as we go further from 
the centre. 

If @ be the inclination to the axis of w of the path of a 
particle initially at the distance < from the bottom, then by 
(35) and (36) 

: . rene l sin mz’ sinh ma 
tan 0= = 

c/s 1+cos mz’ cosh mz’ ” (38) 

therefore, since initially «7 =, each particle begins to move 
forward from rest at an inclination, 9=mz, proportional to 
its distance from the bottom and inversely proportional to 
the length of the wave ; its velocity goes on increasing till 
“2+&=Ut, when it moves horizontally with its maximum 
velocity, and it finally returns to rest at an inclination 
8@=—mz equal and opposite to that with which it started. 
We proceed, however, to seek the actual paths described by 
the particles. 

8. The Paths of the Particles. 

If we integrate (36) we get 

a sin mz! 

cos mz’ +-cosh ma’ ’ (39) 

This immediate integration depends on a peculiarity of fluid 
motions derived from steady motion by the addition of a 
motion of translation, which I have not seen noticed. In 
such motions the displacement, say ¢, perpendicular to the 
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impressed velocity, say —U, may be directly obtained from 
the current function, say yy’. For 

pee Ley SO 
cg" T a ere 2 

c=7/U, 

d/dt being used to denote partial, and 9/d¢ complete differentia- 
tion with respect to ¢. 

From (39) we see that a particle starting from the level z 
returns to the same level after attaining a maximum elevation 
{ given by 

Co=atan 4.m(2+GG)s 2 eh) et. ee 

which includes the special case of a surface particle given by 
(18). 

To obtain & it is necessary to proceed by successive approxi- 
mations. We find at once 

sinh ma’ 
fT ee os ee g = 0-0 ——__ | 

cos mz! + cosh ma 

where the a is added to make the first part vanish when 
gl=x2, or t=—, and 7, which is of the order ma’, is given 

by 
On maar tt Und? 49 
Ob. (U ~ (cosme' =e costs) ae = ae 2) 

If we integrate this, using the transformation of which (29) 
is a case with special limits, and for brevity take advantage of 
the expressions (86) and (37), we get 

sy { sin mg— mz Cos mz E/o—sin7l£/c. cos mz 
P= bE 

/ 

ae +T A3 
sin’? mz sin’ mz’ ; i ) 

where again the first term is added to make the first part 
vanish when #’=, and 7, which is of the order ma’, may 
be similarly approximated to when wanted. 

If we neglect 7, we find from (41) and (43) for the total 
displacement 6 of any particle 

sin mz—mMz COS Mz 
S=20 | 1+ ma x et, 

sin® mz 

or, neglecting terms of the order m’a°e’, 

S==2a11+dmato «. 3 

which shows that to this order all particles are equally dis- 
placed by the wave. The agreement of (44) with (32), which 
is obtained very differently, may be noted in passing, 
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The path of any particle is given by (39), (41), and (48), 
but if we neglect 7, we can at once eliminate w’ from (39) an 
(41), and obtain 

(6—0)- + C7 aoc cot mee +e) — a, 2) 2" (45) 

If we expand this, neglecting ¢? as it is of the same order as 
a’, we get 7 

; (E—a)’+2afcotmz=a” .°. . . (46) 

as an approximate equation to the path described by any 
particle originally in the plane z. To this order, therefore, 
each particle initially at a distance z from the bottom describes 
that part of the parabola given by (46) which lies above the 
level ¢<. This gives 2a for the maximum horizontal displace- 
ment, and 4 a tan mz for the maximum elevation, of a particle, 
but more exact values have already been given in (44) 
and (40). 

9. The Energy of the Wave. 

The potential energy of the wave per unit breadth is 

V=4y0 | rrdar=gp | my dee s 
0 

but, by Lagrange’s Theorem, (11) gives 

eo: sin? mh 2a sin? mh 
Baie 2 (cosmh-+cosh mx)? — |3 dh (cos mh + cosh mr)? He 

Hence by (29) and (80), 

—=rgpme llama). « . 2). ), (47) 

The kinetic energy per unit breadth is 

T= \\ 4 pordadz, 

the integration extending throughout the liquid. 
Thus 

i 4o\\§ (U+u)?+w*bde dz, 

= $p\\U*dx dz +- p\\Uu da dz + $p\\q?de dz, 

=4pU?(\de dzt pU\\dyrda + 3p\\dob dw. 

.. by (4) and (5), | 

ea SOU Oza sn yc eel ee ( £8) 

or, using the approximation (31), 

T= 1pU? ma@h(1+4 ma), 
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Hence, substituting for U, we have to the same order 

T=lgpm@'h?(1+7Gmea); : 5.9. . 

so that the kinetic and potential energies are equal to this 
order of approximation at least. 

10. The Limiting Height of the Wave. 

It is found by experiment that there is a limit to the 
height of the solitary wave depending on the mean depth of 
the liquid: when an attempt is made to form a higher wave, 
it breaks at the crest. 

Since g? cannot be negative, the limiting form wil! be that 
for which g=0 at the crest, and therefore by (14) and (16), 
the greatest elevation of crest will be given by 

2m =tanmh. 

Now by (6) we see that when w=O at the crest 

maz 2 cos? 4m(h+), 

and therefore by (18) | 

my=sinm(h-F a). 2 7... 

Solving (51) and (52) for mh and mm we find 

mh= 11, my ee eae 

so that the wave will break for an elevation rather less than 
the mean depth. It is needless to seek to specify the breaking 
elevation more exactly, for the approximation is here pushed 
to an extreme limit. In fact, by (4), the crest when g=0 
becomes a double point on y= — UA, and the branches cut at 
right angles, whereas Stokes has shown that for a free surface 
the crest angle must be 27/3 at the breaking-point. Our 
approximation, however, considering the extreme circum- 
stances, is sufficiently fair to indicate that the conditions (52) 
for breaking should not be far wrong. Scott Russeil’s 
experiments confirm this : he found that the wave broke when 
the elevation was about equal to the depth; but from some 
experiments of my own I am inclined to think that y=3/4h 
is a closer approximation for the elevation at the breaking- 
point. 

11. Approaimate Theory of Breakers. 

Some account can be given of the gradualincrease in height 
ay liimate breaking of waves rolling in on a gently sloping 
each, 
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We have seen that to a first approximation the volume of 
the wave per unit breadth of channel is 2ah, and to the same 
order we easily obtain also 

4 gales 9 
v=2ah=—dyo= 4 AP ne oy es SRB) 

the approximations being fair for low waves. 
Now as the wave rolls in its volume remains constant, and 

therefore its height increases and length diminishes as the 
depth diminishes, or exactly 

— 3 v e 

Ui 16 he? : 

so that the elevation varies inversely and the length directly 
as the cube of the depth. As the wave becomes higher it will 
be necessary to take the more exact formule instead of (53). 
By (52) when the wave is on the point of breaking mh=1 
and ma== 2/3, and so using the more exact formula (81) for 
the volume we get roughly 

v=1:5h2 or h='8 Vv, 

which gives the depth in which the wave will break. 
Thus the big waves will break first, and the depth in which 

they break will vary as the square root of their volume. 

(94) 

12. The Views of Sir George Stokes— Conclusion. 

Having thus examined in some detail the approximation 
to the solitary wave which is obtained by taking the first term 
only of (2), and having seen that even this first approximation 
satisfies to a high degree of accuracy the condition for the 
propagation of the wave without change, we are naturally 
led to examine the argument given by Stokes, in his paper 
“On the Theory of Oscillatory Waves,” already cited, against 
the possibility of the propagation without change of form or 
velocity of any other form of wave than the infinite train of 
“ oscillatory ” waves which he there discusses—to a degree of 
approximation not quite so close as that with which we have 
been occupied in the foregoing sections. 

Having found (§ 4) for the velocity of propagation U of 
any wave form in liquid of depth /, 

U?=gm' tanh mh, 

and having previously (§ 2) put aside ‘imaginary ” values 
of the m as inadmissible, he infers that, since this will give 
only one value (+) of m fora given value of U, there can 
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only be one form for each velocity. In the light of equation 
(16) above, the oversight in discarding the “imaginary” 
value is obvious. It is too hastily concluded that such a 
value would imply infinite velocity &c. either when z= +c 
or when 2=—, but this is not necessarily so, though it is 
too frequently assumed in such like investigations, for in fact 
the value of @ given in (9) above gives a well-known expan- 

sion of the form }Ae*+ such as is considered by Stokes, 
but the “ real” coefficients p are discontinuous, changing sign 
with 2, so that e?? vanishes both for c= +2 ,and forw=—o. 
We may conclude, then, that we have obtained just as 

satisfactory evidence for the unchanging propagation of the 
solitary wave as there is for that of the infinite train investi- 
gated by Stokes. In a Supplement to his paper published in 
1880*, he has carried his approximation one step further, and 
we may with advantage employ a somewhat similar method 
in proceeding to higher degrees of approximation for the 
solitary wave. Proceeding on the same principles by which 
we obtained (1) and (2), we may take instead 
U(e+ ox) = —(h + oh) + SAgiy1 tan +14 m (br +eb)/U . (55) 
which leads to the higher approximations with considerably 
less labour, though to the order with which we have been 
occupied it offers no advantage, in fact rather the reverse from 
its indirect character. 

VIII. Acoustte Thermometer—a Suggestion. 
By 8S. Totver PRestony. 

ae following may have more theoretical than practical 
interest (illustrative of a connexion between acoustics 

and heat); but perhaps ingenuity might give the suggestion 
also a practical value. The idea is simple enough, and relates 
to the varying note afforded by a resonance-tube according 
to the temperature of the enclosed air or gas; the notion 
being to employ this in some way as a measure of tempera- 
ture. I shall only illustrate, however, the simplest aspect of 
the case. 

Thus, for mere theoretical illustration, we may suppose a 
tube, closed at its inner end, to be inserted somewhere in the 
wall of some furnace, or buried in some less heated object, 
whose temperature is to be estimated. Of course a tuning- 
fork of a certain vibrating period will, at normal temperature, 

* Collected Papers, vol. i. 
+ Communicated by the Author. 
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vibrate in resonance with the tube possessing a certain length. 
Then it will be seen at once that changing the temperature 
of the object where the tube is placed will alter this state of 
affairs. Another fork of different vibrating period must now 
be selected in order to resound with the tube. Of course 
there are certain relations between the vibrating period and 
the temperature, and it is to illustrate the extreme simplicity 
of these relations under the kinetic theory of gases that is 
one point in the present paper. 

Maxwell showed, in his celebrated paper, “ On the Dyna- 
mical Hyidence of the Molecular Constitution of Bodies,” 
published in ‘ Nature,’ March 4, 1875, that it was demon- 
strable mathematically that “the pressure of a gas cannot be 
explained by assuming repulsive forces between the particles. 
It must therefore depend, in whole or in part, on the motion 
of the particles ” (Maxwell’s paper, p. 358). 

Hence it appears so far clear, as we may say, that we must 
have recourse to a dynamical theory in order to explain one 
of the simplest and most fundamental properties of a gas. 
A confidence in the dynamical theory led me (Phil. Mag. 

June 1877) to suggest its application to illustrate the me- 
chanism of the propagation of sound in gases; and the very 
simple relation showed itself, viz. that the velocity of propa- 
ation of sound could only depend on the velocity (normal) 

of the molecules of gas themselves, and on nothing else; in 
fact, that the sound-wave moved independently of the density 
and pressure of the gas. Indeed, according to the kinetic 
theory, the molecules of the gas have of course no distant 
action on each other, and can therefore only influence each 
other by impact (so that the velocity of the normal motion of 
the molecules of the gas alone comes into play in propagating 
the wave). 
Now this applies very simply, as will be apparent at once, 

to our proposed acoustic thermometer. For it is this normal 
motion of the molecules of the gas (in the tube), the energy 
of which motion we call the ‘‘ temperature,” which is the sole 
factor in determining the velocity of sound, of which the 
tuning-fork (we employ with the tube) is the mechanical in- 
dicator. The velocity of sound being as the velocity of the 
gaseous molecules, and velocity of the molecules being as the 
square root of their energy, then, since the temperature zs 
the energy, the velocity of sound in a gas is proportional to 
the square root of the temperature, as we see. 

If we have a tuning-fork whose vibrating period is me- 
chanically adjustable, it is easy to perceive, then, from the 
above, that the temperature (in the tube) is inversely propor- 
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tional to the square of the vibrating period of the fork; or, 
if the length of the tube be adjustable, 7. e. if the tube be 
telescopic, the temperature of the air in the tube (therefore 
of the heated receptacle or what not, in which the tube is 
placed) is evidently proportional to the square of the length 
of the adjustable tube. 

Zero Centigrade being 273 above the absolute zero, the 
Centigrade zero is then, of course, 273 when expressed as 
absolute temperature. At 273 above zero C. (which is 546 
of absolute temperature) the molecules of air have, of course, 
twice the energy they have at zero C. At 4 x 273 absolute 
temperature (819 above zero C.) the molecules of air will 
possess, in the same way, four times the energy possessed by 

. them at zero C., and therefore twice the velocity which they 
had at zero C. (velocity being as the square root of energy). 
Sound would then be propagated in air (in such a tube) 
whose temperature is 819° C. at twice the velocity of its 
transmission in air at 0° C. So that a tube of air at a tem- 
perature of 819° C. would be in resonance with the same 
tuning-fork as a tube of half the length resounds to at 0° C. 
This is sufficiently clear; and so it is evident that varying the 
length of a telescopic tube and employing a constant fork 
serves the same object as (conversely) varying the vibrating 
period of an (adjustable) fork and keeping the length of the 
tube constant. Some may see a way to propose some modi- 
fication of the above, in a mechanical point of view, which 
might be more sensitive. It is the principle, or rather 
the theoretical aspect of the case, with which we are chiefly 
concerned. 

Hamburg, May 1, 1891. 

IX. On a Modified Form of Wheatstone’s Bridge. By R. 
A. Lunrewpt, B.A., B.Sc., Demonstrator at Firth College, 
Sheffield*. 

N comparing the resistances of two nearly equal coils, a 
fine adjustment may be obtained either by a divided wire 

of low resistance in series with the coils, or by a resistance- 

box in parallel with them. The latter method, involving only 

a piece of apparatus that exists in every laboratory, appears 

to be somewhat simpler than the more common one, for 

which a specially mounted wire is required ; and it avoids, 

* Communicated by the Author. 
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moreover, the disadvantage of a sliding contact. It may, 
therefore, be worth while to give some details of its use. 

In Wheatstone’s Bridge, let 8 and y (fig. 1) be nearly 
equal resistances permanently mounted. Let b and c be the 

Fig. 1. 

a 
if 

coils to be compared, Ra resistance-box in parallel with the 
higher of the two. Let b,c, be the resistances of the con- 
nexions of band c. Put 

ove ae 

ree a. 
then 

(c+) y= (00). 
Ifc and R be interchanged with } and R has to be altered to 
R’ for balance, putting 

ch’ i 

c+ kh’ 

then 
(c'+b,)B=(b+e,)y. 

Hence 

j bB—ey)(B-Y) Sa =) fe iced 
3 Y ZPy 

The second term, on the right-hand side, is of the second 
oe of small quantities; and as @ and y should be within 
yoo Of one another, while the resistance of the copper strip 
and mercury-cup connexions is very small, it may be 
neglected. Therefore, 

put y=@(1+6), where 6 is small. ne 

b=c(14+8)+e"(1— a) + S (e'—c"). 
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Here, again, the second term on the right-hand side is of the 
second order, so we get simply 

e+e". 
b= 2 3 

or, the resistance of 6 is the mean of the two values of c¢ and 
its shunt obtained by reversing. 

The switch-board used by 8. P. Thompson in carrying out 
Carey Foster’s method of comparing resistances may easily be 
adapted to the shunt method. But a switchboard designed 
for the purpose is more convenient: this form may be 
suggested. 

In fig. 2 the shaded parts represent solid brass or copper pieces: 
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the dark circles binding screws, the light ones mereury-cups. 
The coils to be compared are put between 1 and 2 and 1! and 
2'. The terminals of the resistance-box are connected to 
H, K, so that by inserting a plug it can be put in parallel 
with either of the coils. 

1 and 1’ are then connected by copper bars either to 3 and 
4’ or to 4 and 3’. The equal resistances @ and y are of course 
wound on the same reel, and may be soldered permanently in 
place. M,N are the battery terminals, O,P those of the 
galvanometer. 

If the coils to be compared differ as much as a B.A. unit 
does from a legal ohm, the resistances taken from the box 
will give the difference to ‘0002 ohm, and interpolation by 
means of the galvanometer deflexions need only be resorted 
to beyond that. The sensitiveness of the method is of course 
limited by that of the galvanometer. 
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APPENDIX. 

From the original equations, 

, b8+bB—cy 
oe ’ 

Vf 

ile by a Cre 6,8 Be ek 

Hence with y=8(1+6) it follows 

¢ —e' = — 2064+ 2(b —c)—8(b,+¢,) ; 

the third term on the right-hand side is of the second order 
of small quantities ; and in any symmetrical switchboard the 
second term will be exceedingly small, so we have nearly 

leap 

ae 2b 

The ratio 6 of the nearly equal arms @ and y¥ can thus be 
readily tested. 

X. A Steam-Lngine Indicator for High Speeds. 
By Prof. Joun Prrry, £.2.S* 

| Sala who are not practically acquainted with the 
errors of the ordinary steam- or gas-engine indicator are 

referred to a paper in the ‘ Proceedings of the Institution of 
Civil Hngineers’ (vol. Ixxxi. 1885) by Professor Osborne 
Reynolds, and an exhaustive discussion of the subject. 

Whether we do or do not share Prof. Reynolds’s view that 
even at low speeds of engines the errors in calculating horse- 
power are very considerable, because of the friction of the 
paper barrel and the stretching of the cord or wire which 
gives to the paper barrel a miniature motion of the engine 
piston, it is obvious that there will be more confidence in an 
indicator in which the motion-copying mechanism gives a 
very short stroke, is opposed by very small forces, and requires 
no string or wire. I do not pretend to get rid of the error 
in a spring which is due to change of temperature, but where 
great accuracy is required it is always worth while, when 
using this or any other indicator, to have a “ boiler-pressure ”’ 
line drawn upon the diagram, as well as an “ atmospheric 
line ;’ and these two lines, with a pressure-gauge on the 
boiler, will give the scale to which the indicator at the time 

* Communicated by the Physical Society : read May 22, 1891. 
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represents pressure and prevent error due to change of tem- 
perature of the spring. 

In these days of high-speed machinery the most important 
defect of an indicator is its slow natural period of vibration. 
If the natural period of vibration is from 5 to =4 of the 
time of revolution of an engine, it is found that the diagram 
is not deformed by waviness, ordinary fluid friction destroy- 
ing the natural vibration; if it is as much as jk, a con- 
siderable amount of pencil pressure must be employed to 
obtain a frictional stilling of vibration; but if it is as low as 
jo it is almost impossible, even with great pencil friction, 
to obtain a decent diagram. To make an indicator have a 
quicker natural vibration it is necessary to use a stiffer spring, 
and this means that pressures are indicated to a very small 
scale. Introducing seven per cent. of inaccuracy in area of 
diagram, either by friction or smallness of scale, may possibly 
allow the very best existing indicator to be used on engines 
of as high a speed as 400 revolutions per minute; but this is 
a matter on which assertions are made of higher and very 
much lower limits of speed than what I have stated. I think 
that users of indicators will generally agree that I have not 
exaggerated this defect; but unfortunately there is scarcely 
ever any kind of check which can be applied to a measure- — 
ment of indicated horse-power, so that mere assertions are of 
very little value. 

Indicated horse-power is now the sole standard of the 
values of engines, so that its accurate measurement is very 
important; but for the inventor and improver of engines, 
and for the physicist, that there shall be no local deformations 
in the shape of the indicator-diagram is of greater importance 
than that its area should be correct. Now the natural period 
of vibration of the indicator before you is about =4, of a 
second; allowing twenty periods to one revolution of the 
engine, I find that this indicator will give diagrams with no 
wave-deformations until the speed of the engine exceeds 1500 
revolutions per minute. I can, however, by changing the 
disk make the natural period of vibration z55 or s4o of 
a second, or, indeed, what I please, so that there is practically 
no speed at which this indicator will not give a true diagram. 

Specimens of the indicator are before you, but I will throw 
upon the screen drawings of it. Fig. 1 is a section, and 
fig. 2.an elevation. It consists of a very shallow circular 
box, EH, of metal (in some of my specimens it is of cast iron, 
in others of gun-metal) closed by a thin disk of steel, D. 
Here, for example, is one an inch and a quarter in dia- 
meter, and about 2, of an inch thick, which I use for 
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maximum steam-pressures of about 30 lb. to the square inch 
above the atmosphere. It was my intention to use corru- 
gated disks, but as these could not be obtained cheaply, ex- 
cept in quantity, I have hitherto used plane disks, and found 
them quite satisfactory for such sizes of diagram as I have 
hitherto dealt with. I am, however, making arrangements 
for obtaining corrugated disks for use in the indicator. 

Oe 1% Teh 

Now when this box EH is put in communication with the 
cylinder of a steam-engine in the usual way, that is through 
the pipe A and the indicator-cock, the disk yields more or 
less as the pressure is greater or less. ‘To magnify this yield- 
ing I fix upon the disk, about halfway between its centre 
and circumference, a small mirror B such as is used in elec- 
trical laboratories. This mirror has a light frame of metal, 
and can be screwed to or unscrewed from any of these disks 
quite readily. I let a beam of light from an ordinary oil- 
lamp fall upon the mirror, and it is reflected and falls upon a 
sheet of white paper which it illuminates at a small spot. 
Now the yielding of the disk under fluid pressure is evidenced 
by the movement of the spot of light on the paper. For 
example, if steam of 10, 20, or 30lb. pressure per square 
inch (above the atmosphere) is admitted to this box with its 
present disk, and the spot of light is on a sheet of paper 
about 4 feet away from the mirror, the spot will be seen to 
travel one, two, or three inches from its original position. 
If there is a partial vacuum inside the box, the spot travels in 
the opposite direction. It will be seen, therefore, that I have 

Phil. Mag. 8. 5. Vol. 82. No. 194. July 1891. F 
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used a, reflected beam of light as if it were a rigid pointer 
four feet long. By using a lens, by using magnesium light 
instead of a common. oil-lamp, and by taking certain pre- 
cautions which are quite obvious to the members of this 
Society, I. could throw a well-defined spot upon a screen 
forty feet away from a mirror upon a small corrugated disk, 
whose motion would be with great exactness proportional to 
the pressure, for motions of as much as five or six feet. 

The end of the arm F receives a miniature motion of the 
piston of the engine by stiff rods, and this causes the spot to 
move at right angles to its former motion; and when both 
motions are being given the spot travels round on the screen, 
its position at any instant indicating the pressure of the steam 
and the position of the piston in its stroke. 

Now, although I have never heard of such a method being 
used, I "feel that many people must have thought of using it. 
I myself thought of it many years ago; but the making of a 
photographic record seemed to me to introduce great difficulty, 
so I never tried it*. What I have now discovered is this, that 
a photographic method of recording is quite unnecessary. 
In fact, even at speeds of 60 revolutions per minute the image 
of the spot remains on the retina sufficiently long to enable a 
man to draw upon the screen the path of the spot. He first 
turns the indicator-cock, so that there is atmospheric pressure 
under the disk. The spot now travels in a straight line, and 
this is the atmospheric line. When I wish to check the scale 
T do what I should like to see done with all indicators, I let 
steam at boiler-pressure underneath the ‘disk and mark out 
another straight line parallel to the atmospheric line. I now 
let the box Comme case with the eylinder, and I draw the 
actual diagram. A very little practice will enable anyone to 
draw the “diagram quite accurately, even when the engine 
makes only 60 revolutions per minute. But at such speeds 
as 150 revolutions per minute, the diagram is quite con- 
tinuous as a thin line of light on the paper, and- the most un- 
skilled person need not make errors of as much as one per 
cent. in drawing a pencil line, which remains quite visible in 
the middle of the thin line of illumination. 

Using a common oil-iamp, a diagram about’ six inches long 
and four inches broad, formed of a band of light one tenth of 
an inch. broad, is quite visible even in a fall illuminated 

room. If the room is darkened the diagram becomes quite 

* Prof. R. H. Smith has, since the reading of the paper, called my 
‘attention to an indicator described. in ‘Engineering’ of July 10th, 1885, 
by Messrs. Clarke and Low, in which a reilected beam of light is used 
for magnification. 
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vivid, and to anyone accustomed to indicator-diagrams it is 
an object of interest from quite a number of considerations. 

As 1 am unable to show to the Society this instrument in 
action, I will throw upon the screen a photograph, fig. 3, 

Fig. 3. 
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tor 
taken at Finsbury of the indicator placed upon a toy steam- 
engine, which some of my students made to drive testing 
machines. My partner, Mr. Holland, is following the spot 
of light with a pencil. As a matter of fact, the engine was 
really at rest, and the diagram was drawn as a thick chalk 
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line upon dark paper, when this photograph was taken; but 
if an instantaneous photograph had been taken of the arrange- 
ment actually working, it would not have been very different 
from what I here show, except that the line of light forming 
the diagram would have been finer. 
We have only been able to run this toy engine at a maxi- 

mum speed of about 900 revolutions per minute, and indeed 
at this speed it was rather dangerous to run it, as, through 
want of balance, it set the floor and everything in the room 
a-shaking ; but even at this high speed there was no evidence 
on the diagram of any waviness due to the natural vibrations 
of the disk of the indicator. There was, however, a musical 
note in evidence of the existence of such vibrations. 

Mr. Holland has used a tapering wooden box as if it were 
a camera for photographing the diagram and its atmo- 
spheric line, and he teils me that it is quite easy to take 
such photographs. He is, however, accustomed to such work, 
and I do not think that an ordinary engine-driver would care 
to try the photographic method. I here exhibit some of Mr. 
Holland’s photographs. This one, fig. 4, required an ex- 
posure of one minute, the light being that of an ordinary 

Fig. 4. 

200 Reus. per Minute. 

Fig. 5. 

600 Revs per Minute 

Bndustrics 

oil-lamp. This one, fig. 5, required an exposure of ten 
seconds, the light being obtained by the burning of a piece 
of magnesium strip behind the hole. 

I have, however, used Mr. Holland’s box with sheets of 
tracing-paper instead of photographic plates, and the indicator- 
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diagram is now an object which is very easily observed and 
traced. 

I exhibit a few drawings made on tracing-paper in this 
way by Mr. Holland. First, we have a few taken at about 
the same time; these taught us that we had better make con- 
siderable changes in the valve of our engine. We made 
these changes, and here are some others taken subsequently, 
The speed and other necessary information are given on each 
sheet of paper, so that the effect of change of speed on our 
toy engine may be noted. 

With an ordinary indicator the instrument must be stopped 
in its action, and a sheet of paper taken from the drum, before 
the diagram can be looked at. But here the diagram is 
visible all the time. To the student or improver of steam- 
engines it is very instructive to keep looking at the diagram 
whilst altering steam-pressure, or speed, or load of the engine, 
and it is an amusement of which one does not very soon 
become tired. Even with this toy engine of mine I have 
already observed such changes in the shape of the diagram 
as have thrown a perfectly new light upon the condensation 
phenomena occurring inside a steam-engine cylinder. 

The first form of this new indicator is lying on the table. 
You will see that to give it the piston motion in miniature 
required considerable force to be exerted, a fault which I 
have corrected since. Now the very first time the instru- 
ment was tried a very curious phenomenon was observed, 
namely, that the indicator-diagram was not one continuous 
line of light, but a series of “ blobs’’ or spots, connected by 
a much fainter line. I easily saw that these indicated a 
vibration going on in the rods which gave to the box the 
motion of the piston in miniature. I found that the cause of 
this was due to the bad fitting or ‘‘ backlash” in a lever 
which my students had been in the habit of using with ordi- 
nary indicators on the same engine. With an ordinary in- 
dicator there was no possibility of observing from the diagram 
that such a fault existed, and was probably greatly accen- 
tuated by the use of a cord instead of our rod; here it was 
very evident. Indeed, although only to a small extent, it 
will be observed in the photographs that there are regular 
changes of intensity of light in every diagram, and that this 
vibration of the piston-motion mechanism has not been 
altogether done away with even in our more carefully fitted 
stiff rods. 

Added, June dth, 1891. 

In the discussion which followed the reading of the paper 
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it was suggested by Mr. Swinburne that the most useful 
function of such an indicator would be to continually show 
the diagram on a screen in an engine-room, so that at every 
instant the engineer would not only know the pressure of 
steam in his boiler, but also the pressure at every instant in 
the cylinder. 

I quite forgot to put this in my paper, although its im- 
portance was not unknown to me. I am now attaching an 
indicator to each end of the cylinder of my driving-engine 
at Finsbury. These will receive their miniature piston-motion 
from one rod. One gas-jet will throw from the two mirrors 
two diagrams upon a screen some seven feet away from the 
mirrors, and these diagrams will be visible from nearly every 
part of the engine-room at all times. In the room at present 
there are not only very visible pressure- and vacuum-gauges 
and a speed-indicator (not a counter), but also a dynamo- 
meter coupling, which shows at a glance the actual horse- 
power which is being transmitted along a shaft. If, instead 
of tracing the diagram with a pencil, I were to trace it with 
the point of a planimeter, the reading might represent the 
horse-power. 

It is unnecessary to describe here how the indicator might 
be fixed to the valve-chest or receivers, or to other parts of 
an engine, such as the air- and force-pumps; or to pumping- 
machinery generally; or to engines driven by fluids. In 
fact it may be said that [ have made the discovery that the 
beautiful method of observation of vibration of M. Lissajous 
has hitherto been neglected in its applicability to all sorts of 
practical purposes. Quite a number of other applications of 
the reflected beam of light principle suggest themselves. 

XI. On the Value of some Mercury Resistance Standards. 
By R. T. Guazusroon, M.A., F.RS., Peilow of Trinity 

College, Cambridge *. 

[ a paper read before the Physical Society * on May 23, 
1885, I described the results of a comparison between 

the original standards of the British Association and some 
copies of the mercury unit representing Legal Ohms made 
by M. Benoit in Paris and sent to me by him. Two of these 
copies have remained in my possession since that time ; the 
third, at M. Benoit’s request, was handed to Mr. Preece. 

* Communicated by the Physical Society: read May9, 1891. 
+ Glazebrook, Phil. Mag. October 1885; Proc. Physical Society, 

vol. vil. 
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The mercury with which the tubes were filled in 1885 has re- 
mained in them since that date. Now recent observations had: 
seemed to indicate that a small change had taken place in some 
of the platinum-silver standards, and it became desirable to 
compare them again with M. Benoit’s tubes. The method 
was the same as that of my former paper. The tubes im- 
mersed in melting ice were compared with the B.A. standards. 
The temperature of the room was kept very low, from 0°°5 to 
3° C.,and thus the errors caused by the conduction of heat into 
the tubes through the copper connecting rods were avoided. 
The connecting pieces used to connect the tubes to the bridge 
differed from those employed in 1885, being a modification 
of the platinum cups described in my paper * on the specific 
resistance of mercury. A hollow platinum cup, about 3°5 cm. 
long and rather more than 1 cm. in diameter, is secured firmly 
into an ebonite tube ; the outside of the tubes are turned to 
fit the ground portion of the glass vessels which form the ends 
of the mercury tubes, thus taking the place of the stoppers 
which usually close the tube ; the platinum cups dip into the 
mercury, the surface of contact being about 12 sq. cm. The 
cups had previously been platinized ; on the present occasion 
they were merely cleaned with nitric acid and distilled water. 
Stout copper rods, well amalgamated, fit tightly into the inside 
of the cups; the other ends of these rods are in contact with 
the bridge. Thus the connexion with the bridge is made 
through the rods and across the platinum of the cups, avoiding 
contact between the mercury and copper. 

The resistance of the connexions was determined, and it was 
shown that the resistance of the platinum was negligible. 
This was done by making the rod and cup part of a circuit, 
the resistance of which was measured. The rod was then 
removed from the cup, and the latter was removed, so that the 
part of the copper which had been in the cup was now in direct 
contact with the mercury into which previously the cup had 
dipped. No change in the resistance of the circuit was produced 
by this. To secure this result it was necessary that a consider- 
able area of the platinum should dip into the mercury ; and 
this condition was in the experiments always carefully at- 
tended to. ‘The resistance of these connecting-pieces was thus 
found to be -00291 B.A. unit. 

The tubes were compared both with the B.A. units and also 
with the Legal-Ohm standards. In the comparison with the 
B.A. units, a large amount—about 300 divisions, or ‘015 B.A. 
unit—of the bridge-wire wasused. Since the resistance of the 

* Phil, Trans. 1888. 



72 Mr. R. T. Glazebrook on the Value of 

bridge-wire is known at 15°, this required, when the tempe- 
rature of the room was as low as 1° or 2°, correcting for 
temperature ; but as the whole correction amounted to less 
than 2 per cent. of the bridge-wire used, while this again was 
only 1°5 per cent. of the resistance measured, no very accurate 
knowledge of the temperature of the wire was needed. In 
some cases a coil of 100 B.A. units was put in multiple are 
with the mercury tube; and the resistance of the combination, 
which amounted to a little over 1 B.A. unit, was compared 
with the wire standard. : 

The results of the comparisons are given in the following 
Tables. 

TaBLE I.—Tube, Benoit No. 37. 

Date, Standard. Notes. be nee 

Jan. 3...... Blate lace ee in wees 101111 
aN EC ae lates) Aah. SN ae ee 1:01103 
ae re Flat. 100 B.A. units in multiple are with | 101108 

tuhe. 
Peek Plate lic Gia. a coi aoe 1:01099 
en Orcas. Flat. Mercury drawn through. 101101 
See ener Blate ui Pat Ve Ais ee 1:01109 
Phy (Ale a Fiat. Mercury drawn through. 1:01109 
pe an ifesines Flat. After interval of 1 hour. 1:01106 

Mean for No. 37...... 1°01106 B.A. units. 

TaBLE II.—'Tube, Benoit No. 39. 

Date. Standard. Notes. Paes | 

Jan. 3...... Mlatsw 2 19S ae ee 101053 
NAT SEs eter Plate alse) ay: 4 ae 101058 
aN ae Flat. 100 B.A. units in multiple arc | 1:01060 

with tube. 
Oa Flatevid tig ie tas)! Le eee 101049 

pe Os ashaic Flat. Mercury drawn through. 1:01037 
at Cae are Flats) Ani): (alee 101041 
Prat Casini Flat. Mercury drawn through. 1:01034 
Ee Pichi Sa Flat. After interval of 1 hour. 1-:01029 
sate EAN bag EC RAR Renae ci Ota a aes 101022 
a eRe Flat. Mercury drawn through. 101027 
ENS. 3: Flat. After interval of 1 hour. 101033 

Mean of last seven for No. 39...... 1°01032. 

With regard to the observations on No. 37, it will be seen 
that they are extremely close, the greatest difference between 
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any two is ‘(00012 B.A. unit, or rather more than 1 in 10,000 ; 
and no appreciable change was produced by passing the mer- 
cury through the tubes. The observations on No. 39 are not 
quite so close. On January 6 a distinct change was caused 
by passing the mercury through ; after that date the results 
are fairly consistent, and no further alteration was observed ; 
the mean of the values found after this date may be taken as 
the resistance of the tube to an accuracy of about 1 in 10,000. 

The two results therefore are:— 

INES ee 1:01106 B.A. units. 

IN Ht eer Teter, I-O1032 B.A. anits. 

The observations in 1885 were reduced to Legal Ohms, 
using the value for the resistance of mercury in terms of the 
B.A. unit adopted by the B.A. Committee in that year, and 
based on Lord Rayleigh’s experiments. According to this 
1 Legal Ohm=1:0112 B.A. units. 

If we take these values we have as the resistances in Legal 
Ohmns the following :— 

Benoit. lifelin( GPa sis? Re fo Geist 

ale sig ee 1:00045 "99990 "99986 

BO cases “99954 EEA 99913 

Comparing the last two columns we see that the tubes have 
apparently fallen in value relative to the standard Flat in the 
dd years by :00004, but this quantity is too small to be really 
certain of. The results of the experiments therefore prove 
within this limit that the platinum-silver coil Flat has not 
altered relative to the mercury-tubes in this interval. The 
difference between the values found by Benoit and myself 
depends on the value used for the resistance of mercury in 
B.A. units. According to Lord Rayleigh *, the resistance of 
a column of mercury 100 cm. long, 1 sq. mm. in section, at 
O° C., is °95412 B.A. unit, and this is the value which has 
been used in the above. The value found by Mr. Fitzpatrick f 
and myself for this resistance was °95352. Practically the 
same number has been obtained by Wuilleumeier t, Hutchin- 
son §, and Salvioni ||. If this number be adopted, then 

1 Legal. Ohm=106 x °95352 B.A. unit. 

=1°01073 B.A. units. 

* Phil. Trans. 1883. 
t+ Phil. Trans. A. 1888. 
Tt Wuilleumeier, Comptes Rendus, cyi., 1888. 
§ Hutchinson, Johns Hopkins University Circulars, 1890. 
|| Salvioni, Rend. della R. Acad. del Lincet, vol. v. fase. 7. 
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And then we find as the values of the tubes in Legal Ohms: 
Benoit. R. T. G. 1891. 

2) [Pe nesaceoodade 1:00045 1:000338 

Whi daa RaRdS ASS "99954 "99959 

and these numbers show an extremely close agreement, thus 
proving that the resistance of a column of mercury 100 cm. 
in length, 1 sq. mm. in section, as given in this indirect way 
by Benoit’s experiments, is very close to the value -9535 
B.A. unit. 

In my previous paper * are given some values for the change 
of resistance of mercury with temperature. On January 3 I 
observed the resistances of the tubes Nos. 87 and 39 at a 
temperature of 12°9 C. The results were :— 

Resistance at 12°:9. 
Dil cise ois « aeidojaluicejonte 1:02254 
Be) Go5 56055 sla been ieliers 1:02193 

From these we get as the values of the coefficients per 1° C., 
000875 and :000870 respectively. Thus the mean coefficient 
between 0° and 18° is -000872. This agrees well with the 
values found in 1885, the mean value between 0° and 10° 
being ‘000861, and between 0° and 15° 000879. From these 
we have as the value between 0° and 138°, :000872. 

Benoit ¢ and Strecker { give higher values than the above, 
Strecker’s value between 0° and 13° being :000906. 

In the paper on the specific resistance of mercury, Phil. 
Trans. A, 1888, I have called attention to some of the conse- 
quences of this difference. The value of the coefficient be- 
tween 0° and 10° found by Mr. Fitzpatrick and myself in 
1888 was :000876. Kohlrausch § and Strecker || find as the 
values for the resistance of mercury in B.A. units, ‘95338 and 
"95334 ; these are less than the value found by Salvioni, 
Hutchinson, Wuilleumeier, and myself, and the difference is, 
I believe, mainly due to the uncertainty in the temperature 
coefficient. They both worked with their tubes in a bath at 
about the temperature of the room, and reduced their results 
to 0° by the use of Strecker’s coefficient. ‘The mean tem- 
perature adopted by Kohlrausch was 10°, he puts 

oO 710 0 100904’ 
* Phil. Mag. October 1885. 
+ Benoit, Journal de Physique, 1884. 
t Strecker, Wied. Annalen, vol. xxv. p. 475. 
§ Kohlrausch, Abhand. der K. bayer. Akad. der Wiss. 11. Cl. xvi. 

Bad. iii. Abt. 
|| Strecker, Wied, Annalen, vol. xxv. p. 475. 
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o, and oj, being the resistances at 0° and 10°. According to 
my own results in 1888 we should have 

eer if) eae 
0 1:00876’ 

and the value of o, would be increased from °95334 to about 
°95360, which is rather greater than my value. The value 
000876 i is given by Benoit for the mean coefficient between 
0° and 10°. 

By J. Hi. TREVor *. 

NTEREST in this problem has been again aroused by a i 
new investigation by Dr. W. W. J. Nicol f, in which is \ 

presented a review of the older literature, together with new 
solubility determinations and a series of interpolation formule | 
to express the results. Inasmuch as no mention is made of | 
the recent investigations which have shed so much light i 
upon this hitherto dark subject, | take this opportunity to |! 
call attention to the solidly grounded explanations which \ 
characterize the more recent progress in the study of the i 
complicated phenomena which are here presented. i 

That the addition of a salt to the saturated solution of 
another sometimes increases, sometimes diminishes the solu- 
bility of the latter, has been long known. The explanation was 
first given in 1889 by Nernst {, in a simple application of 
the famous Law of Mass Action § to the conditions of electro- - 
lytic dissociation shown by Arrhenius || to exist in aqueous 
solutions of electrolytes, to which class of bodies the inorganic 
salts belong. This theory, as is well known, indicates the 
necessity for assuming the dissociation of a certain portion of 
the dissolved electr olyte into its ions, and is intimately con- i 
nected with the van’t Hoff theory of osmotic pressure {, which it 
shows the entire analogy between the conditions of bodies in i 
gaseous form and in solution. The undissociated dissolved i 
molecules and the dissociated ions produce the same pressure iH] 
effects as the undissociated and dissociated molecules of a Hi 
gas. Direct application of the laws of gases explains the | 

* Communicated by the Author. 
+ Phil. Mag. 1891, xxxi. p. 369. a 

t Nernst, Zeitschr ift Sir phys. Chemie, iv. p. 372. i 
§ Theory of Guldberg and Waage. Hi! 

|| Arrhenias, Zectschr. fiir phys. Chem. 1. p. 631. 
4] Van’t Hoff, Zectschr. fiir phys. Chem. i. p. 481. 

XII. On the Mutual Solubility of Salts in Water. | 
| 

| 



76 Mr. J. E. Trevor on the Mutual 

phenomena of solution. If to asaturated volume of a partially 
dissociated gas be added one of its gaseous dissociation pro- 
ducts, as for example NH; to dissociated NH,Cl vapour, the 
partial pressures of this constituent are added together and 
the dissociation is decreased, solid ammonium chloride is pre- 
cipitated. An indifferent gas, as nitrogen, produces no such 
effect. In the same way, if one of the dissociated ions be added 
to the saturated solution of a dissociated salt, the dissociation 
will decrease and solid salt will be precipitated. For example, 
in Dr. Nicol’s experiment with the chlorides: in KCl solution 
a considerable proportion of the salt molecules are dissociated 
into K and Clions. Clions alone cannot be added to the 
solution; addition of NaCl, however, adds Cl ions, together 
with an equivalent amount of Na ions, which latter act in- 
differently, just as the nitrogen in the case of dissociated 
ammonium chloride. The partial (osmotic) pressure of these 
Cl ions is added to that of those already present and solid 
salt is precipitated, the solubility of the KCl is decreased. 

This consideration applies generally to cases of the mutual 
influence of dissociated bodies with a common ion upon the 
solubilities of one another, including Dr. Nicol’s “ Fresh field 
of investigation’ in determining the solubilities of one salt 
in solutions of various degrees of concentration of another. 
The requirements of the theory have been shown by Nernst * 
and Noyes t to hold quantitatevely in cases of rather slightly 
soluble substances, as, for example, a Brom-iso-cinnamie acid 
with oxanilic acid, AgBrO; with AgNO, and KBrOs, and 
many more. In the cases of very soluble salts, where the 
osmotic pressure is measured by hundreds of atmospheres, 
the question becomes far more complicated, owing to the 
serious variations from the simple laws of gases, which are 
manifested at such high pressures in solutions as well as in 
gases proper. For this reason it is impossible to calculate 
quantitatively the results in the cases which Dr. Nicol has 
given, yet without the simple explanation which the above- 
mentioned recent researches have made clear, the phenomena 
would be entirely unintelligible, for in the case of any pair 
of salts it could not be foreseen whether an increase or de- 
crease of mutual solubility would take place. A continuation 
of this line cf work has brought a simple explanation of those 
anomalous cases where the solubility of an electrolyte is in- 
creased by the addition of a dissociated body with a common 
ion. A striking example is the strong increase in the solu- 

* Nernst, Zettschr. fiir phys. Chem. iv. p. 372. 
+ Noyes, Zectschr. fiir phys. Chem. vi. p. 241. 
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bility of mercuric chloride (HgCl,) caused by the addition of 
hydrochloric acid (with the common Cl ion) to the solution. 
For this and a number of allied cases the explanation has 
been shown by Le Blanc and Noyes* to lie in the combina- 
tion of HgCl, and HCl to form double molecules, a different 
substance with a different solubility. The determinations 
were made by observation of the freezing-points of the 
solutions, the lowering of the freezing-point being, as has 
been shown by Raoult and others +, a function of the number 
of molecules (or free ions) in the solution. 

Further work in this same direction { has applied, with 
quantitative results, the Law of Mass Action to cases of the 
mutual influence of the solubilities of pairs of salts which do 
not possess a common ion. ‘This work is of extraordinary 
interest, since without the above indicated theoretical explana- 
tion the observed phenomena would seem entirely without 
meaning, the results could not in any way be foreseen. The 
possibility of guantitateve experiment is in this entire field 
limited only by such concentrations which produce an osmotic 
pressure in the solution not so great that the laws of gases no 
longer hold. 

That these results already obtained agree over such a range 
as that including inorganic salts and organic acids is strong 
evidence for the soundness of the assumptions upon which the 
work is based, more especially so since, so far as my informa- 
tion goes, no other explanation whatever has been able to 
account for the facts. 

It will be of interest to state that the above developed con- 
siderations explain the action of a method used by Dr. Nicol 
in purifying the chlorides and nitrates used by him, that of 
precipitating the former by hydrochloric acid and the latter 
by nitric acid. In this case the common ion Cl or NO added 
decreases, in the way explained, the solubility of the salt, 
which is consequently precipitated. In the same way, to 
increase the insolubility of a precipitate a little sulphuric acid 
is by analysts added to the wash-water in washing out lead 
sulphate, or, in general, an addition of some of the precipitating 
reagent to increase the insolubility of a precipitate. 

As bearing upon this question | take the opportunity to 
communicate some results recently obtained by me § ina case 
of mutual solubility where the formation of a double salt is 

* Le Blanc and Noyes, Zettschr. fiir phys. Chem. vi. p. 385. 
+ Raoult, Ann. chim. phys. [6] il. p. 66; also Arrhenius, Zedtschr. fiir 

phys. Chem. i. p. 647. 
t Noyes, Zettschr. fiir phys. Chem. vi. p. 262. 
§ Trevor, Zeitschr. fiir phys. Chem. vii. p. 468. 
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possible. The salts chosen were the sulphates of potassium 
and copper, from whose common solution the well-known 
double salt K,Cu(SO,)2.6H,O is easily obtained. That the 
components were not, at least to an appreciable extent, com- 
bined to double molecules in the concentrated solution of 
the double salt, was shown by the possibility of separating 
them by diffusion ; and the interesting fact was further 
brought out, that a saturated solution of the two salts together 
was possible, in which both were present in the approximate 
ratio of their separate solubilities; this condition of solution 
was, however, rendered unstable by the tendency of the more 
insoluble double salt to crystallize out. This result had been 
already foreseen and theoretically explained by Ostwald *. 
It was further shown that either salt, added in solid form, 
will not drive the other entirely out of its saturated solution, 
as had been maintained by Riidorff, but that in each case a 
definite state of equilibrium occurs where the solution is not 
changed by further additions. These equilibria are the same 
whether the salts be added each to the saturated solution of 
the other, or directly to that of the double salt. 
By such investigations as the one just quoted, by means of 

diffusion, and more particularly by the method of determina- 
tion of the lowering of the freezing-point of solutions, made 
use of by Le Blanc and Noyes, are the answers brought to the 
objection of Dr. Nicol that we cannot tell whether the double 
molecules be formed in the solution or only at the moment 
of separation of the solid salt. 

To answer this objection it is not even necessary to assume 
the electrolytic dissociation; the simple fact shown by Riidorff, 
whose work Dr. Nicol quotes, that from saturated double salt- 
solutions the constituent salts may be separated by diffusion, 
demonstrates that the double molecules cannot to an appreci- 
able extent be present. 

The main question, however, that of reciprocal solubilities, 
has,as I have endeavoured to point out, already been answered. 
The extension of the theory quantitatively to concentrated 
solutions of very soluble salts is seriously complicated by the 
variations from the simple laws of gases which occur with 
the high osmotic pressures there found, and this extension 
must come from a study of these variations and not from 
the building up of interpolation formule to represent solu- 
bilities. 

University Laboratory of Physical Chemistry, 
Leipsic, Germany, May 1891. 

* Ostwald, Allgemeine Chemie, 2 Auf. vol. i. pp. 1076-1078. 
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XII. An Apparatus for Measuring the Compressibility of 
Liquids. By 8S. Skinner, MA., Demonstrator at the 
Cavendish Laboratory, Cambridge*. 

dere special features of the apparatus are (a) its very large 
bulb, (0) an arrangement to facilitate the filling and 

emptying processes. The volume of the globe is 1300 cubic 
centimetres, so that a small alteration of pressure, such as 
half an atmosphere, produces a considerable movement of the 
index in the capillary tube of which the capacity per cm. 
is ‘003 cubic centim. To facilitate the introduction of liquids 
a second tube, closed by a stop-cock, is sealed in at the lower 

portion of the globe, and this is connected by a rubber-tube 
with a side reservoir. . If a liquid be poured in the reservoir 
and the stop-cock be opened, the liquid will flow into the 
globe. The apparatus is supported on a base-board through 
which the tube carrying the stop-cock passes. A bell-jar 
stands on the base-board and is in connexion with a condensing 
air-pump and a mercurial pressure-gauge. 

The behaviour of the apparatus has been tested by using it 
for a determination of the compressibility of water, with the 
following results :— 

Found, Calculated from Tait’s 

Extrapolation Formula. 
Bde OAD Ca 0000510 "0000502 

Re itis’ °0000501 "0000488 
A eas. Ss "0000485 "0000479 
JIG) ea ‘0000480 "0000468 

* Communicated by the Physical Society : read May 9, 1891. 
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The apparatus has been applied to the comparison of the 
compressibility of solutions with that of the solvents, and the 
results exhibit the same general relations as with other 
properties of solutions. The solutions divide themselves into 
two classes, which may be broadly termed electrolytic and 
non-electrolytic. In the first there is a very considerable 
decrease in compressibility, as much as 8 per cent. with a 
3-per-cent. solution of NaCl; whilst in the second there is 
but a slight diminution, quite beyond the limits of accuracy 

of the apparatus. or instance, a 5-per-cent. solution of 
naphthalene has a diminution of under 1 per cent. 

A strict interpretation of the theory of osmotic pressure in 
solutions has been made by Prof. J. J. Thomson, in his 
‘“ Applications of Dynamics to Physics and Chemistry,” § 97, 
where he finds that 1 gram-equivalent per litre would decrease 
the compressibility by 1 part in a thousand. Non-electrolytes 
in dilute solution appear to follow this law; this is in agree- 
ment with their other properties, such as alteration in boiling- 
or freezing-points. 

The diagram will serve to explain the general arrangement 
of the apparatus. 

“XIV. The Injluence the Size of the Reflector exerts in 
“Hertz’s Experiment.” By Frep. T. Trouron*. 

Cees G to the requirements of certain refraction experi- 
ments in which I was engaged, it became necessary to 

investigate more fully than had been previously donef the 
influence the size of the reflector has in determining the 
position of the nodes in Hertz’s now well-known electro- 
magnetic interference experiment. 

Radiation of a suitable period was produced by Hertz for 
this experiment, as is well known, by taking advantage of the 
alternating character of the discharge of an electric condenser. 
For this purpose two similar conductors, generally speaking 
two brass cylinders, are placed together end to end with a 
spark-gap between them, and are charged by an induction- 
coil, with the poles of which they are connected. The rapidly 
alternating current which occurs between them at each dis- 
charge originates electromagnetic waves which spread out 
into space. In these waves the electric component is parallel 
to the common axis of the cylinders, while the magnetic com- 
ponent lies at right angles. posi Sa 

* Communicated by the Author. 
t+ ‘Nature,’ Aug. 22nd, 1889. 
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We can now detect these waves in a variety of ways. 
Hertz employed in his interference experiments a simple 
circle of wire interrupted at one place by a short gap, the 
wire being of such a length that the period of electric oscil- 
lations from end to end on it is the same as that of the radia- 
tion with which it is to be used, so that the currents induced 
in the wire by a series of waves are synchronously reinforced 
until the ends, always oppositely charged, overflow, and a 
spark occurs. 
By means of perpendicular reflexion from a metallic sheet 

a beam of the same period travelling in the opposite direction 
is obtained which will interfere with the direct one, and a 
series of loops and nodes result, just as In an organ-pipe. 
The position of these nodes Hertz detected by the use of the 
resonating receiver, the nodes and loops being distinguished 
by the variation in the intensity of the sparking across the 
gap as the distance of the resonator from the reflector was 
changed. The magnetic and electric forces in these stationary 
waves are everywhere complementary, that is, where one is 
a maximum the other is a minimum. The first magnetic 
node or place of minimum intensity of that force is situated 
at one quarter the wave-length from the reflecting sheet, 
and so on for the others, in the usual sequence of loops and 
nodes. | 

Some time since | observed that the distance of the nodes 
from the reflector was influenced by its size, and a short 
account was given in a paper in ‘ Nature,’ vol. xl. p. 399, but 
until the present no determinations were described systema- 
tically made with various sized reflectors. 
When a number of square sheets of various sizes were tried 

as reflectors, it was found that as the sheet became smaller 
the distance of the node from the sheet became greater. 
The increase seemed to tend towards becoming one eighth of 
the wave-length as the size of the reflector diminished, but 
with small sheets the intensity of the reflexion is very slight, 
and so it soon becomes impossible to make any satisfactory 
determination. 

Perhaps the most noticeable thing in connexion with re- 
flexion from sheets of limited size is the great difference in 
the effect, where the sheet is rectangular in shape, according 
as its long dimension is parallel to the direction of the mag- 
netic or electric component of the incident wave. This un- 
doubtedly is connected with the accumulation of charge on 
its edges, according as they lie in the direction suitable for it 
or not. A long narrow strip (say anywhere between one 
quarter and one half the wave-length in width) held with its 

Phil. Mag. 8. 5. Vol. 382. No. 194. July 1891. G 
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length parallel to the magnetic direction, has the node nearly 
as far out as if it were a square. But with the same strip 
held at right angles, parallel to the electric direction, the node 
is practically at one quarter the wave-length, just as it would 
be for an infinite sheet. | | 

It was thought desirable, in making the experiments, to 
use long strips for reflectors, as being a somewhat simpler 
case than square plates. In the present determinations the 
position of the node was found for a number of long strips of 
regularly increasing widths, first, when the long dimension 
of the reflector was held in the direction of the magnetic 
component, in which case the great shifting outwards of the 
node occurs; and, secondly, when held at right angles, or in 
the electric direction, in which case there is generally little 
or no effect to be found. | 

Nothing further as to the character of the effect than had 
been previously observed was noticeable in the first case ; but 
in the second case, that is where the length of the strip is 
held in the electric direction, a distinct peculiarity was found 
when the strip was very narrow. It may be remarked that 
good reflexion can be obtained from strips in the second case 
quite too narrow to afford reflexion when held at right angles 
in the magnetic direction as in the first set. And it is with 
these very narrow strips that the peculiarity is noticed. The 
node, which until the strip is very narrow is practically un- 
affected by the width of the strip, is now situated nearer the 
reflector than one quarter the wave-length. This has con- 
siderable interest attached to it because it was really observed 
by Hertz in his original experiments, though he attributed it 
accidentally to quite another cause. 

The vibrator or source of radiation employed in the follow- 
ing experiments consisted of two brass cylinders with rounded 
gilt ends (about 13 em. long and 3 em. in diameter), placed near 
each other in the focal line of a cylindrical parabolic mirror 
so asto givea parallelbeam. It afforded radiation containing 
waves of a variety of periods*, but that selected by the “ re- 
sonator ”’ employed had a wave-length of 68cm. The reso- 
nator, which was of the circular type, was placed in the centre 
of the beam at about 2m. from the vibrator, in front of the 
metallic sheet used as reflector. It was always held so as to 
receive the magnetic component only, that is in the plane 
containing the axis of the vibrator, and with the diameter of 
the circle through the spark-gap parallel to this axis ; in this 
position, only the magnetic lines of force can take effect. 
Thus throughout the following the magnetic force alone is 

* ‘Nature, vol. xli. p. 295. 
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dealt with, and so, in speaking of the nodes, the places of 
minimum magnetic force alone are meant. 

Care was taken, when determining the wave- -length, to 
have as reflector a sheet sufficiently large so that no increase 
in size could produce any change in the distance of the nodes 
from it. When this is the case, it may be considered infinite 
in extent. The large sheet was then replaced in turn by 
smaller sheets, and the position of the node in each case 
observed. The experiments, as mentioned before, divide 
themselves into two parts. First, where an infinite reflector 
is, so to speak, gradually shortened in the direction of the 
electric component of the wave, but remains unaltered at 
right angles, whilst the accompanying change, if any, in the 
position of the node is observed; and, second, when the 
shortening takes place in the direction of the magnetic com- 
ponent. 

The general results of the first set of experiments are seen 
at a glance by means of fig. 1. The abscissee here represent 
the length of the reflector in the direction of the electric 
component, while the ordinates represent on the same scale 
corresponding to each sized reflector the distance of the re- 
sonator from the reflector when placed in the first position of 
minimum sparking. The length of the reflector in the direc- 
tion of the magnetic component was 90 cm., as that was found 
to be amply sufficient, z. e. increase was found to produce no 
effect. The resonator was held in front of the centre of the 
reflector. 

ee ee (Paar 
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lt will be seen from the curve that when the reflector is 
less than a wave-length the node begins to be shifted sensibly 
outwards from the true quarter wave-length position, so that 
to avoid these diffraction-effects mirrors should be at least a 
wave-length in the electric direction. 

G2 
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The following table served for plotting the curve. In the 
first column are the dimensions of the reflector in the direc- 
tion of the electric component. Six determinations were 
made of the position of the node with each sized reflector. 
The mean of these is given in the last column. The reading 
taken was in each case the nearest quarter centimetre, the 
nature of the observations making further exactitude un- 
necessary. ‘The effect from a 12 cm. reflector was too weak 
to admit of an observation. 

TABLE I. 

11g 42 | 298 | o22 | 248 | 242 | 242 || ano 
ie wd 22 | 225 | 231 | 222 | 998 | o9r | 925 
a 21 | 221 | 908 | a14 | O18 | o18 || 218 
Be is 213 | 208 | 212 | 21% | 208 | aid || 212 
2 20: | 203 | 212 | 212 | 208 | 208 || 207 
BB dose 20: | 20 | 20% | 21 | 202 | 203 || 205 
fee 19 | 192 | 192 | “lee ee eter ten 
60 10. 172 4) as 4h sb | ee ew tll aig lots 
coe 17 U2 e171), cle Behetas | saz tall age 
ee } 173 Wo deh) | age: | el eR) aera 

The effect produced in the reflected wave by shortening 
the reflector in the direction of the electric component can 
be considered equivalent to an acceleration or change of 
phase on reflexion. This equivalent change of phase is at 
least double that corresponding to the distance the node is 
shifted, because of the double journey back and forwards 
which the reflected wave has to make. But the complete 
change in phase must be really greater than this, for it is to 
be remarked that the node observed in these experiments is 
peculiar, and differs from that ordinarily considered where 
two non-divergent beams travelling in opposite directions 
interfere. The beam reflected from a small reflector is di- 
vergent, and consequently diminishes rapidly in intensity on 
proceeding outwards. ‘This causes the node or minimum 
sparking-position to be a little nearer the reflector than the 
true position of opposite phase. The intensity of the reflected 
vibration at this point, before it can be subtracted from the 
incident one, has no doubt to be diminished in proportion to 
the cosine of the difference in phase between them; but this 
is more than made up for by the increase in intensity due to 
its nearer position, so that the approximation towards com- 
plete interference is better here than at the true phasial 
position. That the interference, then, is comparatively slight 
is seen by the fact that with the smaller sized reflectors it is 
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always easy, by diminishing the sparking-gap, to obtain spark- 
ing in the minimum position; this is not possible when large 
sheets are employed as reflectors. 

Without being able to calculate in the case of a given sized 
reflector what the amount of the equivalent acceleration in 
phase should be, it can be seen that there should be a difference 
in phase between the current induced in the reflector and the | 
incident wave when the reflector is short in the electric direc- y 
tion. For the edges afford a capacity and become charged 
each vibration, the charges opposing the inducing electro- 
motive force, so that the effective electromotive force will 
reach its zero value sooner than when there are no edges for 
the accumulation of charge. 
The problem of finding the reflexion from a reflector of limited 

size presents considerable difficulties. An approximation, how- | 
ever, has been obtained by the author* by taking advantage 
of Hertz’s solution in the case of his “vibrator.”” The short 
reflector is assumed equivalent to another vibrator, and Hertz’s 
equations of the wave are found for it, by making the total 
magnetic force due to both primary and secondary vibrator 
behind the sheet zero. This necessitates assuming that the \ 
reflexion comes from the central part only. This condition | 
renders it very limited in its application ; nevertheless calcu- i 
lation made by it of the position of the node shows it dis- | 
placed at all events in the right direction, and to an extent | 
comparable with observation. ‘This method leads naturally H 
to looking at the cause of the displacement, from the point of 
view of an increased velocity of the wave in the neighbour- 
hood of the reflector, for so it appears in Hertz’s theory of 
his “ vibrator.” 

DISTANCE _ 
20 
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In the second set of experiments the narrowing of the re- 
flector is in the magnetic direction. It will be seen from the 
curve, fig. 2, plotted from the results, that the large outward 

* Phil. Mag. March 1890. 
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displacement of the node or minimum sparking-position is 
absent in this case. : | 

On reaching comparatively small dimensions the inward 
shifting of the node takes place. This is probably best attri- 
buted not to a change in phase on reflexion or diminution in 
velocity in transit, but to the fact that the beam is rapidly 
diminishing in intensity on passing outward from the re- 
flector, and, as mentioned before, the minimum sparking-posi- 
tion is a compromise between the phase and the intensity. 

It might be thought that this action would never displace 
the node by a sensible amount, but the following consideration 
shows this not to be so. Let 

cs aie Wael 
y= sin 2m ~ + ), 

where # is distance measured from the reflector, represent 
the incident wave; and let us make some assumption as to 
the rate the intensity of the reflected disturbance diminishes 
as the distance increases. Of several tried, that which hap- 
pened to give results most nearly in agreement with the ob- 
servations assumed the amplitude to diminish as the square 
of the distance from a point situated behind the reflector at a 
distance equal to its width. In this case, calling the width 0, 
we have as the reflected wave 

O vaNo sk De 
Ja= ae) err ah 

On addition the stationary wave is determined by 

: t 
yy + yo=A sin 2a ~ aly @), 

where 

DN. Shoe a“ aa) 72a cos dirs . 

Differentiating and equating to zero as being the condition for 
2 minimum, we find the position of the node to be given by 

OS Nara ATE on ce 
cs! + (b+ #) sin Amy + cos dor > au 

When 8, the width of the reflecting sheet, is taken as 4 em., 

this equation requires x to have the value of about 14:3. 

That means a shifting inwards of the node by 2°7 cm., which 
is a little more than is required to correspond with observa- 

tion, the nodal position given in Table II. for a 4 cm. sheet 
being at 14°6 cm. from the reflector. _ 
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If the amplitude of the reflected beam be taken simply as 

coe instead of its square, a somewhat more natural assump- 

tion, the value found for w is about 15°8—which is a shifting 
inwards considerable in deficit. It is thus evident that, apart 
from other considerations, a rapid falling-off in the intensity 
‘of the reflected disturbance is quite competent to effect an 
appreciable inward displacement of the node. However, it 
must be remembered that in cases like the present, where the 
intensity of one component changes rapidly with the distance, 
the minimum sparking-position must only be considered as a 
kind of pseudonode, not a true phasial one. 

Taking a long shaped strip of zinc about 20 em. wide, the 
experiment alluded to above, one somewhat analogous to 
Stokes’s ‘ Experimentum Crucis,’ is easily made. The posi- 
tion of the node when the strip is stretched in the electric 
direction, that is with its small dimension in the magnetic, 
will be found to be distant about one quarter the wave- 
length, much the same as with an infinite sheet; but on 
rotating the strip through 90° into the magnetic direction 
the node will be displaced outward, showing clearly the 
dependency of the effect on the two directions. 

In Table II. are given the results of the experiments 
from which the second curve was plotted. In the first column 
are the dimensions of the reflector in the direction of the 
magnetic component. The mean of the four determinations 
with each sized reflector is given in the last column. 

Tani iil, *: 
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It will be seen that it was possible to obtain determinations 
with much narrower reflectors in the present experiments 
than was previously found possible when dealing with the 
strips held so as to be short in the electric direction. Thus a 
given sized strip evidently must reflect less strongly when 
held so that its longest edge is the one which becomes charged 
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each oscillation, that is to say, with this edge at right angles 
to the electric component. And, indeed, this is as we should 
expect, since on comparison we see that in this case there is 
less area which can act effectively as a source of reflexion 
through the passage on it of current each oscillation. For 
all the electricity of course does not go to the very edge, but 
there is gradual accumulation of charge over the surface ap- 
proaching the edge, increasing no doubt up to it. Conse- 
quently the current diminishes in intensity towards the edges, 
and thus it is only those parts of the reflector remote from 
the charged edges which can be considered completely effec- 
tive in producing the magnetic component of the reflected 
beam. Hach centimetre of charged edge, so to speak, reduces 
the effective area of a reflector, so that with a rectangular 
sheet strongest reflexion is obtained when the edge charged 
is shortest. 

A very slight increase in the nodal distance is seen by the 
table to occur when the reflector is somewhat less than half 
a wave-length wide; this may require further experiments of 
a more sensitive character before being finally accepted. If 
it be the case, it would seem as if there were really an accele- 
ration of phase on reflexion from mirrors small in the mag- 
netic direction also, but so slight as to be almost entirely 
masked by the inward tendency due to divergency in the 
reflected beam. If we look at it from a purely optical point 
of view, Fresnel’s theory indeed represents a linear reflector 
as having an acceleration of phase of 47; however, this is 
omitting all considerations of direction in the vibration ; 
but we have seen that the whole phenomenon requires a 
treatment introducing a difference depending upon the mag- 
netic and electric directions. An acceleration of $a might 
suit very well in the magnetic case, but it is certainly insuf- 
ficient when the reflector is narrow in the electric direction, 
as is seen from Table 1. With a quarter wave-length of 
17 cm., the effect of a change in phase of 37 on reflexion 
would be to shift the node out to 21°25 cm., that is out 
through 7), the wave-length; but this is seen by the Table to 
be much too little, especially so when we remember that the 
observed minimum sparking-position must always be some- 
what nearer the reflector on account of the divergency effect 
than the true position of opposite phases. 

'The result of diminishing the reflecting sheet simultaneously 
in both directions was also examined, but though it was very 
evident that the reduced dimension in each direction tended 
towards possessing its own respective effect, no simple rela- 
tion between them exhibited itself; thus with a reflector 
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24 cm. square, the node was found at 22°4 cm.,a little further 
than 21°8, which it is at when the sheet is long in the 
magnetic direction (Table I.),and this is as it should he, 
shifted out owing to both. Again, a reflector 24 cm. in the 
electric direction, and 10 cm. in the magnetic, had a node at 
21:5 cm., a little less than with a long sheet, and this also is 
in the direction to be anticipated. Some few other experi- 
ments were made, but in the absence of a workable theory 
for the whole phenomenon, it was thought undesirable to 
pursue the matter further at present. 

An interesting point arises in connexion with those ex- 
periments made with the reflector narrow in the magnetic 
direction, in which an inward shifting of the node was ob- 
served. In Hertz’s original determinations he found that 
the first node was situated not quite so much as } the wave- 
length from the reflector. He attributed this to imperfect 
reflexion arising from imperfect conductivity in the material 
of his reflector, which was a large sandstone wall with a 
number of gas-pipes across it, and had on it besides to in- 
crease the effect a zinc sheet 2 m. long in the magnetic 
direction and 4 m. long in the electric; there were also wires 
attached to the ends of the sheet for leading off the charges, 
so that it must have been equivalent to a much longer one in 
the electric direction. Now it seems probable that the sheet 
was sensibly the only thing that reflected, and that the in- 
ward displacement was really due to its comparatively small 
size in the magnetic direction, for the wave-length he em- 
ployed was nearly 10 m.,so that the reflector was about 
+ the wave-length in width. This corresponds to about a 
14 cm. mirror with a wave-length of 68 cm. 

Hertz found the inward displacement correspondingly 
greater than is given in Table IL., but his incident beam must 
have been divergent, as he worked nearer the vibrator in pro- 
portion to the wave-length, while my beam was rendered 
fairly parallel by the parabolic mirror employed. 

To make quite sure that in reflexion off a large sheet the 
first nodal distance 17 cm. was really one quarter the wave- 
length, the position of the second node was redetermined and 
found to be distanced from the reflector about 51 cm.—the 
mean of five determinations*. The vibrator in these experi- 
ments was over three wave-lengths away from the reflector. 

It is very convenient, in carrying out these experiments, to 
have an arrangement for moving the resonator backwards and 
forwards a known amount. A simple arrangement for effect- 
ing this is to support the resonator at one end of a rod 

* 2nd node..|| 492 | 512 | 503 { 50 | 51 || 506 
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pivoted in the middle, and kept vertical by a weight attached 
to the other end. By means of two screw-stops the excur- 
sion to either side of the vertical position is limited to any 
desired amount. The method of procedure in identifying a 
node is, then, to find a position for the resonator such that on 
moving it an “equal amount to either side, sparking just takes 
place. This can of course be done with facility in a a 
room. 

When possible, it is still more convenient to move the re- 
flector backwards and forwards a known amount, instead of 
moving the resonator, and the node is found similarly to 
before as the position where sparking just occurs in the ex- 
treme position of the reflector; this admits of being done 
when the reflector is small. The reflector was suspended by 
vertical cords about 3 m. long, and could be thus moved 
backwards and forwards practically parallel to itself with 
the greatest ease even in the dark, the amount of the move- 
ment being limited by stops. The advantage of this arrange- 
ment is that the adjustment of the resonator is unaffected, for 
when it.is the resonator that is moved the disturbance is very 
liable to alter the spark-gap. 

I have much pleasure here in thanking Prof. Fitzgerald 
for his advice and material oncQunaeamcnt on many occasions 
throughout the investigation. 

Note.—Since sending off to the printers’ I have learnt that 
MM. Sarasin and De la Rive (Phil. Mag. June 1891) have, 
unlike Hertz, observed no inward displacement of the node 
towards the reflector. Their experiments are quite in agree- 
ment with the explanation given above, for their reflector 
was about a wave-length in the direction of the magnetic 
component. 

XV. Mr. Sydney Lupton’s Method of Reducing the Results 
of Experiments, By SPENCER UMFREVILLE PicKERING, 
WMA cS am , 

HE conclusions which I drew from an examination of 
various properties of sulphuric-acid solutions (Chem. 

Soc. Trans. 1890, pp. 64 and 331; Phil. Mag. xxix. p, 427) 
have recently been made: the subject of an adverse criticism 
by Mr. Sydney Lupton in the pages of this Magazine 
(vol. Xxxi. Pp. 418). 

* Comm unicated by the Author, a 
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The properties examined by me were the heat of dissolu- 
tion, electric conductivity, heat capacity, freezing-point, 
densities (4 sets of determinations at different temperatures), 
contraction on mixing and expansion by heat (for 3 different 

intervals of temperature); and, as I repeatedly insisted, the 
whole strength of my conclusions rested on the fact that all 
these different properties, forming figures differing so entirely, 
as they did, from each other in general appearance (see Phil. 
Mag. xxix. pp. 430, 431), yet indicated the existence of 
changes of curvature at the same points. The indications 
were obtained by examining both the experimental figures, 
and also the curves representing the rate of change of the 
properties with change of composition (the direct first differ- 
ential), with the help of a bent ruler ; totally different methods 
of plotting, moreover, were adopted, without in any way 
modifying the conclusions drawn, and these conclusions were 
further strengthened by the fact that the various sections in 
which the whole figures have to be drawn all appeared to be 
curves of a similar nature—parabolas of a certain order—as 

was proved by their yielding straight lines on further differ- 
entiation, and also by the fact that these changes, wherever 
it was possible to draw any conclusion at all on this head, 
occurred at simple molecular proportions of the acid and 
water. 

Thus the main feature of the evidence on which I relied 
was its cumulative character, and this Mr. Lupton seems to 
have entirely ignored. My determinations numbered 1100 ; 
of these he has examined 10: the indications of changes of 
curvature numbered 102*; of these he has examined one, and 
by disproving this one he thinks he will discredit the whole 

~ work. 
This being the character of my work and of the criticism 

levelled against it, it is rather surprising to find Mr. Lupton 
opening his remarks with the following sentence :—“ In the 
hurry of modern life experimentalists are apt to omit the test 
of accuracy afforded by obtaining the same results by several 
different methods. Thus long rows of figures are frequently 
given which have in reality no experimental basis to rest 
upon. 
i scarcely think that I shall be unfair if I accuse Mr. 

Lupton of attacking my work before he has made himself 
master of the description of it. He complains of the absence 
of those very details which he might have found by looking 

* Not, however, at 102 different percentages, as Professor Armstrong 
imagines (see Chem. Soc. Proc. 1891,.p. 106). 
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through my papers: he raises numerous minor objeetions, 
nearly all of which I have fully answered, and his chief 
weapon of offence is the representation of a small portion of 
one of the sets of my density results by a parabola deduced 
mathematically, and which, if strictly applicable, would nega- 
tive the existence of one of the changes of curvature which I 
considered probable, in. ignorance of the fact that I myself 
had applied the same method of examination to the same 
portion of all but the same curve, and had shown why the 
results obtained did not negative the existence of the change 
in question (Chem. Soc. Trans. 1890, p. 78). From this ex- 
amination Mr. Lupton arrives at a similar provisional conclu- 
sion to what I did, “if the limits of accuracy are 5,55,” then 
this small portion of this series of my ‘results can be ex- 
pressed by a single curve.” But, apparently, “the hurry of 
modern life’? prevented Mr. Lupton from ascertaining whether 
the experimental error was 5,!99, and whether, therefore, 
this result led to any argument against my conclusions. 
But 55/55 18 a somewhat large quantity when it refers to the 
weight of 25 ¢.c. of strong sulphuric-acid solutions; it is 
about 8 milligrams; and had Mr. Lupton taken the trouble to 
ascertain from the numerous values available for this purpose 
(Trans. 1890, pp. 70, 71; Phil. Mag. xxx. p. 402) what the 
probable experimental error really was, he would have found 

cordance between the values calculated from his equation and 
the experimental values, it was certainly incumbent on him 
to make sure that his calculations were correct ; but this he 
did not do, and of the two errors which he made one was a 
very important one*. I therefore take the liberty of giving 
the following amended version of the first and last columns 
of his table, in which «x is the percentage strength of the 
solution, and u cale. — u obs. the differences between the 
actual densities and those calculated according to Mr. Lupton’s 
equation, which represents these results as forming one con- 
tinuous parabolic curve. In two cases only out of the 10 
results which Mr. Lupton investigated (50 to 68 per cent.) 
does the difference even approach to 35495, while the average 
difference is 754p0, that is 50 times greater than the probable 
error mentioned above, and 23 times greater than the liberal 
maximum which I allowed as, and also found to be, the limit 
of error in the majority of cases (Chem. Soc. Trans. 1890, 
p- 71); but, independently of this, the arrangement of the 

* —-000098 for +:000218 in the last column. 
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differences of like signs into separate groups would show quite 
clearly to the most superficial observer that all agreement 
between the calculated and observed values is absent. 

oe wu cale. —u obs. 

45*71655 —-000717* 
48-02648 —-000404* 

50:06998 —-000139 
52-02681 +-000038 7 
54-00142 +-000218 | 
56-00914. +:000274 | 
57°85589 +-000299 ¢ 
(59°97052 +-000037) | 
(61-91205 4000159) J 
6404535 —-000158 7} 
66-°02517 ~000257 | 
6800851 —-000278 | 

69-93139 — 000187 J 
7202232 +-000008* 
73-98643 +000597 

In the above table Mr. Lupton has, somewhat unfairly, 
included two results (those in brackets), which, as I pointed 
out (Chem. Trnas.) p. 70, table i. p. 43, and plate 2 T), were 
evidently erroneous ; it is immaterial, however, whether they 
are inserted in the above table or not; but I have. omitted 
them in the following sketch (p. 94), which gives a far more 
striking illustration of the untenable nature of Mr. Lupton’s 
contention that ‘the equation expresses the results with far 
greater accuracy than could be attained by even the most 
careful drawing.” As the densities themselves are unmanage- 
able for diagrammatic purposes, I have had to take the 
differentials deduced directly from them. 

It is certainly extraordinary that Mr. Lupton should bave 
imagined that he could disprove by such means not only the 
one particular break in question, but also the 101 others 
described in my paper, and most of which were far better 
marked than this particular one. Indeed, itis by some strange 
accident that Mr. Lupton was led to attack the only one 

* These values are not given in Mr. Lupton’s table. 
+ The tables (doc. cit.), not the plates, must be taken as giving the 

correct values. The cross in plate 2 at 62 per cent. is misplaced, and 
should stand for the three differential points in its neighbourhood show- 
ing the accidentally large errors. In the last column of the table on 
p- 142 for 52°71 read 53°01, and for 46°65 read 46°87. 
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break in the density-curves which I mentioned as being “of a 
| very doubtful character;” and it is by a still stranger accident 

that the only hydrate on which his investigation ‘‘ seems to 
| throw very grave suspicion,” is the very one which actually 

does exist, which has been isolated in the crystalline con- 
| dition (Chem. Soc. Trans. 1890, p. 339), and to the isolation 
: of which I was led by a reliance on the very method which 

Mr. Lupton considers to be fallacious and worthless. 

i 4 5 60 b) 0 99 

Pee 

"0095 

| AB. Direct first differential of the experimental points, and Pickering’s 
representation of them. 

CD. First differential of Lupton’s calculated values. 

So much for Mr. Lupton’s main argument ; it remains but 
to answer the minor objections which he raises. 

1. Mr. Lupton (p. 420) is “astonished ” to find that I give 
| the composition of the solutions to the fifth decimal place ; 
i but, as the relative composition of these solutions was correct: 

to one unit in the fourth place (loc. at. p. 73), I was only 
il following precedent in so doing ; surely Mr. Lupton would 
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not quarrel with me for giving accurate tables merely because 
the special application made of them did not require the full 
degree of accuracy attained. 

2. Mr. Lupton is then “ startled” to find that “in the 
case of experiments, the whole object of which is extreme 
accuracy,” there is a difference of j,/55 on each side of the 
mean in the eight analyses made of the stock acid*—analyses, 
by the way, which were not my own, and the results of which 
I did not take. But will he tell me how the accuracy of my 
results would have been affected by a constant error of even 
tooo in the strength of all the solutions used? Or how my 
conclusions would have been affected if, for instance, I had 
found 58°08 instead of 58:14 per cent. as the position of a 
change, when, for other reasons, this position could not, as a 
rule, be correctly ascertained within 0°5 or 1:0 per cent. ? 

3. Mr. Lupton complains (p. 420) that I have given no 
details as to my method of drawing curves. I had thought 
that the details on pp. 68, 69, and 184, /oc. cit., would have 
been sufficient, and the only important omission I appear to 
have made was that I did not mention that the flexible 
ruler was held at its extremities, the middle portion only 
being used for the drawing ; but this omission cannot account 
for Mr. Lupton’s extraordinary conclusion, p. 421, that “ hence 
the hydrates of sulphuric acid are apparently made to depend 
upon the flexibility of the steel lath used.” Let Mr. Lupton 
convince himself of the fallacy of this statement by a little 
experimentation on the curves depicted above with laths of 
different flexibility. 

4. Mr. Lupton refers to Prof. Lodge’s “ word of warning ” 
to experimentalists on the over-pressure of formulee (‘ Nature,’ 
July 18, 1889; see also my answer, August 8, 1889). It 
is certainly remarkable that Mr. Lupton should consider that 
this warning applies to me, who used not a single formula, 
and not to himself, who is relying entirely on empirical 
formule. 

5. In the same way Mr. Lupton refers to Prof. Arrhenius’s 
_ premature criticism of my work, mentioning with approval 

that Arrhenius pointed out *‘ that my equations for sulphuric 
acid required the introduction of nearly sixty constants.” 
Mr. Lupton is apparently in ignorance of my answer to 
Arrhenius (Phil. Mag. xxix. p. 483), and of the fact that since 
the time when this answer and the details of my results were 
published Arrhenius has never made good his criticism. I 

* Why does Mr. Lupton make only a partial quotation from my table 
of analyses (loc. cit. p.72)? And why does he not calculate the probable 
error of the mean of these analyses? It is only i, 5c%os- 
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need only answer Mr. Lupton, as I did Arrhenius, by chal- 
lenging him to point out one single equation or one single 
constant in the whole of my papers. 

6. Of the objections which Mr. Lupton considers “impugn © 
the extreme accuracy of the experimental results” (p. 425), but 
which apparently, ‘even if admitted, do not impugn their 
great accuracy’ * (p. 429), the first is, that these results do not 
agree with those quoted by Mendeléefft. This is incorrect ; 
I clearly stated that the latter “showed such a very good 
general concordance with my own results that they may be 
taken together with these as affording a further illustration 
of the effect of temperature on the figure” (loc. cit. p. 79). 
It was only in my interpretation of the results that I dif- 
fered from Mendeleeff; and if Mr. Lupton will but compare 
together the two figures on page 81, loc. cit., I scarcely think 
that he will say that I was not justified in doing so, or that 
the accuracy of my results is impugned by the expression of 
this difference of opinion. 

7. Mr. Lupton alludes to the well-known objections against 
the piknometer. JI have nothing to say in favour of this 
instrument in its usual imperfect form: the only question 
worth considering is whether the particular instrument which 
I used gave correct results or not, and I have given Mr. 
Lupton ample means for judging for himself on that point. 
I have shown that the error was less than that which might 
reasonably be attributed to the errors of the balance and 
thermometer used, that they were as small as those expe- 
rienced by the best experimentalists when using a Sprengel 
tube, and moreover that the actual values which I obtained 
with water at different temperatures agreed most completely 
with those of Kopp and Pierre (loc. cit. p. 70, and Phil. Mag. 
xxx. p. 406). It may be worth mentioning that the only one 
of the well-known objections to the ordinary piknometer which 
Mr. Lupton cites is a mistaken objection, namely “that the 
stopper does not go in to exactly the same position when un- 
equally pressed.”” Such a defect would cause an error which 
would be greater the greater the density of the liquid used ; 
whereas the reverse is the case, as Mr. Lupton might have 
ascertained by experiments with a faulty bottle. The real source 
of inaccuracy in density-bottles is the fact that the imperfect 

* The italics are Mr. Lupton’s. 
+ Mr. Lupton quotes me as having said “ Mendeléeff’s values; ” but I 

was careful to point out that the values used by Mendeléeff were col- 
lected from the results of other physicists (pp. 66, 79). It would ill 
become me to impugn the accuracy of any of Mendeléefi’s own deter- 
minations. 
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fitting of the stopper offers other capillary openings besides 
the legitimate one through the stopper; and this, from its 
very nature, is a defect which may be absent either through 
accident or through careful manufacture in a particular bottle. 

8. Mr. Lupton then complains that I do “ not mention any 
precaution taken to reduce the flask and weights to their true 
weights in vacuo.” The complaint is just, and my only 
excuse for the omission must be that every text-book on 
physics contains an account of the necessary ‘“ precaution.” 

9. The next complaint is that I mentioned no precautions 
taken to remove the air dissolved in the solutions, or that 
retained between the liquid and the glass. Again Mr. Lupton 
is right; I mentioned none, and, what is more, I took none, 
because I did not see how they could be taken without alter- 
ing the composition of the solution in the one case, or altering 
the capacity of the bottle by heating it to redness in the other. 
I did mention, however, that I had satisfied myself that the 
air contained in the water used was insufficient to affect its 
density (p. 73), and a fortiorz it would be insufficient to affect 
the density of the solutions made with it; while the numerous 
determinations of the water-contents of the bottle, both after 
it had been left dry in air for a long time, and also after it had 
been in continuous use throughout the day, were sufficient to 
assure me that no appreciable error was introduced by any 
air-film adhering to the glass. 

Mr. Lupton seems to imagine that 25 cubic centim. of a 
liquid in which ‘0007 gram of air is dissolved will weigh ‘0007 
gram more per 25 cubic centim. Matters are not quite so 
simple as this, for the volume, as well as the weight, is altered 
by the gas ; and if the effect of the air is similar to that of, 
say, hydrochloric acid, the weight of the 25 cubic centim. 
would be increased by only ‘0001 gram. 

10. Mr. Lupton then attacks me for applying the term 
differentiation to the method which I adopted in analysing 
curves, on the ground that a true differential (as I pointed 
out myself on p. 67) is of infinitesimal magnitude. As, how- 
ever, I explained fully the nature of the process which I 
adopted (for which there is no proper appellation), the name 
given to it was a very secondary consideration. 

11. Mr. Lupton then says that “the smoothing process 
applied to my first differential diagram ought, if accurately 
performed, to get rid of those slight changes in first differences 
which in the second differences mark changes of curvature, and 
therefore changgs of hydration.” But why “ought”? Surely 
only on the strength of a foregone conclusion that there are no 
changes of curvature or of hydration. Imustask Mr. Lupton, 

Phil. Mag. 8. 5. Vol. 32. No. 194. July 1891. H 
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just as I asked Prof. Arrhenius (from whom he seems to have 
borrowed this argument, see Phil. Mag. xxix. p. 429), to 
explain what he means by “accurate” or “ proper” smoothing. 
Why does he not take the whole of one of my first differential 
density diagrams, and show how it may be accurately smoothed 
so as to obliterate all changes of curvature? Surely he cannot 
think that he has sufficiently illustrated the feasibility of this 
by taking only a small portion of the most regular part of one 
of these figures. And even if he does, I scarcely think that 
any one who glances at the result depicted above (woodcut, 
p. 94) will consider that he has succeeded in the attempt. 

12. Lastly, Mr. Lupton says that I am self-condemned 
by having dealt with second differences deduced from the 
smoothed first differential curve, while I admit that the indi- 
vidual determinations through which the smooth curve was 
drawn are scarcely accurate enough for the direct deduction 
of second differences. Mr. Lupton has evidently not carefully 
read p. 123 of my paper. To any one acquainted with phy- 
sical methods it must seem absurd to state that the mean of a 
number of determinations, or the straight line or curve drawn 
through a number of determinations, is not, as a rule, more 
exact at any given point than are the individual experiments, 
Mr. Lupton might as well say that no statement could be 
made as to the inclination of a bank of stones, because the 
lines drawn between two neighbouring stones showed all sorts 
of different inclinations. 

Mr. Lupton has apparently had little experience in the 
practical manipulation of series of results; and if I have 
shown any deficiency in forbearance towards him, I must 
crave his forgiveness, for he has entered on a task which 
should have been undertaken in no light mood, and only after 
a thorough mastery of the results which he proposed to 
demolish. There are very few who can be expected to enter 
into the details of work such as that now under discussion, 
and the majority will consent to be led by the opinion of 
a critic who has presumably made himself acquainted with 
the intricacies of the subject, especially when he makes an 
effective bid for their confidence by a display of whole pages 
of equations. If, however, Mr. Lupton can for a moment 
place himself in my position and imagine that he has a 
thousand and more determinations of a most tedious cha- 
racter, the constant care and unremitting labour of two whole 
years, which are in danger of being blown to the winds by the 
breath of a superficial critic, he will forgive me for an 
warmth of expression which he might at first sight be inclined 
to resent, | 
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XVI. A Consideration of some of the Objections raised by 
Mr. Lupton* to Mr. Pickering’s Methods of reducing 
Eaperimental Results. By Hpwarp Haroitp Hayes, 
M.A., Fellow of New College, Oxford f. 

| FEAR that it may appear very presumptuous in an in- 
dividual whose work in a chemical laboratory has been 

confined to the simplest cases of qualitative analysis, and 
who has had no practice in dealing with any important series 
of experimental results, to attempt to question the validity of 
the arguments advanced by an expert like Mr. Lupton. It 
chances, however, that I have studied with considerable care 
Mr. Pickering’s paper on the Nature of Solutions} ; and have 
gradually become convinced of the very great value of the 
methods of dealing with experimental data there described, 
especially as regards the use of a bent lath in drawing the 
curves. Mr. Pickering would be the first to admit that 
mathematics are not a subject in which he is deeply versed, 
so that there would appear to be a danger lest, on some of 
the points raised by Mr. Lupton, judgment may be allowed 
to go by default, and an impression be thereby created that 
there is something essentially unsound from a mathematical 
point of view in Mr. Pickering’s methods. 
When a uniform naturally straight lath is acted upon by 

a system of coplanar forces, the form of the curve assumed 
by a portion of it throughout which none of the applied 
forces act is such that the product of the radius of curva- 
ture at any point and the distance of the point from some 
fixed straight line is constant, provided that the radius of 
curvature is very great compared with the thickness of the 
lath §. It immediately follows that the general differential 
equation of the curve is 

& dy?) 3 74> {1+(#) } { ie+my+n tl 

which contains three arbitrary constants. Since this is a 

* Phil. Mag. May 1891. 
+ Communicated by the Author. 
{t Journ. Chem. Soc. March 1890. 
§ I believe that My. Pickering held the lath near its ends, and only 

used the intermediate portion for drawing his curves. Hence the curves 
obtained by him fulfil the above condition. 

|| For a discussion of this curve see Minchin’s ‘ Statics,’ vol. ii. pp. 203- 
209. Mr. Pickering is not justified, mathematically speaking, in saying 
that the bent lath “ does not form a curve of any particular nature.” This 

_ statement, however, is practically equivalent to a recognition of the high 
degree of generality which the curve possesses. 
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differential equation of the second order, the equation of the 
curve (which can be expressed in terms of elliptic integrals) 
contains five constants. It is therefore of a generality equal 
to that of the conic 

ax + hay + by?+ga+fy=1, 
or of the curve 

ys a ba bor daters wile 1. jn) 

In the bent lath therefore we possess a means of drawing a 
curve through the experimental points, which is of a more 
general nature than those usually dealt with by arithmetical 
methods, and in which there can be no abrupt change of 
curvature, however slight, still less change of direction. 
To the former change corresponds an abrupt change of 
direction in the first differential curve, and a breaking up of 
the second differential curve into two curves which do not 
meet; to the latter a breaking up of the first differential 
curve into two curves which do not meet*. 

Diitculties of accurate drawing excepted, there appears to 
be no @ priori reason why the bent-lath curve should represent 
the actual facts less faithfully than an equation such as (1) 
above, the arithmetical treatment of which would be terribly 
laborious. It is also tolerably obvious that a single equation 
of this nature would be incapable of representing within the 
limits of experimental error the results of a single series of 
Mr. Pickering’s experiments (e. g. one of the direct first 
differentials of the densities): so that more than one equation, 
probably three at the very least if the number of constants in 
each was five or thereabouts, would have to be employed ; 
and their precise number, as well as their respective ranges, 
would be a mere matter of individual taste. 

If it were possible to divide the experimental results into 
groups in all sorts of ways, calculate the constants for the 
equation representing each group, and determine in every 
case the difference between the observed and calculated 
values, curves fitting the experimental points as closely, if 
not more so, than Mr. Pickering’s might no doubt be ob- 
tained, and most valuable evidence deduced from them as to 
the presence or absence of breaks? at particular points. 

d’y . Cyaan : 
* Tn the former case qu? the latter 5 discontinuous. 

C 
+ The word break is used to denote a point at which, in an ideal 

curve which gives an absolutely correct representation of the facts, the 
values of one of the differential coefficients of the ordinate with respect to 
the abscissa either become discontinuous or exhibit a rate of change 
enormously great as compared with that in the neighbourhood of the 
point. 
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But Mr. Lupton has not done this ; and without some such 
process of trial and error, which might occupy years, it is 
difficult to see how any evidence bearing on this question of 
breaks, which is the pivot of the whole controversy, can be 
obtained by the method which he advocates. If we decide 
with Mr. Lupton to represent a certain arbitrarily selected 
series of results by a continuous function, any break which 
may occur within the range of the function will necessarily 
be smoothed out. This is “ excessive smoothing” * with a 
vengeance. It seems clear therefore that in any satisfactory 
investigation as to the real existence of breaks some method 
differing from that favoured by Mr. Lupton must be 
employed. 
Now with a bent lath the process of trial and error alluded 

to above can be carried out to almost any extent; 7. e. any 
number of continuous curves of great though not excessive 
generality can be compared with the experimental points 
until those are discovered which fit best. The test for a break 
consists not only in the good fitting of the lath throughout 
each of the two groups formed by several consecutive points 
on either side of the break, but also in the impossibility of 
getting it to fit to an extent in harmony with the experi- 
mental errors when a group of points is chosen which in- 
cludes the break. In such a case two different continuous 
curves meeting at the break must be drawn, if the experi- 
mental values are not to be departed from to an unwarrant- 
able extent. 

It is obvious that breaks, if sufficiently slight, might get 
smoothed out by this process, and that the method is far more 
likely to cause such disappearances than to introduce a break 
where it does not really exist ; a consideration which explains 
why a particular break might be undetected in one or more of 
the different series of experiments dealt with by Mr. Pickering. 
The extent to which the process of trial and error was carried 
by him may be gathered from the following quotation. 
“Drawings on several different scales, and with several 
different points as origins, were made in all cases, and the 
labour entailed in the treatment of the results has by far 
exceeded that of the determinations themselves ”’ f. 

Mr. Lupton’s preference for a process “which will give 
the same result in all hands”’ irresistibly suggests a com- 
parison between a barrel-organ and a violin. ‘The latter is 
undoubtedly the superior instrument, and yet it can neither 
be denied that in the manipulation of the violin “a strong 

* “ Nature of Solutions,” p. 104. 
t “Nature of Solutions,” p. 68. 
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personal element is introduced,” nor that “ considerable 
care and practice are requisite before it can be safely used.”’ 
Uniformity of results can be no real argument in favour 
of a method, which, as I have above endeavoured to show, 
would seem by its very nature incapable of being applied 
in practice so as to deal effectively with the question at 
issue. 

Mr. Lupton attempts to clinch his argument by applying 
an arithmetical process to some ten or a dozen density deter- 
minations forming only a small part of one of Mr. Pickering’s 
series of experiments. In order to exhibit the value of the 
method, he is, of course, compelled to take them so that 
they include an assumed break, but minimises this disad- 
vantage hy choosing them in a region where, according to 
Mr. Pickering, the curve “is of a very doubtful character.” * 
Although under the circumstances the chances in favour of a 
very fair agreement between the observed and calculated 
values were considerable, the result is most unsatisfactory 
from Mr. Lupton’s point of view. He seems to have been 
misled by a statement of Mr. Pickering as to 0°0002 gram 
being a safe limit of error; but, since the piknometer held 
25 c.c., the corresponding error in the density is, as Mr. Picker- 
ing says, only 0:000008, which is far exceeded by every one 
of the differences between observed and calculated values 
tabulated by Mr. Lupton. ven if the limit of error were 
ten times as great as the above, it would only mend the 
matter in two cases, and this occurs in spite of the fact that 
his equation contains three arbitrary constants. Comment. is 
needless. 

There are several minor points in Mr. Lupton’s paper 
which call for some remark. After making an assertion 
concerning the equation of the second degree which is untrue 
unless it happens to represent a parabola whose axis is 
parallel to the axis of y, he proceeds to say, ‘ Hence the 
hydrates of sulphuric acid are apparently made to depend 
upon the flexibility of the steel lath used.” t+ It is extremely 
difficult to fathom the precise meaning of this statement, still 
more so to see how it depends upon the preceding one. It may, 
however, be as well to point out that any two uniform laths 
may be bent so as to form identical curves (provided of course 
that the bending does not exceed a certain limit), although if 
the flexural rigidity (stiffness) were too great the operation 
might be trying to the fingers. 

Mr. Lupton very rightly remarks that “the assumption 
_*® “Nature of Solutions,” p. 76. 
+ P. 421, 
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that ¢(2) can be expanded in ascending powers of wis by 
no means universally true.’”* ‘This fact tells to a certain 
extent in favour of methods (such as Mr. Pickering’s) in 
which no such assumption is made. 

Exception is taken to Mr. Pickering’s “dealing with an 
abscissa of 50°06998....and a corresponding ordinate of 
1:404296” t. It may be freely conceded that as regards the 
abscissa, the last two figures cannot affect the diagram, but 
it may be presumed that the actual experiments have some 
value apart from the present application. Mr. Lupton appears 
to have momentarily forgotten that Mr. Pickering’s chart 
refers to the first differential. He will find if he looks again 

at the table {, that in the values of a the figures in the 

sixth decimal place have been deliberately omitted. The 
figures in the fifth place would tell, even on the small scale 
of the published diagram. 

It is a little hard too on Mr. Pickering that he should be 
attacked for his use of the term “ differentiation,” in which 
he is only following others, when he so carefully explains 
what he means by it§. He notes the distinction between 
differences and differentials, and even goes so far as to call 
attention to the fact that irregularities will be caused if the 
intervals are not equal. It is interesting to notice that if the 
curves dealt with are parabolas whose equation is of the form 

y=at bx +cx?, the value of =” = (called by Mr. Pickering 
Mo — 1 

a differential) is actually the same as that of ~ (the true dif- 

ferential coefficient) at the point whose abscissa is a 5 

Before concluding these remarks I wish to call attention to 
what is really the strongest, though not perhaps the most 
striking argument in favour of Mr. Pickering’s conclusions : 
the general agreement of the results obtained from the study 
of various properties, and the apparent absence of any in- 
explicable discrepancy in special cases. It is strange that 
Mr. Lupton should not only have ignored this aspect of the 
question, but should even have used an expression || which 
would seem to imply that there was an absence of confirma- 
tory evidence derived from different sources. The importance 
of the omission can scarcely be overrated. 

* P, 421, + P. 420, 
t “ Nature of Solutions,” p. 142, § Id. p. 67. 
|| “In the hurry of modern life ” (experimentalists) “are apt to omit 

the test of accuracy afforded by obtaining the same results by several 
different methods,” p. 419. 
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[I have been informed that a very high authority has 
brought forward as an argument against Mr. Pickering’s 
methods the fact that a spring (or lath) may be pinned down 
so as to coincide to any desired degree of accuracy with any 
number of experimental points, and trust that I may be 
excused if I attempt to answer the objection. The use of an 
unlimited number of applied forces (one at each pin) is open 
to the same theoretical objections as would apply to an equa- 
tion containing an unlimited number of constants. As 
Mr. Pickering used for drawing his curves a part of the lath 
throughout which no applied forces were acting, two distinct 
curves of the kind used by him would meet at each pin, 
and a discontinuity would exist, which can be shown by 
mathematical analysis to involve an abrupt change in the 

value of = 2.e. there would be a break at these points. Rapid 
e d*y 

On : 
forces were large, or the flexural rigidity of the lath small. 
In fact the pinning-down process simply masks any real 
breaks which may exist by substituting a (probably much 
larger) number of others. It would even seem to be theoreti-. 
cally possible that experiments as to the minimum number of 
applied forces required might indicate the points at which the 
breaks occur.—K. H. H.] 

changes too in the value of might take place if the applied 

ase 

XVII. On the Construction of Platinum Thermometers. By 
H. L. Cattenpar, V.A., Fellow of Trinity College, Cam- 
bridge*. 

(| ewe great superiority of the platinum-resistance thermo- 
meter over other instruments for measuring temperature 

lies in its comparative freedom from change of zero. Provided 
that the wire is pure to start with, and that it is protected 
from strain and from contamination, its resistance, when once 
annealed, is always very nearly the same at the same tem- 
perature. | 

This statement, which I made in 1886, has been received 
in some quarters with surprise and incredulity. The evidence 
on which it has been rejected appears to rest mainly on two 
well-known facts. Firstly, that the Siemens electrical pyro- 
meters have always shown large and continuous changes of 
zerot; and, secondly, that platinum wires when used as 

* Communicated by the Author. 
7 British Association Report, 1874. 



Construction of Platinum Thermometers. 105 

filaments for incandescent lamps undergo more or less rapid 
deterioration. 

The Siemens pyrometer is a commercial and nota scientific 
instrument. I have myself examined some of the most recent 
pattern, and I should have been surprised if they had not 
been found to exhibit changes of zero when used at high 
temperatures. The wire is wound on common clay, which is 
apt to attack it, and is inclosed in an iron tube without 
sufficient protection from the metallic and other vapours 
which are sure to be present. 

In the case of lamp-filaments which are heated by a cur- 
rent in vacuo, it might appear at first sight as though the wire 
were perfectly protected from strain or contamination; but 
this is far from being the case. The sudden heating and 
cooling of the wire when the current is turned on or off, and 
the intense radiation which keeps the surface at a lower tem- 
perature than the central portions, must be a severe strain on 
the wire. It is also evident that any crack or flaw in the 
surface will tend to be intensified by the local development 
of greater heat ; and if the wire is heated to a temperature 
near its melting-point where it begins to be appreciably vola- 
tile, this action must inevitably produce serious results. Ifa 
wire which has been thus treated be examined under the 
microscope, its surface will generally be found to be cracked 
and scored in a manner which is of itself amply sufficient to 
account for the increased resistance and brittleness. 

The wire of a platinum thermometer which is properly pro- 
tected does not undergo any alterations of this kind, if treated 
with reasonable care. I have recently succeeded in making 
these thermometers of a very convenient and accurate form ; 
and I have reason to believe, from inquiries which have reached 
me from various sources, that a description of the pattern 
which I have found to give the best results would be useful 
to other observers who require a sensitive and trustworthy 
thermometer. 

The simplest form of platinum thermometer is made by 
fusing or welding a coil of fine wire to leads of relatively low 
resistance. The coil and leads must be suitably insulated and 
supported ; for most purposes it is convenient to inclose the 
instrument in a tube of similar dimensions to an ordinary 
thermometer. For use at temperatures below 700° C. the 
leads may be of copper or silver, and the tube of hard glass. 

For rough work at temperatures below 1000° C. very fair 
results may be obtained by the use of a wrought-iron tube. 
The leads should also be made of iron. Copper and silver are 
too volatile. Their vapours will attack the platinum, and 
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very small traces of either are sufficient to ruin the wire for 
thermometric purposes. 

For accurate work at high temperatures it is necessary to 
use platinum leads, and to inclose the coil in a tube of glazed 
porcelain or silica. 

For insulating the coil and leads I have found nothing that 
answers so well as mica. Biscuit porcelain is fairly good, 
but most varieties of clay are apt to attack the wire at high 
temperatures. If the wire is wound on a clay cylinder, the 
relatively large mass of the clay has also the effect of mate- 
rially reducing the sensitiveness. 

The wire is preferably doubled on itself like an ordinary 
resistance-coil, and wound on a thin plate of mica. The 
leads are insulated by being made to pass through a series of 
mica wads cut to fit the tube containing the instrument. This 
method has the advantage of giving very perfect insulation, 
and of preventing convection-currents of air up and down the 
tube. 

The resistance of such an instrument may conveniently be 
measured by means of an ordinary post-office box. If the 
resistance-coils are of German-silver wire, the temperature of 
the box must be taken at each observation and a correction 
applied. It is better therefore to use a box with coils of 
copper-nickel-manganese, or one of the many other alloys 
that do not change appreciably in resistance at ordinary 
temperatures. 

With the above simple arrangement it is not difficult to 
obtain results consistent to a few hundredths of a degree at 
500° C., provided that the resistance of the leads is relatively 
very small and fairly constant, and that the stem of the ther- 
mometer is always immersed to nearly the same extent. There 
are some objections, however, to the use of thick leads. They 
are necessarily wanting in lightness and flexibility, and they 
tend to cool the bulb of the thermometer by conduction along 
the stem. 

For most purposes it is better to insert in the stem of the 
thermometer a second pair of leads similar to those of the coil 
itself, so that their resistance can be measured separately. 
It is then possible to use leads of any convenient length and 
flexibility, and to make the observations of temperature inde- 
pendent of the length of stem immersed. 

In the ordinary method of measuring a resistance with a 
post-office box, it is necessary to observe galvanometer- 
throws in order to find the last two figures of the value of the 
resistance. If, however, a divided bridge-wire be used in 
conjunction with the resistance-box for determining the frac- 
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tions of an ohm in the manner now to be described, the appa- 
ratus can at the same time be arranged so that the variable 
resistance of the leads is eliminated. The reading of the 
bridge-wire scale when the balance is found is then independ- 
ent of the length of stem immersed, and gives the temperature 
of the thermometer-coil without the necessity of observing 
galvanometer-throws or of measuring the resistance of the 
leads. 

The annexed figure represents, somewhat diagrammatically, 
the arrangement of the apparatus. 

AB, BC are equal resistances forming the arms of the 
balance. The battery is connected at A and C, and one 
terminal of the galvanometer Gat B. DE represents a set 
of resistance-coils, which together with A B and BC may be 
supplied by an ordinary post-office box. IK represents a 
straight bridge-wire with a divided scale attached. The other 
terminal of the galvanometer is connected to the contact- 
piece H, which slides along this wire. The leads AM, KN, 
from the pyrometer-coil P, are connected to A and K; and the 
compensating leads C L, LD, the resistance of which is equal 
to AM, KN, are connected to C and D. These four leads 
may be of any convenient length ; they are symmetrically 
arranged so that corresponding parts are always at the same 
temperature. When the balance is found by unplugging 
suitable resistances in the arm DE and sliding the contact- 
piece H, it is plain that, since the resistances AB, BC are 
equal, the resistance of the pyrometer and its leads, plus that 
of the length HK of the bridge-wire, will be equal to the 
resistance of the remaining portion F H of the bridge-wire 
together with that of the coils DH and the compensator CLD. 
Thus the changes of resistance of the pyrometer-leads A M, 
K N are compensated by the equal changes in the leads C L, 
LD; and the resistance of the pyrometer-coil itself is directly 
given by the sum of the coils DE and the reading of the 
bridge-wire. 

It is convenient to graduate the bridge-wire scale so that 
100 or 1000 divisions are equivalent to the unit coil in the 
arm DE. It is also convenient to adjust the resistance of the 
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pyrometer-coil, so that the change of its resistance between 0° 
and 100° C. may be equal to 1, 10, or 100 units. The divisions 
of the bridge-wire will then represent degrees of temperature 
on the platinum scale, and the temperature can be deduced 
from the observed resistance by simply subtracting its zero 
value. 

The arrangement, however, will work equally well with an 
arbitrary scale. The really important point is that an obser- 
vation of temperature is reduced to a single scale-reading, 
and that it is independent of the length of stem immersed. 

The chief errors to be apprehended with this form of appa- 
ratus are changes in the screw and plug contacts, especially 
the latter. Instead of the ordinary plug for short-circuiting 
the terminals of a resistance-coil, I prefer to use a flat nut 
screwing down on to two flat plates. I find that better con- 
tact may thus be secured, and, what is more important, that 
the contact-surfaces may be more easily kept clean and good. 
It is almost impossible to keep a plug-hole free from grit and 
grease, even if the plug fits perfectly ; whereas the screw-nut 
can be kept screwed down when not in use, and the flat sur- 
faces are easily cleaned if necessary. Moreover 'the wedge- 
like action of the plugs almost invariably loosens the blocks 
between which they are inserted, so that taking out one plug 
alters the contacts of its neighbours. This cannot occur with 
the screw-nuts. Among minor advantages it may be men- 
tioned that the screw-nuts, not being loose, are not so liable 
to get lost or soiled. 

Perhaps the best way to make the sliding-contact at H is 
to connect the galvanometer to a fixed wire of the same 
material as EK and stretched parallel to it. Connexion is 
made between the two wires by pressing down a button carry- 
ing a short cross-wire fixed to a spring on the lower side of 
the sliding contact-piece. The advantages of this arrange- 
ment are that the wire from the galvanometer is not attached 
to the sliding-piece itself but to a fived binding-screw, and 
that there is less danger of thermoelectric effects being 
produced by the warmth of the hand at H. 

The current used in measuring the resistance must not be 
too large or the fine wire will be heated. It appears that a 
platinum wire of 0°015 centim. (‘006 inch) diam., which is a 
convenient size to use for these thermometers, will take a 
current of one hundredth of an ampere when cooled by air 
contact, without heating much more than one hundredth of a 
degree C. If a higher order of accuracy is desired, the 
current-heating must be measured and allowed for. 

The degree of sensitiveness and accuracy attainable with 
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these instruments depends largely on the adjustment of the 
galvanometer and on the perfection of the optical means for 
reading its deflexions. A convenient method is to use a 
microscope * with a micrometer-eyepiece, and to observe the 
reflected image in the galvanometer-mirror of a scale attached 
to the objective. The power of the microscope in magnifying 
the deflexions is proportional to the length of its body and to 
the power of the eyepiece, and does not depend on the focal 
length of the objective. A telescope does equally well, but 
the arrangement is then less compact. Hither method is 
superior to the lamp and scale in point of accuracy and for 
other reasons, particularly in not requiring a darkened room. 
This is a great advantage, because a good light is preferable 
for reading the scale of the bridge-wire and noting down the 
observations. 

With regard to the formula to be used for reducing the 
observed platinum-temperature pt to the temperature ¢ by air- 
thermometer, the very careful experiments made by Griffiths 
on the boiling- and freezing-points of various substances f 
seem to show that the simple parabolic formula 

t—pt=6{t/100?—¢/100}  . . . . . (d) 

holds over a wide range even more accurately than I had 
previously imagined. The values of ¢ for various boiling- and 
freezing-points, deduced by the aid of this formula from 
observations with thermometers of very different patterns and 
with different coefficients, were rarely found to differ from 
each other by more than a few hundredths of a degree over 
the range 0°-450° C. ‘The value of the constant 5 for any 
thermometer may be readily deduced from a single observation 
of the boiling-point of sulphur or mercury as described in the 
paper above referred to f. 

The air-thermometer experiments § on which this formula 
was founded did not extend beyond 650° C., but I have 
recently succeeded in verifying it roughly at a higher tempe- 
rature by an observation of the freezing-point of silver. This 
point appears to be very clearly marked and well adapted for 
a high-temperature standard. Several independent observa- 
tions with a platinum thermometer gave the same result, 
982°1 C., within a small fraction of a degree. The specimen 
of silver, however, was not perfectly pure, so that the result 

* I owe this suggestion to Mr. Horace Darwin of the Instrument Co., 
Cambridge, to whom I am also much indebted for the care and skill 
bestowed on the construction of my apparatus. 

+ Phil. Trans. 1891, A. pp. 43 & 148. 
{ Phil. Trans. 1891, A. p. 146. § Phil. Trans. 1887, A. p. 161. 
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is probably a little too low. Moreover, on account of the 
wide discrepancies at present existing in the estimates of the 
temperature of the freezing-poimt of silver on the air- 
thermometer scale, according to different authorities, the 
result would in any case serve only as a rough verification of 
the formula (d). The difficulties in the way of making 
accurate determinations with an air-thermometer at this 
temperature are undoubtedly considerable; but I have 
recently succeeded in devising a special form of instrument 
with which I hope to be able to obtain more trustworthy 
results. 

Sir Wm. Siemens was the first to attack the problem of 
determining the variation of electrical resistance at high 
temperatures. He showed that the formula given by 
Matthiessen, 

Ry Ry 1 at Bie, sec, -, ean 

was entirely inapplicable except between the limits 0° and 
100° C. His own experiments led him to suggest the 
formula 

Reel? + 8Tsbg. a. aes ee 

This formula has been very widely quoted and adopted, 
but it does not, so far as my experience goes, represent the 
results of observation so well as the simpler formula 
R/R,=1+4t+#?, which was used by Benoit, and which is 
equivalent to formula (d). 

1 have only recently succeeded in finding a published 
account of Sir Wm. Siemens’s experiments *. It appears 
from this that they were undertaken rather with a view of 
graduating a commercial pyrometer than of investigating the 
law of change of electrical resistance. Temperatures up to 
350° were determined by mercury thermometers in an air- or 
oil-bath, and it does not appear that any corrections were 
applied to their readings. The individual observations are 
somewhat irregular, and often show divergencies amounting to 
2 percent.and over. Only three observations at higher tem- 
peratures are given; they show a mean deviation of about 
30° C. <A copper ball-pyrometer was used to determine the 
temperatures, which are given as 810°, 835°, and 854° C.; 
the corresponding temperatures deduced by formula (8) from 
the observed resistances of the platinum pyrometer were 
742°, 811° and 862” C. 

The formula Siemens gives for ivon makes the rate of in- 
crease of its resistance diminish considerably with rise of 
temperature. The formula given by Benoit makes it ncrease 

* ‘Transactions of the Society of Telegraph Engineers, 1875, 
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very largely. All the specimens I have tried agree very 
closely with Benoit’s formula. I am inclined to think that 
the Siemens formula must be wrong. It is at least note- 
worthy that two of his observations differ by 6 and 33 per 
cent. respectively from his formula in the direction of agree- 
ing with Benoit’s, and that if allowance is made for the 
probable errors of the mercury thermometers at 350° the 
discrepancy may be still further reduced. The resistances appa- 
rently were only measured to about 1 per cent. in most cases, 
and the temperatures are given only to the nearest degree. 
The Siemens formula is undoubtedly superior to that given 
by Matthiessen, but the evidence in its favour is hardly sufh- 
cient to justify its continued use in preference to the much 
simpler and more convenient formula (d). 

The superior capabilities of platinum thermometers as 
compared with instruments in general use do not appear as 
yet to be sufficiently appreciated. It will perhaps help to 
bring out more clearly several of the points mentioned in 
their construction, if I give a brief summary of some of the 
advantages which they present in point of range, constancy, 
and sensitiveness, as compared with the best mercury 
thermometers. 

The range of a mercury thermometer is obviously limited 
to temperatures between —40° and +400° C. That of a 
platinum thermometer may extend from absoiute zero to above 
1500° C. 

The superiority of the platinum thermometer is still greater 
in point of constancy. It is a fact familiar to those who have 
studied mercury thermometers, that if a new thermometer be 
kept at a temperature of 350° C. for a week or so, its zero 
will be found to rise by 10° or 20° owing to the contraction 
of the glass. After a time this rise reaches a limit ; but if a 
thermometer which has been thus annealed and allowed to 
cool slowly be again heated to 350° for a few minutes and 
allowed to cool rapidly by free exposure to the air, its zero 
will be found to be depressed by a quantity which varies with 
different thermometers, but which generally amounts to 
about 2°. A similar depression, but less in amount, is ob- 
served if the thermometer is heated to some intermediate 
point of the scale. The extent of depression also depends on 
the time during which the thermometer is heated, and on the 
rate at which it is cooled. Thus even in the best mercury 
thermometers, which have been carefully annealed by a 
special process, the position of the zero is constantly shifting 
in a manner which depends on the past history of the instru- 
ment. It is consequently very difficult, and in many cases 
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impossible, to attain an accuracy of the order of a tenth of a 
degree even at temperatures as low as 200° C. 

On the other hand, when a platinum thermometer has once 
been annealed (a process which can be completed in a few 
minutes), its zero will not be found to vary even by a 
hundredth of a degree—if it is properly constructed—when 
used at any temperatures up to 500° C.; and in some 
thermometers which I have used at temperatures as high as 
1300° C., I have not found any changes of zero amounting to 
more than a tenth of a degree. 

Sensitiveness and rapidity of observation are often of con- 
siderable importance. A mercury thermometer with an open 
scale must necessarily contain a relatively large mass of 
mercury, since there are objections to unduly diminishing the 
bore of the tube. Thus it cannot be made so sensitive as a 
platinum thermometer in which the actual mass of metal may 
be very small. A still more important point is that, owing to 
the imperfect elasticity of the glass, it is desirable to allow 
the mercury thermometer some time to settle before taking 
areading. This is of course unnecessary in the case of the 
platinum thermometer. 

In ordinary work with mercury thermometers it is gener- 
ally necessary to expose some portion of the stem to the air. 
If a volume of mercury corresponding to any considerable 
number of degrees be thus exposed, the error becomes serious. 
It may amount to as much as 10° at 350° C. ‘This correction 
is so uncertain that it is now generally considered inexpedient 
to attempt to apply it. The only way to avoid it, and at the 
same time to secure a sufficiently open scale for accurate work 
without unduly increasing the length of the stem, is to use a 
series of thermometers of ‘‘limited scale.’ Hach of these 
must have at least two points of its scale specially determined. 
It has hitherto been the custom to graduate such thermo- 
meters by means of substances of known boiling- and freezing- 
points ; but, as Griffiths * has shown, the graduation may be 
much more easily and accurately effected by comparison with 
a single platinum thermometer, a method which has the 
further advantage of saving the trouble of calibrating the 
stem. 

It is easy to construct a platinum thermometer with a scale 
of 1 centim., or even 10 centim., to the degree, whose reading 
shall be entirely independent of the length of stem immersed. 
The divided wire on which the readings are taken need not 
be more than 20 centim. in length, and can be made to corre- 
spond to any part of the scale by simply unplugging a few 

 * B.A. Report, 1890. 
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resistances. Thus a single platinum thermometer will do the 
work of a whole series of mercury thermometers, and that 
with far greater accuracy and without the necessity of 
applying any troublesome and uncertain corrections. 

It may be objected that the use of a platinum thermometer 
requires electrical apparatus and some knowledge of electrical 
measurement. J quite admit that it requires some special 
skill and experience to make a good thermometer, but the 
rest of the apparatus required is obtainable in almost any 
laboratory, and it is easy to take the readings quickly and 
accurately after a little practice. The great superiority of 
the platinum thermometer in range, accuracy, and durability, 
will be found in the end to save so much time and expense as 
will more than compensate for the small trouble of learning 
to use it. 

XVIII. On a probable Relationship between Specific Inductive 
Capacity and Latent Heat of Vaporization. By KucEne 
Orven, Ph). f.C.S.* 

HE discovery of a near relationship between physical 
constants hitherto considered independent of each other 

seems of sufficient interest to merit a place in the Philosophical 
Magazine, notwithstanding that the experimental data which 
ean be brought forward in support of such relationship are 
somewhat meagre and not particularly accurate. 

I have recently been led to investigate whether specific 
inductive capacity and latent heat of vaporization of a 
liquid are in any way related to each other, and I find this 
actually to be the case, at least as far as certain series of 
chemically related organic compounds are concerned, viz. the 
esters of formic, acetic, and benzoic acid, and the monatomic 
alcohols. For these bodies, as will be shown hereafter, 
inductive capacity and latent heat are directly proportional. 

The numerical values of these two physical constants ob- 
tained by different observers are in many cases very discordant ; 
and it was therefore considered desirable to adhere as far as 
possible to the figures given by one and the same authority, 
and to introduce those of others only where absolutely 
necessary. 

The specific inductive capacities here adopted are those 
published by S. Tereschin + in 1889, and the latent heats of 

~* Communicated by the Author. 
+ Wied. Annal. vol. xxxvi. pp. 792-804 (1889). 

Phil, Mag. 5.5. Vol. 32. No. 194. July 1891. if 
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vaporization those found by R. Schiff* in 1886. The latent 
heats of the alcohols and acids are those obtained by Favre 
and NSilbermann{, whereas for methyl formate{, propylic 
alcohol, and the benzoic esters they had to be calculated by 
Trouton’s§ relation from the molecular weight and _ the 
absolute boiling-temperature. This relation can be expressed 

by the formula X’ =C7, where X is the latent heat of vapori- 

zation, T the absolute boiling-temperature ||, M the molecular 
weight, and C a constant; and since it has been entirely con- 
firmed by Schiff’s subsequent researches, it can confidently be 
applied to the calculation of the latent heat of most bodies, 
especially that of intermediate members of aseries of chemically 
related compounds. The average value of the constant C, 
found by Schiff, is 20°8 ; but for the alcohol series I adopted 
the figure 25°86, deduced from Favre and Silbermann’s de- 
termination of the latent heat of water, which gave practically 
the same result as that found by Regnault, Andrews, and 
Berthelot. This constant is not very different to that deduced 
directly from the alcohols, viz. 26°14. 

In the following Tables I. and IV. the calculated values of 
the latent heats are enclosed in brackets in order to distinguish 
them from those actually found by experiment. 

Table I. gives the latent heat of vaporization A, the specific 

inductive capacity K, and the quotient ws for the principal 

esters of formic acid. ‘Table II. similarly gives these values 
for the esters of acetic acid, and Table III. for the ethyl esters 
of the principal monobasic fatty acids ; the esters of formic 
acid being represented by the general formula H.CO, 
(C,Hen+1), those of acetic acid by: CH3.CO(C,Hon41), and 
the ethylic esters of the fatty acids by (OnH2,_,0)OC,H;. 
Since no experimental data for the latent heat of the benzoic- 
acid esters O,H;.CO,(CnH2n41) are available, this series of 
compounds will be referred to later on (vide Table V.). 

Table IV. gives the experimental results for the saturated 
monatomic alcohols (©,H2,41:)OH. In Tables I., Il., and IV. 

* Liebig’s Annal. vol. ccxxxiv. pp. 338-350 (1886) ; also Beiblatter zu 
Wied. Annal. vol. x. pp. 689-692 (1886). 

+ Landolt Bornstein’s Tables, pp. 189-190 (1883). 
{ The values given for methyl formate by Andrews and Berthelot 

seem too high. 
§ Phil. Mag. [5] xviii. pp. 54-57 (1884), . 
|| The boiling-temperatures are mostly taken from the latest edition of 

Beilstein’s Handbuch der organischen Chemie, and nearly all refer to 
the normal pressure of 760 millim. 
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the complete series are given from n=0 to n=5, the first 
members being formic acid, acetic acid, and water respectively, 
and the last the amyl compounds*. Tor the acids the specific 
inductive capacity is not known, but I have calculated it from 

the mean ratio < of each particular series. If these calculated 

values of K should in future be compared with those found 
by direct observation, it must be borne in mind that the values 
found by Favre and Silbermann for the latent heat of these 
acids are probably not quite accurate. [or the specific in- 
ductive capacity of water, E. B. Rosa’sf value, viz. 75:7, is 
adopted, Tereschin’s figure, 83°8, being notably higher ; 
whilst the results obtained by the same observers for ethylic 
alcohol are almost identical, viz. 25:7 and 25:8 respectively. 

It will be seen from Tables I., IJ., and IV. that the devia- 

tions of the individual values of the quotient : from the 

mean are no greater than one would expect, considering that 
the two constants were obtained by different observers and 
with entirely different samples of liquid. In the case of the 
acetates and alcohols, which form two almost complete series, 

the constancy of the quotient * is particularly satisfactory ; 
K 

and when the observed values are plotted out, taking the 
latent heats as abscissee and the inductive capacities as 
ordinates (vide the diagram), the points of intersection are 
nearly equally distributed on both sides of a straight line, 
thus unmistakably showing the linear dependency of the two 
paysical constants. Returning to Table LII., which embodies 
the results for five different ethyl esters, it will be noticed 

that the ratio a is not quite so constant, but rather seems to 
K 

increase with the molecular weight; however, if the first 
member of this group, viz. ethyl formate, is disregarded, the 
deviations from the mean are by no means very great. 

In order to show the legitimacy of employing calculated 
values of latent heat, where no direct determinations are 
available, e.g. for the benzoic-acid esters, I have also calculated 
them for those bodies where experimental values actually do 

* Schiff’s determinations of the latent heat refer to the isoamy] esters, 
but it is doubtful if this is also the case with Tereschin’s specific inductive 
capacities. The normal amyl formate is not mentioned in Beilstein’s 
Handbook. 

T Phil. Mag. [5] xxxi. p. 200 (1891). 
eZ 
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exist, viz. for the various esters of fatty acids and for the 
alcohols. 

Tables I.a, I1.a, III.a, and IV.a contain the results of these 
/ 

calculations, they show that the constancy of the quotient & 

is quite as good as in the corresponding tables containing the 
observed values of X. We are, therefore, justified in regarding 
the results obtained for the benzoic-acid esters given in 
Table V. with the same degree of confidence as those of the 
other series, and to conclude ; that these compounds also show the 
direct relationship between inductive capacity and latent heat. 
This is the more interesting, as the benzoic esters belong to 
the entirely distinct class of aromatic compounds. 

It will be observed from Tables I. a and II. a that the latent 
heats of the free acids, calculated with Schiff’s constant 20°8, 
differ widely from those actually found, and in order to 
obtain a better agreement the constant would have to be 
reduced to 15:1; but if in place of the boiling-temperatures 
actually observed, those which would follow from the position 
of the acid in the particular ester series were employed, viz. 
283° for formic and 311° for acetic acid, the resulting latent. 
heats of vaporization would become 128 and 108 respectively *, 
which is in better accordance with the experimental results, 
and gives for K the more probable values 13:1 and 8°8. How- 
ever,the higher members of the series, viz. butyric and valeric 
acid, also examined by Favre and Silbermann, do not conform 
to this rule. ‘Table VI. gives, for direct comparison, the mean 

values of the ratios . and = for all five series hitherto con- 

sidered, and it will be seen that there is practically very 
little difference between them. There is also only little 
difference between the mean ratios of the formic and benzoic 
esters, and, again, between those of the acetic esters and the 
esters of the higher acids, whereas the alcohols give a notably 
lower ratio. 

* Trouton (/.c. p. 5) increases the theoretical vapour-density of formic 
acid in the ratio 2°68 : 1:62, and that of acetic acid in the ratio 3:19 : 2°08, 
for the calculation of his constant. If the molecular weights are similarly 
increased, the latent heats, calculated from the actual boiling-temperatures 
with Schiff’s mean constant, are about 20 per cent. below the observed 
values; but if the constant derived from water, which I applied to the 
alcohol series, is taken, the results are practically the same as those given 
above, viz. 127 and 110 respectively. 
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TABLE I. 

Formic-Acid Esters, eS CO; (C) Hise) 

Carbon atoms in Alcohol } 0 1 9 3 4 5 
radical (n) Siaielefelaiata(etaialais/ajelelee (Acid.) : 

Name of Radical ..........:.... (Hydrogen)|| Methyl. | Ethyl, | Propyl. | Isobutyl.| Amyl. 

Latent heat of vapor. (\) om 120-7* (LOa:S\air 92:2 8a:2 Cac Olmison dhe 

Spec. Induct. Capacity (K)...) [123] og op [8°7] 8:4 T7 

cee aaa - 10 meter i 9-2 93 

Mean=9°83+0°35. 

* Favre and Silbermann. 

TABLE I.a. 

_Formic-Acid Esters, H . CO2(C,Hon41). 

Carbon atoms in Alcohol { 0 1 2 3 4 5 
radical (1) wislulolelalels/aisiolelsie\slele\e 3} (Acid.) 

Name of Radical ............... (Hydrogen)|| Methyl. | Ethyl. | Propyl. | Isobutyl.| Amy]. 

Absol. boiling-temp. (T) ...... BYE: 305 327 304 371 |Iso. 396 | 

Molecular weight (M)......... 46 60 74 88 102 116 

Eee 

Calcul. latent heat of] /,, 
vaporization ......... i (A’).} (169°1)* 

Spec. Induct. Capacity (K)... = 

1053 | 919 | 837 | 757 | 710 

99 | 91 | [86] 8-4 rer 
ee 

10-7 10-1 — DOME 9:2 

Mean=9°75 +0°40. 

* This would give [17:3] for K, which is undoubtedly too high. 
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TaBueE IT. 

Acetic-Acid Esters, CH 3. CO.(C,Hon41). 

Carbon atoms in Alcohol % ae 0 
MAGICAL) ccie ctreducecteme ent f (Acid.) 

Name of Radical ............... (Hydrogen) 

Latent heat of vapor. (A) ...| 101:9* 

Spec. Induct. Capacity (K)...| [82] 

1 2 8 4 5 
——— | ef 

Methyl. | Ethyl. | Propyl. | Isobutyl.| Amyl. 

ee ee eee | ee 

94:0 83'0 173 69°9  |Iso. 66°3 

78 6:5 6:3 58 5:2 

| 

12:0 12°8 AQ3-.} 12a 12°8 

Mean =12-40-+0:17. 

* Favre and Silbermann. 

TABLE II.a. 

Acetic-Acid Esters, OH; . CO.(CnHo2,41). 

Carbon atoms in Alcohol 0 
radical (2) sec ecoccececcccses (Acid ) 

Name of Radical .....,......... (Hydrogen) 

Absol. boiling-temp. (T) ...... 395 

Molecular weight (M)......... 60 

Calcul. latent heat : eae 

ot vaporization... } (X’) «.-f (186°9)* 

Spec. Induct. Capac. (K) ... — 

1 2 3 4 5 

Methyl. | Ethyl. | Propyl. | Isobutyl.| Amy]. 

330 350 ot 389 | Iso. 412 

74 88 102 116 130 

92°8 82-7 76:3 69°8 65:9 

78 6:5 6:3 58 5:2 

11:9 12-7 12-1 12:0 12-7 

Mean = 12:28+0:17. 

* This would give [11:1] for K, which seems also too high. 
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TApieis 

Hthyl Esters, (C,,H2,_10) OC,H;. 

Carbon atoms in mt 1 9 3 4 5 
FACICAL (22) .ccevsececeiaceess 

Name of Radical ..........0.-.. Formyl. Acetyl. | Propionyl.| Butyryl. | Valeryl. 

Latent heat of vapor. (A) ...| 92°2 83:0 Ci: 71°5 64:6 

Spec. Induct. Oapac. (K) ... 9-1 6:5 6:0 53 4:9 

[Lie eae 101 128 | 128 135 13:2 

Mean=12-48+0°61. 

TABLE III. a. 

Ethyl Hsters, (C,H»2,-10) OC2Hs. 

Carbon atoms in Acid 1 2 3 | 4 5 
BUTCH (1) acc<cesesseenses 

Name of Radical ....... wupeate Formyl. Acetyl. | Propionyl.| Butyryl. | Valery]. 

Absol. boiling-temp. (T)...... 327 300 372 392 407 

Molecular weight (M)......... 74 88 102 116 130 

Calcul. latent heat ; . : K, : : - eatin Ge) Bin 919. eer 759 70°3 65:1 

Spec. Induct. Capacity (K)... 9-1 6:5 6:0 53 43 

[i oe es 101 12-7 127 133 133 

Mean=12°42+0°60. 
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TABLE JW au 

Alcohols, (C,Hon4:)OH. 

: 0 1 2 3 4 
MUO CAM (72) iets mclotivelseiaitacie } (Water.) | 

Name of Radical ............... (Hydrogen)}) Methyl.| Ethyl. | Propyl. | Butyl. | Amyl | 

Latent heat of vapor. (A) 535'8x 263°9% | 208°9x | (159°5) | (185-2) | 121-4 

Spec. Induct. Capacity (K)...) 75:7 32-7 25°8 22°8 [7 Sie Oy 

UAuOL siding eeeeere T1 81 81 70 — 76 

Mean=7'58 +0°24 

* Favre and Silbermann. Tt E. B. Rosa, 

TABLE [V.a. 

Alcohols, (C,Hon+41)OH. 

Carbon atoms in Alcohol 
eee CUA (72) rece'e go «cetenaineee } (Water.) : 2 2 : 2 

Name of Radical ............... (Hydrogen)|| Methyl. | Ethyl. | Propyl.| Butyl. | Amyl. 

Absol. boiling-temp. (T)...... 313 309 351 370 387 410 

Moleeular weight (M)......... 18 32 46 60 74 88 

Calcul. latent heat} ,,, ; : é ; . ; 
pieeporization } QO) sacl. BSS) 273°9 197°3 159°5 135°2 | 120°5 

Spec. Induct. Capacity (K)... 79:7 327 25'8 22°38 | [17-9] 15:9 

: r! : 

Ratio Koc T1 8-4 TET 70. — 76 

Mean =7'56 +0°32, 
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TABLE V. 

Benzoic-Acid Esters, CsH; .CO,(C,,H,,,.1). 

Carbon atoms in Alcohol ; 
TIPU TGP) (72)! Bocegeneesanner } , z 2 = 

Name of Radical ............... Methyl. Ethyl. Propyl. Isobutyl. | Isoamyl. 

Absol. boiling-temp. (T)...... 468 484 503 510 535 

Molecular weight (M)......... 136 150 164 178 192 

Calcul. latent heat of) ,,, : . ; ; 
vaporization ......... } Ole ee an eee — Bell 

Spec. Induct. Capacity (K)... Wee 6°5 [6-2] 6:0 5:2 

[ia nie 9:9 103 = 99 11-2 

Mean=10°33+0°31. 

TABLE VI. 
! 

Summary of the mean ratios K and i 

(From preceding Tables.) 

ee £ Seri Formic Acetic Ethyl |Monatomic} Benzoic 
See OTN eT IES <6 Esters. Ksters. Esters. Alcohols. Esters. 

re Valles) ciseecccseceaecuss I & Ia. ie scot as eae Vi cl Vi na: V. 

Observed Latent Heat ........ 9°83 12°40 12°48 7:58 — 

Calculated Latent Heat ...... 9°75 12:28 12°42 7°56 10°33 
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If for a series of chemically related bodies c= or 

’=yK, it follows from Trouton’s relation that yK= c or 

KM=C’T, when O/= ,1.e. the absolute boiling-temperature 

a a 

SPEC INDUCT 

oO 
< 
a 
< 
ce) 

uJ 
> 
Ee 
eS 

=) 
a 
z 

SPEICIFIC 

LATENT HEAT |OF VAPORISATION (FAVRE & S/LBERMANN. ) 

100 200 300 400 500 

of any member of a series is proportional to the product of 
molecular weight and specific inductive capacity, or, in other 
words, to the molecular inductive capacity. The numerical 
value of the constant O’ for any given series of compounds 
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depends solely upon the units chosen. For instance, when 
the latent heat is based, as usual, on the specific heat of water, 
the gramme weight, and the Centigrade scale, and when 
the inductive capacity is compared with that of air taken as 

unity, the ratio C’= ~ becomes e.g. for the acetic-acid series 
20°8 
12-98 =1°694. | 

In place of the molecular weights, Trouton originally used 
the vapour-densities D based on H, as unity; the value of 
his constant consequently lies between 10 and 13. It will be 
noticed that these figures are not very different to the con- 
stant y obtained for the various ester series. In those cases 
where the two happen to be identical, the relation between 
specific inductive capacity, vapour-density, and absolute 
boiling-temperature, can be expressed by the extremely simple 
formula KD=T. 

De Heen has shown* that the absolute boiling-temperature 
T at 760 millim. pressure and the coefficient of expansion a, 
at 0° are inversely proportional, or «,[=constant ; it there- 
fore follows that «)K M=constant, 1. e. the coefficient of expan- 
sion at 0° is inversely proportional to the molecular inductive 
capacity. The product «,KM is perfectly analogous to the 
first term a p,M in de Heen’s equation for intramolecular 
work, which represents that part of the heat spent for physical 
dissociation as contradistinguished from chemical dissociation 
forming the second term, and to which electrolytical decom- 
position would here correspond. 

Tereschin has already tried if there is any direct connexion 
between the specific inductive capacity of the various bodies 
which he examined and their molecular weight, and found 

that the two formule K=atb and K=n(1+A 5); 

where a, 6, and A are constants, o the specific gravity, and 
nm the refractive index, fairly represent his observations. 
These formule are more complicated than the one which I 

have proposed, viz. K=O’ z) without affording a notabl or ) M g y. 

better agreement with the experimental results, as will be 
seen on comparing ‘l'ereschin’s calculated values given in the 
Annalen with those in the following Table VII. :— 

* Vide abstract of Schiff’s article in the Bezbdlitter, 1. c. p. 691. 
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TaBe VII. 

Comparison of Specific Inductive Capacities calculated by the formula 

ike) i. with those observed by Tereschin. 

Alcohol radical. 

Description of Series. 

Methyl. Ethyl. Propyl. | Isobutyl. Amyl. 

| 

Calculated......... 10°8 9°4 86 78 Iso. 7°3 

——— | —_-—— - —— 

Formates 
Observed ......... 9:9 9:1 — 8-4 Ter 

Calculated......... 76 67 6:2 57 Tso. 53 
Acetates 

Observed ......... 78 6:5 6:3 58 5:2 

Calculated......... 6:9 6°5 6:2 5:8 Iso. 5'°6 
Benzoates | 

| Observed ......... 72 6:5 — 6:0 5:2 

Calculated........- 36:2 26:1 Dita hes) 15°9 
Alcohols ; | 

Observed ......... BVT 25°8 22°8 — 159 

The series of chemical compounds so far considered are all 
characterized by the fact that the alcohol radicals are indi- 
rectly linked to the carbon through the interposition of an 
oxygen atom; butif the radicals are directly bound to the 
carbon, which, for instance, is the case with the benzene 
hydrocarbons, proportionality between specific inductive 
capacity and latent heat of vaporization no longer holds good. 
This is evident on comparing the latent heats of these hydro- 
carbons found by Schiff with the inductive capacities obtained 
by Negreano *, where, with increasing molecular weight of 
the series, the former diminish and the latter slowly rise. 

Besides the compounds which have already been mentioned 
only a few more remain, for which fairly reliable values of 
both specific induction and latent heat exist: these are ethylic 
ether, carbon tetrachloride, carbon disulphide, and oil of tur- 
pentine ; but even for these bodies the inductive capacities 
are by no means certain, as the results obtained by different 
investigators and different methods show considerable varia- 
tions. Carbon tetrachloride has been examined by Tereschin, 

* Comptes Rendus, vol. civ. pp. 423-425 (1887). 
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and the three other compounds by G. Quincke*. I consider 
the latter’s values obtained by the balance-method to be the 
most suitable for comparison with Tereschin’s figures. The 
results are given in the following Table :-— 

TasLeE VIII. 

Various Liquids. 

Ethylic Carbon Carbon | Oil of Tur- 
ea GIST © { Ether. tetrachloride. || disulphide.| pentine. 

Siclciatatsiciolciaisisjlaicle C,H,O ; CoHe CCl,. CS,,. Cyr 

Latent heat of vapor. (A) ... 89-9x 46°2x 84'8x 68°7T 

Spec. Induce. Capacity (K) ... 4°32 2°20 2°57 2°21 

ins areas 20'8 21-0 33-0 31:1 

Mean=20°90. Mean=32°05. 

* Regnault. Tt Favre and Silbermann. 

‘ Loa), Same 
It will be seen from the above table that the quotient K* 

totally different to that obtained previously, but it is not im- 
possible that the four bodies may belong to two distinct groups 
as indicated in the table ; however, before trustworthy con- 
clusions in this and other directions can be drawn, considerably 
more experimental data would be required. 

There is no doubt that a better agreement between the two 
constants could be obtained if the same samples of liquid were 
used for both determinations on account of the almost un- 
avoidable presence of foreign bodies, especially of water, which 
in this case would affect both measurements in the same di- 
rection. More uniform results might also be expected if the 
specific induction and latent heat, which are known to vary 
with the temperature, were determined at the same or corre- 
sponding temperatures. 

If the present communication should in any way tend to 
induce others to take up this interesting subject and pursue it 
in a systematic and exhaustive manner, my object will have 
been accomplished. 

Woolwich, June 3rd, 1891. 

* Wied. Annal. vol, xix. pp. 705-729 (1883); and J. c. vol. xxviii. 
pp. 529-538 (1886). 
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XIX. An Instrument for Measuring Chronograph Traces. 
By Frevericx J. Smrru, .A., Millard Lecturer, Mech. et 
Phys., Trinity College, Oxford *. 

W HEN a tuning-fork is used to determine the period of 
time between two chronograph markings, traces 

such as A B, §,, 8, (fig. 1) are produced on a sheet of smoked 

| Fig. 1. 

glass, which is carried in contact with the points of electro- 
magnetic styli and the stylus of a tuning-fork. In the 
figure, 8, 8, are the markings of the electromagnetic styl, 
they show the beginning and ending of a time period : 
parallel lines ruled through 8, 8, cut the fork trace at M, N. 
The central line AB is ruled through the curved trace 
CDHEF by the stylus of the fork when at rest, in its position 
of equilibrium. Hitherto I have measured a length such as 
t, which is made up of one whole vibration M L and a frac- 
tion of a vibration LN, by means of a traversing micrometer- 
microscope, furnished with a spider’s web, or a quartz fibre, 
in the eye-piece. This method of determining the length of 
LN in terms of a vibration-length, though very accurate, has 
the disadvantage of taking a considerable time to go through. 
By means of a device which I have called the Wedge- Divider, 
this value may be accurately and quickly determined. A 
triangle (fig. 2) of which the sides AC, BC are equal is 
ruled on a piece of plate-glass ; the base A B is divided into 
any number of equal parts, and each division is joined to C by 
straight lines. I usually divide A B into 100 parts, and each 
tenth line is dotted as well as ruled. To use the wedge-divider, 
the trace is removed from the chronograph, and after being 
ruled, is varnished with very thin photographic varnish. The 
divider is then placed upon the trace with its ruled side in con- 
tact with the trace, and moved at right angles to the trace till 
A Cand BOC cut the trace in N and M, the ends of a vibration 

* Communicated by the Author. 
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or a half vibration-length. Thus by similar triangles the length 
MN is divided into the same number of equal parts as A B. 
This being the case, any length such as N P can be at once com- 

pared with a length N M, and consequently the time value of 

the length NP. I find that for accuracy, the method compares 
very favourably with the micrometer method, while the advan- 

tage in time of working is as about four to one. Whena large 

number of determinations have to be reduced the question of 

time is important. If a well-made aluminium stylus draws a 

Fig. 2. 

trace on a smoked-glass surface, the trace when examined by 
a microscope appears to have a bright line situated midway in 
the cutting excavated by the stylus, this line is always used 
to measure from ; the edge of the trace is of no value, as its 
outline is usually rather like the teeth of a mason’s saw. For 
many determinations, such as those of wave-motions in solids, 
it has been found convenient to use a fork having a period of 
= second ; by using the wedge-divider, the =o Second may 
be at once read. The surface velocity of the glass is arranged 
so that each vibration is about 0°8 centim. long. My first 
experiment, which led up to the wedge-divider used in con- 
junction with a microscope, was to put a trace into a projec- 
tion lantern, and measure the image on a cardboard screen 
carrying a triangle, divided as I have described. By using 
the wedge-divider in close contact with the trace, in the 
field of a microscope, the distorsion inherent in the lantern 
method is eliminated. 

Oxford, June 12, 1891. 

XX. Notices respecting New Books. 

Telescopic Work for Starlight Evenings. By WitLtam F. DENNING, 
F.R.AS. (Taylor and Francis.) 

cs IVERSALLY recognized as one of the greatest living author- 
ities on the subject of Meteoric Astronomy, Mr. Denning 

has also discovered two comets, and made numerous and accurate 
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observations and drawings of planetary details and other celestial 
phenomena. or many years he has been a prolific writer in 
astronomical serials and the Proceedings of learned societies. A 
work from his facile pen will therefore be read with much interest 
and expectation by all lovers of the “sublime science.” And his 
readers will not be disappointed. ‘This is a very interesting and 
valuable work. Emanating as it does from a distinguished astro- 
nomer, and founded as it is on the results of the author’s practical 
experience, it is of course worthy of more attention and confidence 
than books which are merely compilations from the writings and 
observations of others. 

The book opens with an interesting chapter on the invention 
and development of the telescope. The second chapter discusses 
the relative merits of large and small telescopes, in which it is 
clearly shown that the utility of small instruments is not to be 
despised. The author thinks that future development in telescopes 
wili take place in the size of reflectors rather than in refractors, 
which have now nearly reached their limit of aperture, and in this 
conclusion he is most probably correct. In Chapter iv. most 
useful hints are given to the amateur observer on telescopic obser- 
vations, and the best methods of arriving at useful results. Mr. 
Denning very justly says (p. 78), ““Some amateurs take an in- 
credible amount of pains to look up an object for the simple satis- 
faction of seeing it. But seeing an object is not observing it. The 
mere view counts for nothing from a scientific standpoint, though 
it may doubtless afford some satisfaction to the person obtaining 
it”; and again (p. 81), “It need hardly be said that every difficulty 
may be surmounted by perseverance, and that a man’s enthusiasm 
is often the measure of his success, and success is rarely denied to 
him whose heart is in his work.” 

Interesting chapters follow on the Sun, Moon, Planets, and 
Comets, and contain much information and many useful practical 
hints. The chapter on “ Meteors and Meteoric Observations” is, 
as might be expected from Mr. Denning, especially good. 

The concluding chapters of the work treat of the Stars, Nebula, 
and Clusters. These include some useful tables of some remarkable 
objects; but the list of variable stars is rather short, some interest- 
ing objects—for instance R Leonis—being omitted. In a second 
edition this list might with advantage be extended to, say, two 
pages instead of one. 

It is the duty of a reviewer to look for misprints and errors in 
the book he reviews. Mr. Denning’s book has passed through this 
ordeal very satisfactorily. Of misprints none have been detected. 
Of inaccuracies there are very few. On p. 114 the moon’s mean 
distance is given as 237,000 miles. This should be 238,800 miles. 
Manu’s orbit for Sirius, referred to on p. 307, is now known to be 
incorrect. The companion has certainly not yet passed through 
the periastron, and probably will not do so for a few years to come. 
In the List of Variable Stars, p. 311, the minimum of o Ceti is 
given as 0, or complete invisibility even with a telescope. ‘This is 
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incorrect, as the star never descends below magnitude 94, and in 
fact always remains visible in a telescope of 3 inches aperture, or 
even 2 inches. The minimum of 7» Argis is given as 6 magnitude; 
but the star has been seen as faint as 74 (in 1886), and is at present 
about the 7th magnitude. Its period, it it has one, has not yet 
been satisfactorily determined. These are trivial matters, however, 
and do not detract from the value of a book which it is to be hoped 
will meet with the success it deserves. All telescopists should 
procure a copy of the work without delay. The book is well printed 
and bound, and contains numerous excellent illustrations. 

J. E. Gore. 

A Treatise on Analytical Statics, with numerous examples. By EH. 
Jd. Rouru, Se.D., FAS. Vol. I. (Cambridge: University 
Press, 1891 : ; pp. xui+407.) 

WE approach this new work by Dr. Routh as if it were the work 
of a “blessed Glendoveer ” (‘‘’tis mine to speak, and yours to hear”). 
We never had the good fortune to sit at his feet and so have had 
a more thorough enjoyment in reading it than any one of his 
numerous “sons” who are familiar with his methods can have. 
He himself opens his preface with the words: “ During many 
years it has been my duty and pleasure to give courses of lectures 
on various mathematical subjects to successive generations of 
students. The course on Statics has been made the groundwork 
of the present treatise. It has, however, been necessary to make 
many additions; for in a treatise all parts of the subject must be 
discussed in a connected form, while in a series of lectures a 
suitable choice has to be made.” We trust that Dr. Routh will 
not only complete his work on Statics, of which this is a first 
instalment, but also, in due time, give students the results of his 
many years’ labours in other parts of the mathematical curriculum. 
Our author’s mode of procedure is to “examine first how the 
elementary principles of statics are connected with the axioms 
required for the more general problem of dynamics, and secondly 
how they may be made to stand on a base of their own.” J. 
Walsh wrote to De Morgan: “ In mechanics the parallelogram of 
forces is quackery, and is dangerous ; for nothing is at rest, or in 
uniform, or in rectilinear motion, in the universe. Laplace’s 
demonstration of the parallelogram of forces is a begging of the 
question” *. Dr. Routh gives both Newton’s and Duchayla’s 
proofs. We do not intend, however, to go through the treatise in 
detail. The matter and the manner happily call for no comments 
of ours, we propose only to indicate what facts are taken up in 
this first instalment. Chapters. to iv. take us through the ele- 
mentary portions, such as forces acting at a point, parallel forces 
(theory of couples), forces in two dimensions, illustrated by a store 
of carefully selected examples, many worked out and others with 
pregnant hints for their solution. Chapter v. discusses friction ; 

* * Budget of Paradoxes,’ p. 155. 

Phil. Mag. 8. 5. Vol. 32. No. 194. July 1891. K 
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Chapter vi. the principle of work, here we have an account, with 
examples, of Rocking Stones, which it will be remembered the 
author has also treated in his Rigid Dynamics. In Chapter vi., 
on forces in three dimensions, we have an account of much that 
is given in Sir R.S. Ball’s work on screws, and which will put 
the student into a position to profit by a study of that treatise. 
Chapter vii. is devoted to graphical statics and the consideration 
of Maxwell’s and Cremona’s theorems. Centres of gravity fill up 
Chapter ix.; and the fullest treatment we have met with of strings 
occupies Chapter x. The machines are rapidly gone through in 
Chapter xi. The fact of the text being grounded on successive 
annual courses of lectures readily accounts for Dr. Routh’s great 
skill in meeting the difficulties which occur to students, and the 
result is a work which few will be able to pass over without loss. 
The practice has been kept up of referring “each result to its 
original author.” It is a pity one cannot do this for so many of 
the beautiful problems in which the College papers abound. The 
printing matches the text, but two figures (pp. 58 & 275) are 
incorrectly drawn. We have noticed only five small mistakes 
besides the few pointed out in the errata. The only evidence of 
haste appears to be in the numerous cases towards the end of the 
book where after questions we have “ May Exam.,” “ Coll. Exam.,” 
“Tripos Exam.,” and the like, whereas in the greater part of the 
work we have, as we ought to have, the ‘“‘ year” or the name of 
the College. 

The Foundations of Geometry. By Epwarp T. Drxon. 
(Cambridge: Deighton, Bell, & Co., 1891; pp. vii+143.) 

Mr. Drxon in the treatise before us does not provide milk for babes, 
but strong meat for adult geometers. So he does not enter upon 
“the question whether beginners could readily be brought to under- 
stand his book or not.” This inferior matter is postponed until his 
present reasoning is admitted to be sound. We have read all 
with great interest and can certainly commend the “foundations ” 
to authors, teachers, and all other students of geometry, bar the 
babes, for in it they will find many valuable suggestions and acute 
criticisms. The author has rightly stated that “the crux of my 
theory lies in my definition of direction, for it has been chiefly 
owing to the want of such a definition that all previous attempts 
to make use of direction in Elementary Geometry have failed.” 
We give here the implicit definition of Direction : ‘“‘(@) a direction 
may be conceived to be indicated by naming two points, as the 
direction ‘from one to the other.’ (4) If a point move from a 
given position constantly in a given direction, there is only one 
path, or series of positions, along which it can pass. (Such a path is 
called a ‘direct path, and a continuous series of points occupying 
all positions in it, is called a ‘straight line.’) (c¢) If the direction 
from A to B is the same as that from B to C, the direction from 
A to C is also that same direction. (d) If two unterminated 
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direct paths, which intersect, are each intersected by a third 
direct path in two separate points, any unterminated direct path 
extending in the same direction as the last one, which intersects 
one of the two former, will also intersect the other.” There are 
besides three axioms: on the possible transference of geometrical 
figures, the possible extension of a straight line and the three-way 
extension of space, but the implicit definition we have quoted 
above m eatenso is the crucial point in the theory. Our readers 
are now furnished with the key to Mr. Dixon’s method, and, 
whether they agree with him or not, they will find much of 
interest in this elaboration of his argument. In Part i. he writes 
on the Logical Status of the Science of Geometry. In Part ii. we 
have a subjective Theory of Geometry deduced from the two 
fundamental Concepts, Position and Direction. Herein the 
student is carried through the equivalent of great part of Euclid’s 
books i. and xi. with the exceptions of those propositions in book i. 
which deal with plane areas. Part it. dilates on the applicability 
of the foregoing subjective geometry to the geometry of material 
space. This contains some very interesting remarks upon what 
Mr. Dixon prefers to call ‘‘ Geometry of four independent direc- 
tions” in place of the common “Geometry of four dimensions,” 
and an account of a method of forming diagrams in material space 
which are “ orthogonal projections of the true figures” (p. 101). 
The printing is very well done and the figures are good and clear. 
We have detected only three typographical errors, one being 
“ Faucoult’s” pendula (p. 22); and on p. 53 occurs the funny 
expression ‘a cornery path.” 

Explication de Vépoch Quaternaire sans Hypothéses. 
Par H. Hermite. Neuchatel, Attinger Fréres, Editeurs. 1891. 

To anyone who has speculated on the causes of geological epochs 
the title of this work is calculated to raise an incredulous smile. 
That a period the characteristics of which are themselves more or 
less matters of surmise can be explained without recourse to hypo- 
theses seems impossible. A careful perusal has not shown us that 
M. Hermite performs his promise, for a greater collection of 
unsupported assumptions it would be difficult to find put together. 

The author commences by attempting to show that the figure 
of the earth is not an ellipsoid of revolution on the assumption of 
homogeneity, and that Newton’s calculations give a larger equatorial 
diameter compared to the polar diameter than measurement has 
proved to exist. 

By what he calls “‘ the principle of the Equilibrium of the Seas,” 
he thinks that this difference between theory and observation can 
be explained. We confess our inability to follow the reasoning by 
which he arrives at this conclusion; but it is connected with the 
ereater salinity, and, as he thinks, consequent density of the seas 
at the Equator than at the Poles. But he takes no account of the 
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difference of temperature which acts in the opposite direction. He 
even suggests that the pronounced flattening of the poles of the 
planet Jupiter may be caused by the excess of salinity of its equa- 
torial water. His conclusions on the Equilibrium of the Seas are 
summed up in these words :—‘‘ We see then, without striving at 
too much precision, that to a diminution of the density of the 
seas corresponds a lowering of their surface.” This is certainly the 
opposite of what we should expect, but how there could exist any 
great permanent difference of level in a fluid having free com- 
munication it is difficult to understand. This great principle of 
the equilibrium of the.seas being established to the author’s satis- 
faction, he goes on to explain the origin of the Quaternary Rains. 
Most English geologists are disbelievers in the excessive rainfall 
supposed by some to have distinguished the Quaternary climate, 
but the author takes the great precipitation as an established fact, 
and proceeds to explain it, as he seems to imagine, “ without 
hypothesis.” 

The explanation is the greater prevalence of Volcanic energy 
from the Tertiary period gradually diminishing to the present time. 
These Tertiary and Quaternary volcanoes emitted vast quantities 
of steam saturating the atmosphere with vapour, which, being con- 
densed by admixture of air from the seas, supplied the enormous 
rainfall M. Hermite considers necessary to hollow out the river- 
valleys as they now exist. These great rains were the cause of vast 
detrital deposits, which, collecting in basins, pressed down the 
Earth by their weight, as supposed by many other geologists of the 
present day. M. Hermite, who disbelieves in central heat, is, how- 
ever, singular in accounting for the increase of heat downwards 
in the Earth’s crust by the mechanical work done on the lower 
beds by the bulging caused by these sedimentary loads. Another 
and important effect of this bulging is to create faults and fissures, 
which allow the sea-water to penetrate to and ignite hypothetical 
beds of iron pyrites, creating volcanoes, which again are the cause 
of the immense Quaternary Rainfall, and so on ad infinitum, in a 
sort of cycle of perpetual motion. The later phenomena of 
Quaternary times, such as parallel terraces or raised beaches, are 
accounted for by the author's great principle of the equilibrium of 
the seas. The Quaternary precipitation being excessive reduced the 
density of the polar water. Every such variation made itself felt 
by the surface of the sea sinking when the water was fresher, and 
therefore less dense, or rising when or where more saline and 
denser. The parallel terraces, which are frequent at the poles and 
absent at the equator, are supposed to be records of the changes in 
the equilibrium of the seas. 

The whole plan and scope of the work is so at variance with 
what English geologists have been taught to consider the true prin- 
ciples of Geology, that it would be a waste of space to give further 
examples of what the author perhaps is alone in thinking is an 
explanation of the Quaternary Epoch without hypothesis. 
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GEOLOGICAL SOCIETY. 

[Continued from vol. xxxi. p. 441. ] 

March 11, 1891.—Dr. A. Geikie, F.R.S., President, in the Chair 

HE following communications were read :— 
1. ‘“‘Manod and the Moelwyns.” By A. V. Jennings, Ksq., 

F.L.S., F.G.8., and G. J. Williams, Esq., F.G.S. 

The area described by the authors is on the N. side of the 
Merionethshire anticlinal of Lower-Cambrian rocks, and contains 
Lingula Flags, Tremadoe and Arenig rocks. The authors correct 
what they think is an inaccuracy of some importance in the correla- 
tion of beds in different parts of the range, as interpreted in the map 
and memoir of the Geological Survey, and trace with greater com- 
pleteness the position and constancy of the beds of slate in the Arenig 
serles—a point of considerable local and practical importance to those 
engaged in slate-quarrying. ‘They offer also what seems to them to 
be conclusive evidence to show the intrusive nature of the great crys- 
talline mass known as the syenite of Tan-y-Grisiau, and to its intrusion 
are due, in their opinion, the peculiar physical characteristics of the 
surrounding country. Though in the immediate neighbourhood of 
Festiniog there is no direct evidence of unconformity between the 
Tremadoc and Arenig series, it seems probable that an unconformity 
does exist; for when traced toward the west the Tremadoc beds thin 
out and the Lingula Flags are overlain by graptolite-bearing slates of 
Arenig age, while eastward, near Llyn Serw, the grit comes close upon 
Upper-Lingula Flags. The division of the Arenig volcanic rocks into 
Lower Ashes, Felstone, and Upper Ashes, while true of some districts 
and useful as a generalization, conveys an idea of uniformity of strata 
all round the Anticlinal which more detailed examination of different 
districts does not support. 

2. “The Tudor Specimen of Hozoon.” By J. W. Gregory, Hsq., 
eGo, EZ.8. 

March 25.— Dr. A. Geikie, F.R.S., President, in the Chair. 

The following communications were read :— 

1. “Notes on Nautili and Ammonites.” By 8. 8. Buckman, 
Esq., F.G.8. 

2. “On the Drifts of Flamborough Head.” By G. W. Lamplugh, 
Esq., F.G.S. 

The author describes in detail the characters and distribution of 
the glacial deposits on Flamborough Head, and classifies them as 
follows :— . 

Alluvial wash, freshwater marls, KC. ...........sseseceeeeee- Receut. 
iategelacialyenavels iiss Jysseatege tank: cacdebwcchea eis scadessies 
Wineneboulder Clay ox zo.cssetae Aes dese seteecubges ees salts | 
Intermediate Series. Stratified beds with bands of ‘ 

Boulder Clay 
Basement Boulder Clay 
ROPE URE) oe 552i aio os SRR EGSE <a Sooo 34 0 Sa ote halve 
“ Infra-glacial ” beds of Sewerby and Speeton. 

Glacial. 

Corecess seseseesesseesesesr. Feeteer essed 
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He discusses their relationship with other drifts, and arrives at 
the following conclusions :— 

1. The glacial deposits are divisible into Upper and Lower 
Boulder Clay, with an Intermediate series. 

2. The Lower Clay is a continuation of the Basement Clay of 
Holderness, and is the product of the first general glaciation of the 
area. The Intermediate series passes laterally into the Purple Clays 
of Holderness, and has been deposited at the edge of the ice-sheet. 
The Upper Clay includes the Hessle Clay of Holderness, and marks 
the latest glaciation of this region. 

3. The fossiliferous beds of Sewerby (‘ Buried-cliff Beds”) and 
Speeton (‘* Estuarine shell-bed ”) are older than the Basement Clay, 
and therefore than the earliest glaciation. 

4, The glaciation was effected by land-ice of extraneous origin, 
which moved coastwise down the North Sea, and did not overflow 
the greater part of the Yorkshire Wolds. 

5. Neither the Boulder Clays nor the Intermediate gravels are of 
marine origin, the shells which occur in them being derivative. 

6. The ice-sheet seems to have filled the North-Sea basin in this 
latitude from the commencement of the glaciation until its close. 
There is no clear evidence here for a mild interglacial period, but 
only for extensive fluctuations of the margin of the ice. 

3. On a Phosphatic Chalk with Belemnitella quadrata at 
Taplow.” By A. Strahan, Esq., M.A., F.G.S. 

Two beds of brown chalk in an old pit near Taplow Court owe 
their colour to a multitude of brown grains. These grains are almost 
entirely of organic origin, foraminifera and shell-prisms forming the 
bulk of them. Mr. Player has analysed specimens of the brown 
chalk, and finds that it contains from 16 to 35 per cent. of phos- 
phate of lime. ‘The tests as well as the contents of the forami- 
nifera seem to have been phosphatized, the phosphate appearing as 
a translucent film in the former case, and as an opaque mass in 
the latter. In the case of the prisms of molluscan shells, the whole 
of the phosphate appears to be in the opaque form. Minute 
coprolites also occur, together with many small chips of fish-bone, 
in which Dr. Hinde has recognized lacunze, while some have been 
identified by Mr. E. T. Newton as portions of fish-teeth. 

Mr. Player observes that the phosphate occurs in such a con- 
dition that it would not improbably serve as a valuable fertilizer, 
without conversion into superphosphate. This condition is probably 
due to the partial replacement of carbonate of lime by phosphate 
in the organisms. The removal of the remaining carbonate leaves 
the phosphate in.a honeycombed state, peculiarly favourable for 
attack by the acids in the soil. 

The author comments upon the resemblance of the deposit to the 
phosphatic chalk with Belemnitella quadrata which is largely worked 
in Northern France, and upon a less striking resemblance with that 
of Ciply, which is at a higher horizon. 
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April 8.—Dr. W. T. Blanford, F.R.S., Vice-President, in the Chair. 

The following communications were read :— 

1. “The Cross Fell Inlier.” By Prof. H. A. Nicholson, M.D., 
D.Sc., F.G.S., and J. HK. Marr, Esq., M.A., Sec.G.S. 

The tract of Lower-Paleozoic rocks lying between the Carboni- 
ferous rocks of the Cross-Fell range and the New Red Sandstone 
of the Eden Valley is about sixteen miles in length, and little more 
than a mile in average breadth; the Inlier extends in a general 
N.N.W. and §.S8.E. direction, and the normal strike of the rocks is 
about N.W. and 8.E. ‘The tract is divided along its entire length 
by a fault, which separates the Skiddaw Slates (with the Kllergill 
Beds of one of the authors and the Milburn Series of Mr. Goodchild) 
from higher beds on the west. A detailed classification of the 
Skiddaw Slates is not attempted, but the authors describe the suc- 
cession of the rocks in the faulted blocks of the western portion. 
Their classification is as follows :— 

Coniston Grits= Ludlow. 
Coniston Flags (lower portion) = Wenlock. 
Stockdale Shales =Llandovery-Tarannon. 
Ashgill Shales. 
Staurocephalus Limestone. | 
Dufton Shales and Keisley Limestone. > =Bala. 
Corona Beds. 
Rhyolitic Group. 

A brief comparison of these rocks with those of other regions is 
made by the authors. 

Two Appendices are added. One by Mr. Alfred Harker, M.A., 
F.G.8., contains petrographical notices of certain sedimentary and 
voleanic rocks in the Skiddaw Slates, of the volcanic rocks of the 
Eycott and Rhyolitic groups, and of the principal varicties of 
intrusive rocks. The second, by Mr. A. H. Foord, F.G.8., contains 
a description of some Cephalopods from the rocks of the Inlier. 

2. “On the Igneous Rocks of the South of the Isle of Man.” 
By Bernard Hobson, Esq., M.Sc., F.G.S. 

Omitting the Foxdale Granite, the oldest igneous rocks of the 
island appear to be the diabase dykes of Langness &c., intrusive in 
Lower-Silurian slates. The Crosby microgranite dyke is also 
intrusive in these beds, and though its age is difficult to fix, 
it is probably newer than the Foxdale Granite, which appears to be 
of post-Lower Silurian and pre-Carboniferous age. 

Next come the volcanic rocks of Lower-Carboniferous age-—an 
augite-porphyrite series consisting of tuff, breccia, agglomerate, 
bedded lava, and intrusive masses exposed in a narrow strip 
extending from Poolvash to Scarlet Point. A vent seems to 
have been opened during or after the deposition of the Poolvash 
limestone, from which fine voleanic ashes were ejected to form 
marine tuff. At intervals between the eruptions the Poolvash 
marble was deposited, and became interstratified with the tuff. 
The vent then probably became plugged up, and a violent explosion 
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following supplied material for the agglomerate overlying the tuff. 
Lava then welled forth, and finally the volcano became extinct, and 
the intrusive mass of the Stack, regarded by the author as a 
volcanic neck, was exposed by denudation. It was probably at the 
close of volcanic activity that a melaphyre dyke was formed 
resembling the porphyritic olivine-basalt of the Lion’s Haunch, 
Edinburgh. 

At Poortown an intrusive mass occurs, provisionally termed 
augite-picrite-porphyrite, and considered by Mr. J. G. Cumming 
to be of post-Carboniferons age. 

Numerous dykes of ophitic olivine-dolerite occur between Bay-ny- 
Carrickey and Castletown Bay, at Langness, &c. They are post- 
Lower Carboniferous, and possibly of early Tertiary age. 

Full details with regard to the development and the macroscopie 
and microscopic characters of the various igneous rocks are supplied 
by the author, who acknowledges his indebtedness to Prof. Boyd 
Dawkins for the use of his geological map and notes. 

April 22.—Dr. A. Geikie, F.R.S., President, in the Chair. 

The following communications were read :— 

1. ‘* Results of an Examination of the Crystalle Rocks of the 
Lizard District.” By Professor T. G. Bonney, D.Sc., LL.D., F.R.S., 
V.P.G.S., and Major-General C. A. McMahon, F.G.S. 

The authors, in company with the Rey. EK. Will, spent a consi- 
derable part of last August in examining anew those sections in the 
Lizard district which had any bearing upon the questions raised 
since the publication of Professor Bonney’s second paper in 1883. 
They had also the advantage of occasional conference with Mr. Teall 
and Mr. Fox, whose valuable contributions to the knowledge of the 
erystalline rocks of this district are well known. 

That the Lizard serpentines are altered peridotites may be regarded 
as settled, but doubts have been expressed as to their relation to 
other associated rocks, and as to the meaning of a streaky or banded 
structure exhibited by certain varieties. 

The authors, after re-examination of a large number of sections, 
feel no doubt of the accuracy of their original view that the peridotite 
was intruded into the hornblende schists and banded ‘‘ granulitic ” 
rocks, after these had assumed their present condition. In it they 
find no signs of any marked pressure-metamorphism, either prior or 
posterior to serpentinization. They have failed to connect the 
streaky or banded structure with any foliation or possible pressure- 
structure in the schists, and they can only explain it as a kind of 
fluxion-structure, viz. as due to an imperfect blending of two magmas 
of shghtly different chemical composition, anterior to the crystal- 
lization of the mass. 

The Porthalla sections have been examined with especial care, not 
only because the serpentine is nowhere so conspicuously banded, but 
also because its intrusive character has been denied, both it and the 
hornblende schists being ascribed to the alteration of a series of 
sedimentary rocks of suitable composition. For this view the 
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authors have failed to discover any evidence, and consider it 
contrary to stratigraphical and petrographical facts. 

In regard to the genesis of the crystalline schists, which for pur- 
poses of reference were divided by Prot. Bonney into a “ granulitic,” 
a *hornblendic,” and a “ micaceous” group, the authors show that 
in parts of the first the more acid rock breaks through the more basic, 
as if intrusive, in others they appear to be perfectly interstratified, 
the one passing backwards and forwards, though rapidly, into the 
other. But between these extremes, intervals can be found where 
the two rocks seem as if partially drawn out together. The authors 
are agreed that certainly one, probably both, of these rocks are 
igneous, that when the basic rock was solid enough to be ruptured 
the acid magma broke into it, and sometimes softened it sufficiently 
to allow of the two flowing for some little distance together, after 
which crystallization took place. In regard to the hornblende schists, 
the authors are not yet satisfied that either fluxion or mechanical 
crushing will account for every structure which they have examined, 
and prefer to leave the question, in certain cases, an open one. The 
most distinctive features of the micaceous group appear due to sub- 
sequent earth-movements, so that, though it exhibits some special 
characteristics, the authors are doubtful whether it is any longer 
worth while separating it from the hornblende schists. 

Of the igneous rocks newer than the serpentine, the gabbro has 
received the closest attention. It exhibits in places (especially in 
the great dyke-like mass at Carrick Juz) a very remarkable foliation 
or even mineral banding, which has been claimed as a result of 
dynamo-metamorphism. The authors bring forward a number of 
instances to establish the following conclusions :—(a) That this folia- 
tion occurs most markedly where the adjacent serpentine does not 
show the slightest sign of mechanical disturbance ; (6) that it must 
be a structure anterior to the consolidation of the rock ; (c) that it 
sets in and out in a very irregular manner; (d) that when it was 
produced the rock was probably not a perfect fluid. Hence they 
explain it also as a kind of fluxion structure, produced by differential 
movements in a mass which consisted of crystals of felspar and 
pyroxene, floating thickly in a more or less viscous magma. 

The authors’ investigations tend to prove that (a) structures 
curiously simulative of stratification may be produced in fairly 
coarsely crystalline rocks by fluxional movements anterior to crys- 
tallization ; and that (b) structures which of late years have been 
claimed as the result of dynamo-metamorphism subsequent to con- 
solidation must have, in many cases, a like explanation. This is 
probably the true explanation of a large number of banded gneisses 
which show no signs of crushing and are holocrystalline, but in their 
more minute structures differ from normal igneous rocks. 

The authors have seen nothing which has been favourable to the 
idea that pressure has raised the temperature of solid rocks suffi- 
ciently to soften them. 

2. “On a Spherulitic and Perlitic Obsidian from Pilas, Jalisco, 
Mexico.” By Frank Rutley, Esq., F.G.S. 

The specimen described is a leek-green rock with waxy lustre. 
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The sequence of the structures developed in it is made out to be as 
follows :—First, the development of fluxion-banding; next, the 
formation of spherulites; and then the setting up of a perlitic 
structure, the fissures of which were finally sealed by the intro- 
duction of chalcedonic matter. 
A wavy transverse banding in the spherulites is apparently due 

to a temporary check which the fluxion-bands have exerted on the 
development of the crystalline bundles of the spherulites. In one 
case a spherulite has been developed prior to the formation of a 
similar but larger one which encloses it. Some of the spherulites 
envelop small crystals of triclinic felspar. 

The author considers it very probable that the obsidian has been 
subjected to hydrothermal agency since its solidification, and sub- 
sequent to the development of its perlitic structure, and gives 
reasons for this view. 

May 6.—Dr. A. Geikie, F.R.S., President, in the Chair. 

The following communications were read :— 

1. “On a Rheetic Section at Pylle Hill or Totter Down, Bristol.” 
By E. Wilson, Esq., F.G.S. 

In a deep railway-cutting at Pylle Hill, the Rheetic beds, having a 
thickness of not more than seventeen feet, are exposed between the 
Tea-Green Marls and the Lower Lias. There is no doubt as to the 
division between the Rhetic and Keuper beds in this section, but 
the line of demarcation betweeu the Rheetic and the Lias has always 
been a matter of uncertainty in the West of England. In con- 
nexion with this subject the term ‘“ White Lias,” as applied to beds 
some of which are Rhetic and others Liassic, is held to be unsatis- 
factory. The author takes a limestone which is the equivalent of 
the Cotham Marble as the highest Rheetic bed in the section described. 
He divides the Rheetic beds of the cutting into an Upper-Rheetic Series 
and Avicula-contorta Shales. The intimate connexion betwixt the 
‘T'ea-Green Marls and the Red Marls of the Upper Keuper is well 
displayed, whilst there is a sharp line of demarcation between the 
former and the Avicula-contorta Shales. Most of the characteristic 
fossils of the British Rhetic are met with at Pylle Hill, together 
with a few forms which are new to Kngland, and some of these 
possibly to science. 

A detailed section of the subdivisions of the Rhetic and adja- 
cent beds and a list of Rhetic fossils found in the section are 
given by the author. 

2. * A Microscopic Study of the Inferior Oolite of the Cotteswold 
Hills, including the Residues insoluble in Hydrochloric Acid.” By 
Edward Wethered, Esq., F.G.S., F.C.S., F.R.M.S. 

The author gives the following main divisions of the Inferior 
Oolite of the Cotteswold Hills in descending order :— 

Ragstones. 
Upper Freestones. 



On some Sections in the Glacial Deposits at Hendon. 139 

Oolitic Marl. 
Lower Freestones. 

Pea Grit. 
Transition Beds resting on Upper Lias. 

The strata are described, and the results of microscopic examination 
of the different beds given. These latter confirm the author’s 
views as to the important part which Girvanelle have taken in the 
formation of oolitic granules ; whilst an examination of the borings 
referred to by Prof. Judd in the discussion of Mr. Strahan’s paper 
“ On a Phosphatic Chalk” convinces the author that these have no 
connexion with the genus Girvanella. 

In the second part of the paper the insoluble residues left after 
treating the various deposits with acid are considered. They contain 
chiefly detrital quartz, felspars, zircons, tourmaline, chips of garnet, 
and occasionally rutile. In the argillaceous beds silicate of alumina 
was found to occur plentifully. The detrital material is considered 
to be due to denudation of crystalline felspathic rocks, and not of 
stratified ones. This view seems to be supported by the quantity 
of felspar and its good state of preservation. 

The paper concludes with a consideration of the quantity of 
residue and the size of the quartz-grains in the different deposits, 
which are summarized in the following table :—— 

Percentage Size of 
of Residue. quartz-grains, 

in millim. ~ 
rASLOMes) (5). ciehe fas. a 2°8 aly 
Upper Preestones:t4):. 2... .aa5 lial 2 
Wolitie Migr Wi. Wie. vss. seat 3:2 “09 
Tower Preestones ...:......ch lige: ie: 
ea-GFib Series v.02 6... sh ase a0) “14 
PErAMslGONeDeGS ...... . <). ©: «5 40ee 38'3 les} 

This shows a great falling-off in the percentage of residue above 
the Transition Beds. That of the Freestones is remarkably low, and 
it would appear that these rocks were formed under conditions which 
allowed of very little sediment being deposited. 

May 27.—Dr. A. Geikie, F.R.S., President, in the Chair. 

The following communications were read :— 

1. “ On the Lower Jaws of Procoptodon.” By R Lydekker, Esq., 
BAY F.G:S. 

2. “On some recently exposed Sections in the Glacial Deposits 
at Hendon.” By Henry Hicks, M.D., F.R.S., Sec. Geol. Soc. 

In this paper the author brings forward evidence obtained from 
sections exposed in gravel-pits and deep cuttings made for the pur- 
pose of laying down the main sewers, to show that Glacial deposits 
had been spread out to a much wider extent over the Hendon 
plateau than had hitherto been supposed, and that they had reached 
down the slopes to below the orduance-datum line of 200 feet. He 
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further mentions that there is evidence to show that these deposits 
have extended in a 8. and 8.W. direction across the Brent and Silk 
Valleys, and now occur on most of the heights in the parishes of 
Kingsbury and Willesden. As the sands, gravels, and Boulder-clay 
which cover the Hendon plateau and the neighbouring heights are 
found to rest on an undulating floor of London Clay, and to follow 
the contours of the hills and valleys, the author considers that it is 
clear that the main physical features of this portion of N.W. Mid- 
dlesex were moulded at a very early stage in the Glacial period, and 
before the so-called Middle sands and gravels and overlying Upper 
Boulder-clay with Northern erratics were deposited. He believes 
that at this time there could have been no barrier of any import- 
ance to prevent these deposits from extending into the Thames 
Valley, and that the evidence clearly points to the conclusion that 
the implement-bearing deposits on the higher horizons in the Thames 
Valley should be classed as of contemporaneous age with the un- 
doubted glacial deposits at Hendon, Finchley, and on the slopes of 
the Brent Valley, which they so closely resemble. The author is 
therefore satisfied that man lived in the neighbourhood of the 
Thames Valley in the early part of the Glacial period; probably, he 
thinks, in pre-Glacial times. 

June 19.—Sir Archibald Geikie, LL.D., F.R.S., President, 
in the Chair. 

Fhe following communications were read :— 

1. **Note on some Recent Excavations in the Wellington College 
district.” By the Rev. A. Irving, B.A., D.Sc., F.G.S. 

This paper furnishes new facts of Bagshot stratigraphy obtained 
from open sections since the author’s last paper was read on Nov. 
12th, 1890. The whole sequence of the beds, as given in the 
published section of the College Well, has now been verified at their 
respective outcrops; percentages of clay in the beds laid open in 
excavations in March last along the critical portion of the ground 
are given as results of mechanical analyses of samples of them; and 
the northerly attenuation of the green-earth series and of the quartz- 
sand series is reduced toa question of mere measurement, for which 
the requisite data are now to hand. 

The author claims to have demonstrated that the mapping of the 
Geological Survey contradicts itself; that later workers in adopting 
this as the basis of their work along the 8.E. Railway have fallen 
into serious error; andthata complete contradiction is given by the 
facts to the adverse criticisms offered on his corrected section along 
the railway, which was exhibited in November last, and is repro- 
duced for the present paper. 

2. “Notes on some Post-Tertiary Marine Deposits on the South 
Coast of England.” By Alfred Bell, Esq. Communicated by R. 
Etheridge, Esq., ERA) EG: 

The author’s object in this paper is to trace the successive stages 
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in the development of the present coast of the north side of the 
English Channel, and to ascertain the sources of the diversified 
faunas. 

The first traces of marine action on the South Coast in Post- 
Tertiary times are found on the foreshore in Bracklesham Bay. The 
author’s reading of the section is somewhat different from that of 
the late Mr. Godwin-Austen ; and he divides the marine series into 
(1) an estuarine clay with Mollusca common to estuarine flats ; 
(2) a compact hard mud ; and (3) a bed of fine sandy silt with many 
organisms. ‘These beds indicate a change from estuarine to deep- 
water conditions. A full list of the Selsey fossils is given, including, 
amongst other animals, upwards of 200 Mollusca. Of 35 species of 
Mollusca not now living in Britain, the majority exist in Lusitanian, 
Mediterranean, or African waters ; furthermore, nearly 45 per cent 
of the Mollusca are common to the older Crags of the Eastern 
counties. The author considers the fauna of the Portland Bill 
shell-beds to indicate the further opening of the Channel subsequent 
to the formation of the Severn Straits, and believes that this fauna 
represents the deposits wanting between the Selsey mud-deposits 
and the erratic blocks which, according to him, overlie the mud ; 
these Portland shells indicate an intermediate temperature “ rather 
southern than northern” according to Dr. Gwyn Jeffreys. 

In conclusion, details concerning still newer beds are given, and 
lists of fossils found therein; and the author observes that there is 
no evidence to show when the English Channel finally opened up, 
beyond the suggestion of Mr. Godwin-Austen that, if the Sangatte 
beds and the Coombe Rock are of the same period, it must have taken 
place after their formation. 

XXII. Intelligence and Miscellaneous Articles. 

ON THE ANALYSIS OF THE LIGHT DIFFUSED BY THE SKY. 

BY A. CROVA. 

[‘ a preceding communication I gave* the results of my first 
researches on this subject, explained the method of observation, 

and discussed the curves obtained; in this note I resume the dis- 
cussion of the results to which the method of calculation adopted 
has led me, and the comparison of the 1890 observations with those 
made before both in France and abroad. 

The formula of Lord Rayleigh, deduced from Stokes’s theoryt, 
is 

=NS, 
px 

in which ¢ is the intensity of the light diffracted by a point of the 

* Comptes Rendus, xix. p.493; Ann. de Chim. et de Phys. ser. 6, xx. 
p- 480. 

+ Phil. Mag. ser. 4, xli. p. 107 (1871). 
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sky, N the number of diffracting particles contained in unit volume 
of air, a the amplitude of the incident vibration of wave-length A, 
and p a factor constant for all values of X. 

As the greater part of my observations could not be calculated 
by this formula, I have sought the reason for the disagreement. 

The formula “ is based on the hypothesis that the number N of 

particles contained in unit volume of air is sensibly the same for 
all dimensions of these; it will therefore not be verified unless this 
hypothesis is realized. 

If we compare the particles to spherical globules of density D 
and with different radii r, falling in a medium of density p, they 
will take, at the end of a very short time, a constant velocity of 
fall in the resisting medium given by the formula 

VS 

ve 

y being a factor which depends on the nature of the medium. 
In air we should have 

V=AN xr. 

If, at the beginning, the diffracting particles, equal in number 
for all dimensions of the same order as the 2’s of the incident light, 
are uniformly distributed in the unit volume of air and left to them- 
selves, they will take different velocities according to their dimen- 
sions, and we may assume that, when the permanent state is 
established, the number contained in unit volume varies, for each 
dimension of the particles, in the inverse ratio of the velocity ; in 
this case we should have 

B 

Giving to 7 the extreme relative values 1 and 2 which correspond 
sensibly to the dimensions of the particles which diffract more 
especially the extreme wave-lengths of the spectrum; for the 

! 

N 

B 
extreme red N= Va and for the extreme violet N’=B’. 

| r 

_ We must then, in the preceding formula, replace N by <. or 
q! - 

by * and the formula becomes 
A 

In reality we might found several hypotheses on this mode of 

distribution ; ~ might be replaced by N’/(A), the function of d 

depending on a certain power of the velocity, and consequently of 
the dimensions of the particles. 
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I have accordingly arbitrarily modified the exponent of d in such 
manner as to make the results of observation agree with the 
j K 
ormula = 

Let B be the intensity of the blue light diffused by the sky and 
S the intensity of the incident solar light; then, putting the value 

of = for \=565 equal to 100, we shall have 

BK 19= Ke, whence B =100((522)" 
De Ne 365” S 

n being a coefficient which is calculated by means of the values of 

z corresponding to fixed values of A. 

On differentiating we obtain 

= 
tan a= 

and for the common ordinate = 100 tick corresponds to \=565 

100 
tan a,= — — nS 

nm being therefore proportional to the angular coefficient at the 
point of intersection of all the curves which are obtained by making 
n vary, that is to say, to the inclination of the curve at that point. 

1 
I have compared the results calculated from the formule id and 

= with those of the observations of Lord Rayleigh in England * 

and of Vogel at Potsdam, as well as with some of the results of 
my observations at Montpellier. 

In the former case, I have constructed the curves of these obser- 
vations and have determined the values of the ordinates corre- 
sponding to 

Ni 28635"' 600) aGar S30" 510; 

and traced a new curve for which the ordinate corresponding to 
\=565 has been arbitrarily made =100. 

For the series of M. Vogel, who gives, not = but i that is to 

say the ratio of the intensity of skylight to that of petroleum, I 

have divided the ratios : by those of = or of the intensity of solar 

light to that of petroleum for the different )’s found by M. Vogel 

which gives the corresponding values of 5 and I have reduced the 

* Phil. Mace. ser. 4, xli 107 
+ Berl. Monatsber, pp. 801-811 
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curve to that which corresponds to an ordinate =100 for \=565. 
All these curves are therefore comparable : 

r. ‘635. 600. 565. 530. 510. 

4 

100 (>) ea MEE ah elas 62°68 7863 100 1281 1506 

4°5 100 (7) ene eta. 49-73 69°73 ,, 1467 180-7 
: | 

100 — (England) Jig Seabee cos 58'S0R Wisp. 3500 le0es 151-4 

100 © (Potsdam) ice ida 63:00 76-00 , 126-0 1460 

100 © Meera 1890) 58:30 7647 ,, 1411 1808 

Montpellier, \_ 
100 eee of 1890) BNalbchione tel ieX 6 9 Tigo. ) 130:0 29 

We see, by a simple inspection of this table :— 
(1) That in England the blue of the sky observed by Lord 

Rayleigh is more saturated than that which was observed at 

Potsdam by M. Vogel: it agrees sufficiently with the formula a 

while giving a little deeper blue. 
(2) That the blue of the sky observed at Montpellier, during the 

month of January 1890, is deeper than those observed in England 
and in Germany, and that it approaches more nearly the formula 
i 
Ta 

I give below, as an example of the application of this method, 

the formule which give the value of 100 > for three observations 

made by M. Houdaille and myself at the summit of Mt. Ventoux: 

Ja Foal AN 5°75 

Aug. 3, 1889, 10 40 .. 210 (=) . Sky of a clear blue. 

BGS\255 
Aug. 3, 1889, 10 20 .. ~=100 (=) . Sky of a clear blue. 

565\044 
Dept, ISSOse 404 i100 (=) . Sky of a deep blue. 

The differences between the values found and calculated are of 
the order of errors which might be made in photometric observa- 
tions; they are sometimes augmented in consequence of the 
extreme variability of the blue tint of the sky under the influence 
of causes most insignificant in appearance.—Comptes Rendus, 
May 25, 1891, p. 1176. 
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XXIII. Chemical Action at a Distance. By Prof.W.OstTwaLp*. 

PIECE of amalgamated zine, as is well known, is not 
attacked by dilute acids ; if, however, a platinum wire 

be wound about it, solution in the acid takes place at once 
with evolution of hydrogen. Zinc, armed with platinum, 
cannot be dissolved in solutions of neutral salts, as, for 
instance, potassium sulphate ; if a few drops of acid, as sul- 
phuric acid, be added to the liquid, solution again ensues. 

For the platinum to exercise its action, it is only necessary 
that it remain in contact with the zinc at a single point. If 
zine and platinum be made into a curved piece, with its arms 
some slight distance apart, and these be so placed in a 
potassium-sulphate solution that the portions of the liquid 
surrounding each arm are separated by a wall of porous 
material, such as unglazed earthenware or parchment-paper, 
then the question can be decided which metal, zinc or pla- 
tinum, must come in contact with the acid that solution may 
result. 

At first sight the question seems absurd ; for since the zine 
is to be dissolved, it seems self-evident that the acid belongs 
with the zinc. However, if the experiment be tried, one 
finds exactly the reverse : the zine does not dissolve (with the 
exception of traces which would go into solution in any event) 
when the potassium-sulphate solution about it is acidified; it 

* From the Sitzungsberichte der Kgl. Stichsischen Gesellschaft der 
Wissenschaften for 1891, communicated by the Author. Translated by 
J. E. Trevor. 

Phi. Magee). V ol. 52. Nowl9s. August 1391. Li 
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is rapidly dissolved, on the contrary, with evolution of hy- 
drogen, when the liquid about the platinum is acidified. The 
hydrogen appears on the platinum, as it always does when 
these two metals are in contact. In order, under the de- 
scribed conditions, to bring the zinc into solution, the solvent 
must be allowed to act, not upon the metal to be dissolved, 
but upon the platinum which is connected with it. 

Zine behaves in a solution of common salt in exactly the 
same way as in one of potassium sulphate ; cadmium shows 
the same behaviour. Tin is quite easily dissolved in a solu- 
tion of common salt when the metal is connected with platinum 
and the liquid about the latter is acidified. Yet in a solution 
of potassium sulphate, tin armed with platinum is dissolved, 
even with the aid of sulphuric acid, but very slowly, just as 
this metal alone is attacked only in slight degree by dilute 
sulphuric acid. The behaviour of aluminium is similar to 
that of tin ; yet the experiments therewith are not so striking, 
because with a neutral solution of common salt it develops 
bubbles of hydrogen upon its own surface (which is pre- 
sumably to be referred to the carbon contained in the metal); 
still, at least, solution takes place far more rapidly when the 
solution of salt is acidified at the platinum. In potassium 
sulphate also there ensues almost no solution upon acidifying 
at the platinum, just as dilute sulphuric acid scarcely acts 
upon aluminium. 

The phenomena described agree in this, that the metals in 
question when brought, in contact with platinum, into neutral 
salt-solutions, are dissolved when the ordinary solvents of 
these metals are allowed to act upon the platinum. It may 
be asked whether the metals which are dissolved, not with 
evolution of hydrogen, but only with the accompanying action 
of an oxidizing agent, may be brought into solution according 
to the same fundamental principle. Experiment answers this 
question affirmatively ; even the more resisting metals, when 
connected with platinum, upon which their specific solvent is 
allowed to act, are dissolved in liquids which otherwise never 
attack them. 

So, for instance, after a few minutes one finds considerable 
amounts of silver dissolved in dilute sulphuric acid, when the 
metal has been connected with a platinum wire near which a 
few drops of chromic-acid (or potassium-bichromate) solution 
have been added to the sulphuric acid. At the same time 
every caution may be employed to protect the silver from 
contact with the chromate, and yet the action will be found : 
the experiment decides unequivocally that the contact of the 
platinum with the oxidizing agent conditions the dissolving 
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action. Similarly silver can be dissolved in a solution of 
sodium acetate. 

In the same way gold may be dissolved in a solution of 
common salt, when the platinum is brought in contact with 
chlorine (with a salt-solution saturated with chlorine). After 
but two or three minutes, in the solution which surrounds the 
gold, the characteristic reactions of this metal with ferrous 
sulphate or stannous chloride may be obtained. 

I have for the most part carried out the experiments briefly 
described here by bringing into a small beaker an open short 
tube of about 2 centim. diameter, closed below with parch- 
ment-paper, and then filling both with the indifferent liquid, 
taking care at the same time to have the level in the tube 
always above that in the beaker. In the tube was placed the 
metal to be dissolved, the platinum wire connected therewith 
went to the bottom of the beaker. The solvents added were 
so chosen that they were heavier than the indifferent liquid; 
when a few drops thereof were brought with a pipette upon 
the bottom of the outer vessel they remained lying there 
without approaching the parchment-paper partition, which 
remained in the upper part of the liquid. After the close of 
the experiment the contents of the glass could then be easily 
investigated. | 

These phenomena, which were in part already known, I 
have termed chemical action at a distance ; because the ap- 
pearance in every case is as if the specific solvent of the 
the metals, when applied at the platinum, exercises its action 
at a distance upon the metal in question. As concerns the 
explanation, therefore, there can plainly be no doubt that the 
electrolytic relations play here the decisive role. In fact the 
simplest means of deciding whether solution ensues or not is 
to switch a moderately sensitive galvanometer into the circuit 
between the metal and the platinum. While compounds 
which exert no action give a current of only short duration, 
which falls at once to a very slight amount, addition of the 
acting substance (acid or oxidizing agent) to the platinum 
causes at once a strong deflexion of the needle. No deflexion, 
on the contrary, is observed when the acting substance is 
brought into contact with the metal to be dissolved. 

As before mentioned, certain phenomena of this kind are 
already known. ‘Thomsen, thirty years ago*, described a 
galvanic element which consists of copper in dilute sul- 
phuric acid and carbon in a chromate mixture ; on closing 
the connexion by means of a conductor between the copper 
and the carbon, the metal, which alone is not soluble in sul- 

* Pogeendorff’s oe exi. p. 192 (1860). 
2 
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phuric acid, goes into solution as sulphate. It is also known 
that the solution of zine and similar metals in dilute acids is 
extremely accelerated by the presence of “‘ electronegative ” 
metals, and the text-books with the mention of this fact do 
not neglect to emphasize the ‘‘ galvanic contrast’’ which con- 
ditions the effect. Yet I do not know that an attempt ata 
closer analysis has been made, an effort in the direction of an 
explanation of the way in which the “ galvanic contrast” can 
produce such action. In fact these actions, like so many 
others, seem to belong with those for which a satisfying 
explanation can be first gained on the ground of the Theory 
of free cons, of Arrhenius. They then assume the following 
form. 

Assume a metal, as zinc, to be in contact with the solution 
of an electrolyte, as potassium sulphate. The zine may only 
go into solution by its atoms becoming loosened from the 
metal in the form of ions with their corresponding charges 
of electricity. In what manner this charging with electricity 
takes place, and in what it consists, are questions which we 
cannot at present answer ; but since by taking positive elec- 
tricity from the ions of the metals we can get the latter 
with their familiar properties again, we are justified in looking 
upon the taking up of positive electricity as the characteristic 
of the transition of a metal into the condition of ions. 

As positive ions leave the originally neutral zinc, the latter 
becomes charged negatively and the solution positively. This 
lasts until a certain definite difference of potential has been 
established between the metal and the solution, according to 
which just as many positive ions are attracted out of the 
solution by the negative charge of the metal, as go into the 
solution as a result of the “ solution-tension’’ of the zinc*; 
then equilibrium occurs. On account of the very great quan- 
tities of electricity carried by the ions the necessary quantities 
of metal are extremely slight, in general too slight to be 
shown by analytical tests. 

The zinc is accordingly hindered from further solution by 
the excess of positive ions which exists in the liquid, and in 
order to make further solution possible these ions must be 
removed. If another metal, for example platinum, be con- 
nected with the zinc, this assumes the same negative charge 
as the zine. If the platinum be dipped into the liquid this 
negative charge acts electrostatically upon the excess of 
positive ions, and these collect at the platinum. 
Now the facts of galvanic polarization show that the elec- 

* Refer to W. Nernst, Zevtschrift fiir physikalische Chemie, iv. p. 150 
(1889). 

“a7 Pee ae 
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trical charge can only be directly removed from the ions when 
they come into contact with electrodes of the same nature. 
According to the present condition of our knowledge this 
occurs only in cases of positive ions, which consist of metal 
atoms, in contact with electrodes of the same metal. A 
system, for example, of two zinc plates in zinc-sulphate solu- 
tion allows the weakest galvanic current to pass through and 
takes up no charge (not considering the secondary actions 
from alterations in concentration, which do not concern us 
here); while, for example, a system of two platinum plates in 
dilute sulphuric acid allows a continuous current to pass only 
upon the application of electromotive forces of definite amount 
(over 1°8 volt), after a not inconsiderable quantity of elec- 
tricity has gathered upon the plates in the form of a charge. 
We must conclude from this that, for the transfer of electricity 
from an ion to a heterogeneous electrode, a definite difference 
of potential is in general requisite, which is to be regarded as 
dependent upon the nature of the ion as well as upon that of 
the electrode. 

To return to the above-mentioned case, it will depend upon 
the nature of the positive ion and of the electrode whether 
the former, under the influence of the difference of potential 
caused by the presence of the zinc, will give up to the platinum 
its electricity or not. If the ion be the potassium of potassium 
sulphate, which holds the electricity very firmly and only gives 
it up under the action of potential differences of between two 
and three volts, no transfer of the electricity will take place. 
If, however, the potassium sulphate at the platinum wire be 
replaced by sulphuric acid, the difference of potential then at 
hand is sufficient to force the hydrogen ions thereof to part 
with their electrical charges, whereupon they escape in the 
form of ordinary hydrogen. By the combination of this posi- 
tive electricity with the negative of the metal the latter is 
partially neutralized, the zinc, in consequence of its lowered 
negative potential, becomes able to send out more positive 
ions, and the action continues as long as metallic zine or 
hydrogen ions remain at disposal. 

This explanation makes apparent why in this case the 
acid inust be at the platinum and not at the zinc ; it throws 
light at the same time upon all the peculiarities which are 
manifested when zinc is dissolved in acids, and which have 
till now remained insufficiently explained. It forms at the 
same time the starting-point towards an understanding of the 
phenomena connected with the dissolving of the metals in 
general. 

Pure zine does not dissolve in acids, as was found by De 
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la Rive; well amalgamated zinc has the same property. The 
metal does not have, in this case, less tendency to go into 
solution than when impure ; for if it be connected with pla- 
tinum, copper, or any other similarly acting metal, solution 
at once ensues. The difficulty lies, therefore, plainly not in 
the dissolving of the zinc, but in the evolution of the hydrogen; 
when this latter action is assisted the solution takes place, in 
the case of either pure or amalgamated metal. That the 
hydrogen is evolved with difficulty at the zinc, more readily 
at the so-called negative metals, lies in the differences of 
potential towards the electrolyte. Zinc has a strong, positive 
solution-tension, that is it sends positive ions readily into 
the liquid and opposes correspondingly the reverse action, 
the reception of positive hydrogen ions and the removal of 
their charges. ‘The other metals in contact with the same 
electrolyte develop a far less difference of potential, or pos- 
sibly one of opposite sign, and either offer far less resistance 
to the discharging of the hydrogen or even assist it. 

This is the reason why zinc dissolves in acids when in con- 
tact with other metals ; it is clear that the usual form of 
expression, that solution takes place in consequence of galvanic 
currents between the zine and the other metals, does not 
entirely correspond to the facts of the case. The galvanic 
currents are indeed inseparably connected with the act of 
solution ; they are, however, not the primary agent which 
effects solution, but are produced by the act cf solution which 
they must necessarily accompany, because the question is one 
of the formation and displacement of ions. Solution ensues 
when the possibility is present that the positive ions in the 
solvent may in any way be removed therefrom. 

Differing from the simple displacement of positive ions, as 
in the case of zinc (as also magnesium, cadmium, and a 
few other metals), the dissolving of such metals as are not 
able to effect this displacement is accomplished by means of 
the destruction of positive cons, or what has ;the same effect, 
the creation of negative ions. Both are accomplished by the 
action of oxidizing agents, the first by means of reactions 
which produce non-electrolytes, the second by such as produce 
electrolytes. 

An example of the first case is the dissolving of copper in 
dilute sulphuric acid, which takes place slowly under the 
action of free oxygen. Here the hydrogen ions of the acid 
combine with the oxygen atoms to form the non-electrolyte 
water, and thereby it becomes possible for a corresponding 
number of copper ions to be formed, that is for the copper to 
go into solution. 
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An example of the second case is the dissolving of gold in 
chlorine-water. In order that gold ions may enter the 
liquid there must be formed there a corresponding number 
(three times greater) of chlorine ions; this takes place by the 
splitting up of the chlorine molecules of the chlorine-water 
into negatively charged chlorine ions. 

The closer analysis of these reactions leads us consequently 
to conclusions by which certain assumptions in regard to 
the electrical charges of the atoms suffer not inconsiderable 
changes. Since the time of the electrochemical theory of 
Berzelius the idea has been held that the holding together of 
the atoms in molecules is conditioned by the opposed electrical 
charges of the former, and this representation has been also 
applied to the case of the combination of the same atoms, 
which Berzelius looked upon as impossible. According to 
this a neutral chlorine molecule would have to yield a posi- 
tive and a negative chlorine atom when split up. But such 
an assumption stands in complete contradiction with ex- 
perience, which has hitherto made us acquainted with nega- 
tively charged chiorine atoms exclusively, and we have not the 
shghtest indication that positive chlorine ions can exist. We 
must, on the contrary, in the face of the entirely general fact 
of the formation of dissociated chlorides out of the metals 
and free chlorine, make the assumption that with the break- 
ing down of the chlorine molecules Cl, into chlorine ions (not 
chlorine atoms, as are formed at white heat) both parts of the 
molecule assume the same negative charge. This seems to 
stand in opposition to the general experience that, with the 
formation of electrical charges, equal quantities of positive 
and negative electricity must always be produced. Still this 
principle is also confirmed here, for from ordinary chlorine 
negative chlorine ions are formed only under such cireum- 
stances that, at the same time, the same number of positive 
ions is produced. The great activity of free chlorine in its 
action upon metals is conditioned by the great inclination of 
chlorine to pass over into the condition of ions ; iodine, which 
presents this inclination in a far less degree, and has accord- 
ingly no such great affinity to negative electricity, if I may be 
allowed the expression, has correspondingly a far less capacity 
for transferring metals into the condition of ions, or, accord- 
ing to the customary but ill-chosen expression, to combine 
with them. 

These considerations give us the explanation for the action 
which oxidizing agents show upon contact with platinum 
which is connected with the “ nobler” metals. If we have, 
for example, gold in a solution of common salt, it has an 
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extremely slight tendency, if any at all, to form ions ; it is 
far removed from the possibility of taking from the sodium 
ions the necessary positive electricity. The entire action will 
then be limited to the gathering of a few chlorine ions upon 
the surface of the gold, and of a corresponding slight excess 
of sodium ions upon the platinum. But if now chlorine 
molecules be present, they find here opportunity to go over 
into negatively charged ions ; the corresponding quantity of 
positive electricity, which must be produced at the same time, 
passes through the platinum to the gold, and the latter is put 
in position to send out, or one may say is directly forced to 
send out, a corresponding number of positively charged atoms, 
or ions. 

I wish to emphasize here that, without in any way altering 
the final result, the explanation may be also given somewhat 
differently. Instead of recognizing the direct cause of the 
action in the tendency of chlorine to form negative ions, the 
active role may be ascribed to the gold, and to it be referred 
a positive tendency, though slight yet at hand, to the forma- 
tion of ions. Chlorine would then play the more passive role 
by opposing to its transfer into negative ions a very small 
resistance, which is overcome by the positive tendency of the 
gold. At present it may not be entirely easy to decide 
finally between these views ; yet, without a closer discussion 
of the question, for which, however, some material already is 
at hand, I believe that the preference is due to the first. 

This presentation brings out under all circumstances the 
fact that the great significance which the positive ion of the 
electrolyte has in cases of metals of the character of zinc, com- 
pletely disappears in this case of the nobler metals. In fact, 
under the given conditions, gold dissolves as well when sodium- 
chloride solution, as when hydrochloric acid, both saturated 
with chlorine, is present at the platinum, which proves that 
the positive ion present, which suffers no change at all by the 
action, is not concerned, but instead only the substance which 
is able to furnish negative ions. Weaker oxidizing agents, 
that is such with less tendency towards the formation of 
negative ions, as for example bromine, are ineffective, as I 
have convinced myself by making the experiment. 

It is perhaps fitting, at this place, to say a few words in 
regard to the expressions “‘ Tendency ” and “ Inclination,” of 
which use has here been made. Expressions of this kind are 
properly looked upon in exact science as suspicious, so long 
as they are not accompanied by satisfying explanation in the 
form of a controllable definition. On the other hand, there 
manifests itself everywhere the need of expressions of this 



Prof. Ostwald on Chemical Action at a Distance. 158 

kind for the representation of natural occurrences, and the 
cause thereof lies in the following. 

The different forms of energy may be, as is known, always 
resolved into two factors, one of which possesses the pro- 
perty that, in a system with a definite kind of energy, a con- 
dition independent of the time may obtain only when this, 
which Helm calls the ¢ntensity factor, has the same value 
everywhere in the system. Conversely, anything happens 
in the system only under the condition that the values of this 
factor at two places thereof are different. Difference of the 
intensity-factor is therefore the cause that anything happens, 
and every difference of this kind represents a “ Tendency ” 
or “Inclination”? of the system to equalize the difference. 
Now there are possibilities, as shall in another place be more 
fally explained, of hindering this equalization by the bringing 
to bear of appropriate, opposing intensity-differences of another 
form of energy; these are exactly the cases in which the 
above-mentioned expressions “ Tendency ”’ and “ Inclination” 
clearly present themselves, because the action is ready to 
take place at any time when the hindrance present is re- 
moved. In this sense, that the system of metals, electrolytes, 
&e. at hand contains differences of intensity of chemical 
energy, which are compensated by corresponding opposing 
differences of electrical intensity, or of potential, and which 
assert themselves first when, by establishment of the electric 
conduction, the latter are made to vanish,—in this sense have 
tendency and inclination been used in the preceding, and, after 
this explanation, the further use of these terms may well 
appear permissible. 

If we now turn back to the subject under consideration, we 
see that the dissolving of metals is in all cases in so far electric, 
as it depends upon the changing of the metals into (electri- 
cally charged) ions. The marked activity of the metals in 
the development of electric currents depends, on the one hand, 
upon their capacity to undergo this change, on the other 
upon their capacity of “metallic” conduction. Further, 
when currents cannot be developed because the necessary 
conductors are wanting, the quantity of energy corresponding 
to the change may assume the form of heat; as occurs, for 
example, with the dissolving of metals which do not separate 
hydrogen, such as copper, silver, bismuth, &., in nitric acid 
or aqua regia. In this case the question is also one of the 
replacement, by metal ions, of the hydrogen ions present ; 
but since the metal is not able to take the electricity neces- 
sary for the change directly from the hydrogen, a cause must 
be present to assist this action. Here, for example, the oxygen 
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of the nitric acid serves the purpose. As the latter is reduced 
to nitrous acid, a bivalent oxygen atom, that is one with two 
negative electrical charges, becomes free and, with two posi- 
tive hydrogen ions, forms water. Thereby two metal ions 
with their corresponding positive charges can enter the liquid, 
or, in other words, are forced thereto by the excess of nega- 
tive ions now contained in the liquid. The electricity remain- 
ing in the metal compensates the positive electricity, which, 
according to the general law of the ‘ Conservation of Hlec- 
tricity,” must be dev eloped upon the separation of the negative 
oxygen atom. Itcan scarcely be necessary to add that all the 
quantities of electricity in question are, by Faraday’s law, 
exactly equal to one another. 

Finally, the question presents itself whether galvanic cur- 
rents may not also be developed in aqueous solutions without 
the help of any metal, only by means of formation and de- 
struction of ions. Let us consider a liquid which has the 
capacity of developing positive ions, and a second in contact 
with it which can create negative ions (or destroy positive 
ones) ; then the actions will again occur with especial readi- 
ness when care is taken that the corresponding quantities of 
electricity be conducted away. This is effected by the inser- 
tion of conductors of the first class, which are not chemically 
attacked, and which are connected so as to make possible a 
reciprocal neutralization of the displaced quantities of elec- 
tricity. 

This case becomes realized when we bring, for example, a 
solution of ferrous chloride in contact with one of sodium 
chloride containing free chlorine, and dip in both solutions 
connected electrodes of carbon or platinum. ‘The bivalent 
ferrous ions in the ferrous chloride change into trivalent ferric 
ions. The negative quantity corresponding to the positive 
electricity 1s discharged through the electrode into the chlo- 
rine solution, and supplies there the amount of electricity 
necessary for the change of the molecular chlorine into 
chlorine ions, and this action continues until the supply of 
ferrous ions or chlorine molecules is exhausted. 

It becomes at once clear that here we have again to do 
with a chemical “Action at a distance” of the above-described 
kind. For it plainly makes no difference as to the action 
whether the solutions of ferrous chloride and of chlorine are in 
immediate contact, or are separated from each other by any 
electrolyte, as for example sodium-chloride solution. For 
since the transfer of electricity takes piace from and to the 
ions of the electrolytes, the ferric chloride is formed in this 
case not directly from the chlorine-water but at the submerged 
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platinum plate, and the chlorine seems consequently not to 
exert its action where it itself is located, but at any arbitrary 
distance. Since, under the customary views, this phenomenon 
presents a rather unusual aspect, I shall describe in a few 
words a suitable arrangement of the experiment. 

The solutions in question are put into two small glass 
beakers ; in one ferrous chloride, in the other a solution of 
sodium chloride saturated with chlorine: in the place of the 
latter a solution of bromine in common salt solution, or one 
of potassium bichromate and hydrochloric acid may be con- 
veniently used. In each glass is placed a platinum electrode, 
and both these are joined by metallic connexion through a 
galvanometer. Finally the circuit is closed by an inverted 
siphon-tube filled with salt-solution, the ends of the tube being 
closed by parchment-paper. The galvanometer indicates at 
once a current which passes in the liquid from the ferrous 
chloride to the chlorine, and at the electrode in the terrous 
chloride this salt changes into the ferric chloride. In order 
to render it evident that the action takes place neither at the 
parchment-paper nor uniformly in the entire liquid, but is 
limited to the surface of the electrode, where the formation 
of ferric ions from ferrous ions by the transfer of positive 
electricity is alone made possible, the ferrous-chloride solution: 
(which is previously to be completely reduced by digestion 
with iron powder) may be treated with a little potassium 
sulphocyanate ; the development of the red-brown coloration 
exclusively at the electrode becomes then readily apparent. 

In place of ferrous chloride there may of course be employed 
any other “ reducing” solution. In order to realize a case, 
where the transfer of electricity takes place without the inter- 
vention of metal ions, I have combined sodium bisulphite 
with a solution of sodium chloride containing bromine, and 
have observed entirely similar results ; even when the con- 
nexion is made by a siphon filled with a solution of pure 
salt, in a few moments the presence of sulphuric acid may he 
detected by means of an acid solution of barium chloride, 
while at the same time sodium bromide, that is bromine ions, 
has been formed on the other side. 

The change in the ions of the sulphite, which here takes 
place, may be explained in different ways. ‘There exist in 
sodium bisulphite solution the negative ions HSO;. The 
change of these into the more stable negative ions of sulphuric 
acid may be represented by the reaction 

2HSO, + H,O — H,SO3 + H,S80,, 

in which the resulting acids may be considered as partially or 
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wholly dissociated. In order that this may become possible, 
both of the negative units of electricity of the HSO;ions must 
be removed ; ; they pass through the electrode to the other solu- 
tion, where they serve to change a bromine molecule, Brg, into 
bromine ions. The same result is reached when the bivalent 
ions of the neutral sulphite, S Os, are supposed to be changed 
into sulphuric acid according to the reaction 

SO,+ H 50 = le SO), 3 

for every molecular weight of sulphuric acid formed, two 
units (of 96540 coulombs each) of negative electricity must 
pass through the connecting wires. 

The electromotive forces which are developed when different 
solutions act upon the same metal are not unknown; they 
were first extensively investigated by R. Arrott* and later by 
A. Wright and C. Thompson f. The possibility of analysing 
more closely the actions upon which they depend and of 
understanding these actions in this fundamental character, was 
first given by the consideration of the electrical relations of 
the ions, which indeed before Arrhenius developed his so 
extremely fruitful theory, was not carried out. 

In conclusion I wish to add that the description of some of 
the experiments, which are communicated here, was completely 
worked out at my writing-table, before I had seen anything of 
the phenomena in question. After making the experiments on 
the following day, it was found that nothing in the description 
required to be altered. Ido not mention this from feelings 
of pride, but in order to make clear the extraordinary ease 
and security with which the relations in question can be con- 
sidered on the principles of Arrhenius’s theory of free ions. 
Such facts speak more forcibly than any polemics for the 
value of this theory. 

A number of interesting phenomena, with which I have 
met in further investigations on this chemical action at a dis- 
tance, will be presented at another opportunity. I hope like- 
wise, as soon as I can find the necessary time, to be able to 
produce some pertinent quantitative measurements. I do not 
mention this to keep others at present from the carrying out 
of such experiments and measurements, but, on the contra: ry, 
in order to express my conviction of the necessity of a search- 
ing quantitative study of this field. 

University Laboratory of Physical Chemistry. 
Leipsic, Germany, May 1891. 

* Phil. Mag. [3] xxii. p. 427 (1848). 
+ Journ. Chem. Soc. 1887, p. 672. 
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XXIV. Relation of Volta Hlectromotive Force to Latent Heat, 
Specific Gravity, Sc. of Electrolytes. By Dr. G. Gorz, 
HE S.* 

N a research “On Changes of Voltaic Energy of Alloys 
during Fusion ” (Phil. Mag. ante, p. 27) I have shown 

that when an alloy of bismuth, lead, tin, and cadmium, and 
one of bismuth, lead, and tin, changed from the solid to 
the liquid state by gradual and uniform application of 
heat whilst immersed in a suitable electrolyte, it suddenly 
increased in electropositive state, showing that whiist ab- 
sorbing latent heat it acquired greater electromotive force, 
and that when these alloys solidified, reverse effects occurred. 
M.J. Regnauld had previously shown (Comptes Rendus Acad. 
Sc. June 10, 1878 ; Chemical News, vol. xxxviii. p. 33) that 
liquid gallium was electropositive to solid gallium in a neutral 
solution of gallous sulphate. 

In order to ascertain whether, in cases where the mere act 
of mixing or diluting electrolytes is known to be attended by 
absorption of heat, a similar increase of the power of exciting 
electromotive force occurs, I took the separate ingredients 
of a chilling-mixture, each in a liquid state and at the same 
atmospheric temperature, measured the electromotive force 
of a simple couple of cadmium and platinum f in each liquid 
separately by the null method of balance, with the aid of a 
suitable thermoelectric pile (see Proc. Birm. Phil. Soc. vol. iv. 
p- 180; The Electrician, 1884, vol. xii. p. 414), and a galva- 
nometer, then mixed the liquids, immediately took the tem- 
perature of the mixture, and, after having allowed the liquid 
to acquire the atmospheric temperature, measured the electro- 
motive force of the couple in it. As the changes of energy 
depend upon each of the ingredients of the mixture, it was 
necessary in each case to consider the alterations of the mean 
amount of electromotive force. 

Distilled water was used in making all the solutions. The 
proportions of substances employed were in nearly all cases 
simple multiples of their equivalent weights. The thermo- 
meter employed in the first four experiments was graduated 
to ‘2 of a Fahr. degree, and that used in all the other ones 
was capable of being read to ‘01 of a Centigradedegree. The 
following are the particulars of the experiments :— 

* Communicated by the Author. 
+ In experiments “ Nos. 7 and 15” a zinc-platinum couple was used: 
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Haperiment l. 

Saturated solution of Sulphate of Sodium + Dilute 
Sulphuric Acid. 

Fahr. 
4 oz. by vol. of sat. sol. of Na,SO, Temp. before mixing 55°6 

» 9  Lvol. H,SO,+19 vols.H,O » after »  o44 

Decrease LF, deg. 

H.M.F. with Cd+ Pt at 55°°6 Fahr. 
5 Volts. Volts. 

Sat. sol. of Na,SO,= ‘998 et Dilute TSO, =1.98473 Cale. mean E.MLF. by vol.=1-1388 
ve: mat X Ue A ack isk eie nee a ake iat ce a OE ce lined 

p-cent. 
Increase ‘0401 =3°51 

The mean electromotive force had therefore increased whilst 
heat was being absorbed and rendered latent. 

In all the remaining experiments the influence of dilution 
with water alone was examined. 

Haperiment 2. 

823°5 grains of liquefied “ glacial Acetic Acid ” 
(C,H,0,) + Water. 

Fahr 
50 c.c. of glacial acid | Temperature before mixing ...... 578 
ie el waters arama ( ‘ after ile: cape Rea eee 56:2 

Decrease 1°6 F.deg. 

E.M.F. with Cd+ Pt at 17° C. 
Volts. Volts. 

The glacial acid = 1:1074 fs 
aie. an Aa 350) | Mean E.M.F. by weight = 1:0344 

p.cent, 
Increase ‘073 =7:06 

Haperiment 8. 

430 grains of Tartaric Acid in 310 grains of Water + Water. 
Fahr. 

30 c.c, of the strong acid solution | Temp. before mixing .. 53:5 
ZO WALOT nite Cie s ( 1) aatber gy. ng Roe 

Decrease ‘3 F. deg. 

B.M.F. with Cd + Pt at 61° Fahr. 
Volts. Volts. 

The concent. acid sol. a 1417 | se <i 

aiay Ta sci eek 50. | Mean E.M.F. by weight= -9151 

Mivecailited acu) Me Mak ck salsa « cleceremecvebemeentens =1:1074 
p-cent. 

Increase °1923=21-0 
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The mean electromotive foree had increased 21 per cent., 
notwithstanding that the amount of heat absorbed was rela- 
tively small, and that the water had nearly 24 per cent. less 
power of exciting electromotive force than the concentrated 
acid solution. 

Kaperiment 4. 

575 grains of Nitrate of Ammonium in 662 grains of 
Water + Water. 

Fahr. 
44 centim. of sat. sol. of AmNO,| Temp. before mixing 60-0 
354 5 WABEM ce calcinys «i+ ai © akber . 52°0 

Decrease 80 F. deg. 

E.M.F. with Cd+ Pt at 60° Fahr. 

Volts. Volts. 
Saturated sol. of AmNO,='993 | , OT | 
Tis hee a oa *— 850 Mean E.M.F. by weight=:9530 

ibercumted-solutione) “ .:.... so decketetabie ces cee: = "9930 
cent. 

Increase ‘0400=4:18 

When two similar couples of cadmium platinum, one being 
in the concentrated and the other in the diluted solution, 
were opposed to each other with the galvanometer in the 
circuit, the one in the diluted liquid showed slightly the 

. greater electromotive force ; this was a much more delicate 
test. It is evident that notwithstanding the water had about 
fourteen per cent. less power than the saturated solution of 
exciting electromotive force, its addition to that liquid did 
not reduce the mean amount of that property. 

In the remainder of the experiments a more sensitive ther- 
mometer capable of measuring ‘01 of a Centigrade degree was 
employed. 

Haperiment 5. 

Saturated solution of Nitrate of Sodium + Water. 

C. 
500 grains NaNO, in 45 c.c. of via Temp. before mixing 15:40 
DU STC TON AUCH ee a. hes ae » after Se lees) 

———= 

Decrease 1:42 C.deg. 

H.M.F. with Cd-+ Pt at 18° C. 

Volts Volts 
The saturated solution=1:0075 | ,, | : arisy 
Minto wee Te S50 Mean E.M.F. by weight= 3816 
hecheeducOlUtION, . 6.42% (i dee tater ols. ot = 1-0044 

Increase °*1228=13°9 
- p.cent. 
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Experiment 6. 

Saturated solution of Nitrate of Strontium + Water. 
C. 

600 grains Sr2NO, in 63¢.c. of . Temp. before mixing 15°52 
NGA ic. Of water... .ceeceaer j50 eater » 14:44 

Decrease 1:08C.deg. 

E.M.F. with Cd+ Pt at 18° C. 

Volt. Volt. 

The saturated solution= on ! Pe 
Tuer oe ee — 850) Mean E.M.F. by weight=‘9046 

The diluted solution 5 Oae2s.:. 22). .2 eee ee ance =— 
p.cent. 

Increase ‘0741=8°19 

Experiment 7. 

Solution of 40 grains of Chloride of Sodium in 40 e.c. 
of Water+40 c.c. of Water. 

I did not ascertain the change of temperature produced by 
dilution in this case. J. Thomsen and others had already 
shown by experiment that the dilution of an aqueous solution 
of chloride of sodium is attended by absorption of heat. 

BH.M.F. with Zn + Pt at 22° C. 

Volts. Volts. 
The strong solution=1:2471| 4, ) hes baits Wie ne —]-1270( Mean E.M.F. by weight=1:1889 

he diluted olution wt)... «7... .. senna = 1:2557 
p-cent. 

Increase ‘0668=5°61 

EHaperiment 8. 

Strong solution of Sulphate of a aes 

142 grains Na,SO, in 75:4 c.c. of water Temp. before mixing 5 22 
AVES Orley OUNCE She Se aae canes oy) SaLeL) "ne ello 

Decrease ia C. deg. 

H.M.F. with Cd+ Pt at 18° C. 

Volt. : Volt. 
The strong solution = ‘995 [(y).. a3 ne Lie 
Wate See = aEG Mean E.M.F. by weight = ‘9513 

(he dalubedtsolution! | pe iciracie cies: : cree eee = ‘9872 
Sp p:ceme 

Increase °0359=3°77 
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EHaperiment 9. 

Strong solution of Sulphate of eae et eaters 

264 grns. Am,SO, in 69°8c.c. of water | Temp. before mixing ve 98 
46 c.c. of 14a ilies 5,  atter » 14:84 

— 

Decrease 14 C. deg. 

H.M.F. with Cd+ Pt at 18° C. 
Volt. Volt. 

The strong solution = ‘9815) 4, : 
Rveeid oatt ds: a j yp Mean E.M.F. by weight = ‘9356 

evailutedesoluitiOmbe en: 4. )6) sous es «oc ee ele ce ok = ‘9758 
cent. 

Increase °0402=4:°30 

Haperiment 10. 

Strong solution of Carbonate of Sodium + Water. 

106 grns. Na,CO, in 58c.c. of er Temp. before mixing = 12:70 
DENG COU WELED 2. eee nan os 59» alter 5 oe eA 

——_— 

Decrease 28 C. deg. 

E.M.F. with Cd + Pt at 16° C. 
Volt. Volt. 

The st lution = ‘7499 ; : eee as | Mean EMF. by weight = ‘7972 
CMMIMECUSOMIION ~~)... ones es. + « lami ebeie.s see = °7527 

i . p.cent. 
Decrease °0445=5°58 

Heaperiment 11. 

Strong solution of Nitrate of Potassium + Water. 
C 

200 grains of KNO, in58 c.c. of water | Temp. before mixing 15°24 
PINCICMOMWOLET Sage ok ccs cies se after 5 14:70 ”) 

Decrease ‘4 C. deg. 

E.M.F. with Cd4 Pt ay dom Ge 
: Volts. Volts. 

The strong solution = 1:0216 a Wee eee = -850 Mean E.M.F. by weight= :9443 

athe diluted solution ~~... 25s. «e+ aemuewmacess =1:01588 
cent. p 

Increase 07158 ma 5 

Experiment 12. 

Strong solution of Chloride of Ammonium + Water. 
C. 

400 grains Am(Cl in 86°5c.c. of Nag Temp. before mixing 14°80 
P29 GC EMOM AWAD. setae 50s 07 © oo « abel: Sit peso 

Decrease ‘190. deg. 

Phil. Mag. 8. 5. Vol. 32. No. 195. August 1891. M 
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E.M.F. with Cd+ Pt at 18° C. 
Volt. Volt. 

The sti solution = ‘9358 i : Water 8 Somhon = 350 | Mean EMF. by weight= “8808 
The dilutedsolution> 1p) 5. 00s... eee ee pie: 92436 

p.cent. 
Increase ‘0345 =3:°87 

As in each of the foregoing twelve instances there was ab- 
sorption of heat during the act of dilution, I now examined 
some cases in which dilution is known to be attended by: 
evolution of heat. Care was taken to select those in which 
chemical action as usually understood did not operate. 

Experiment 18. 

272 grains of Hydrated Acetate of Sodium in 
Water+ Water. 

C. 
ees a ee ees salt in Temp before iting 16°86 

155 c.c. of water .. ; Ge Wa » after ” 16-44 

Increase ‘14 C. deg. 

E.M.F. with Cd-+ Pt at 20° C. 
Volt. Volt. 

Fe teencontrated soln-= “350 | Mean EME. by weight= 8712 
Dike diluted=solubiomys Wo... . «aise ciaebamseretste rote r = ‘9072 

p-cent. 
Increase ‘0386 =4:13 

EHaperiment 14. 

Strong solution of Sulphate of Magnesium 
in Water + Water. 

; : C. 

cy tae 4 eng MeSO, in fies heforeianieine ole tes 

115-c:c, of.qatenmeeaiea yy... ., (Mee uence acs eimial 

Increase ‘22 C. deg. 

E.M.F. with Cd+ Pé at 20°. 

* Volt. Volt. 
The strong solution = ‘993 OO a | 
Water 0 ee = [259 Mean EME. by weight = -900 
he diluted solusioneee . he. J. eee ee = Sy 

——— p:cent. 
Jnerease ‘0787=8:74 

Haperiment 15. 

Concentrated solution of Chloride of Potassium + Water. 

This case was selected from the curve of electromotive 
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force given in “Fig. 8” on page 489 of the Philosophical 
Magazine, Dec. 1890, as showing an increase of electro- 
motive force on dilution. 

C. 
20 grains of KCl in 20c.c. of water | Temp. before mixing 14:50 
TEMG OL Water... ....465<...... 5,  aiter > 14:54 

Increase ‘04C. deg. 

BeMER with Zn + Rpat 215° C. 

; Volts. Volts. 
The strong solution = 1:1850 : abe 
oe ae = 11270 MMSE oo ppg) eee 
Aiterdilipedtsolutiom 2.1. 5... Sapa oe = 1°2550 

. cent. 
Increase +1219=10°75 

The mean Meee omotive force had increased 10°75 per cent. 
notwithstanding that there was not only no absorption, but 
even a slight evolution and loss of heat during the act of 
dilution. 

Experiment 16. 

Saturated solution of Caustic Soda + Water. 
C. 

Temp. before mixing 15°74 
Pee alter ap ya Rele 

600 grains of 90 per cent. Soda in 
SMG CMOMMWALEEL 0 Bete oe es 

Increase 8:14C. deg, 

E.M.F. with Cd+ Pt at 18° C. 
Volt. Volt. 

Th turated solution = ‘9072 eee omens ue Mean E.M.E. by weight=-8602 
Meramec SOMIGION — “Gaslae «gc ais onatugeeew ses 6 ='8G004 

p-cent. 

Increase °0298 =3:-46 

Experiment 17. 

50 ¢.c. of Concentrated Aqueous Hydrochloric Acid + Water. 
C. 

spe ae . ete Ci in 250 Temp. eae eine 14-12 

ease eaten | 1652 

Increase 2°40C. deg. 

E.M.F. with Cd + P¢ at 18° C. 
Volts. Volts. 

The concentrated acid =1°3362 . 

Water tril. meciuin = +850 ca Mean E.M.F. by weight= 9148 
Mthie dilemma tacit a kU.) 3 sie Cote deta eee seam 

p- cent. 
Increase ‘2869=31:39 
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Notwithstanding the loss of heat during dilution, the mean 
electromotive force had greatly increased. The electromotive 
force was quite variable in the acid solutions owing to their 
great degrees of strength and the evolution of gas. 

Haperiment 18. 

Partiy diluted Sulphuric Acid + Water. 

The acid was sufficiently diluted to prevent the formation 
of a definite hydrate by chemical union. 

O. 
30 c.c. of H,SO, in 20 c.c. of watent Temp. before mixing 13:0 
PAY CRON TETTE SY 5 6 6 xcio.5 0 AAne nec » after 5 24°0 

——— 

Increase 11:0 C. deg. 

E.M.F. with Cd+ Pt at 15° C. 
Volts. Volts. 

The st acid soln. =1°2504 : 
Water nee ame O50 mage OES Nace ines QC 
The diluted! soliton Wl Yess! s 3 «3 eRe ee ee =1'1960 

=———— nce: 
Increase = :2375=24:68 

Notwithstanding the great loss of heat, there was a large 
increase of the mean amount of electromotive force. 

Haperiment 19. 

Concentrated solution of Caustic Potash + Water. 

C. 
377 grns, of KHO in 233 c.c. of water | Temp. before mixing. 11°74 
5 D7. CORO Raabe etree Wie a= sod Aue cratter. ae 11:76 

Increase 02 C. deg. 

H.M.F. with Cd+ Pt at 17° C. 
Volt. Volt. 

Th trat d S ] ——— *8951 ° = 

Bherdulutedssolitttone 0... see eee Behan 5 eit =—"ou20 
—— p.cent. 

Increase ‘0150=1°-7 

EHaperiment 20. 

Diluted solution of Caustic Ammonia + Water. 

“an 
94°7 orains AmHO in97:9c.c. of water Temp. beforemixing 13°46 
GPO MCA ORION, NWIENIEL. Coc. orc 0. ee mETRUCE ae 13°56 

Decrease ‘10 C. deg. 
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EK.M.F. with Cd+ Pt at 18° C. 

Volt. Volt. - 

The less diluted solution =:89004 
ee 850 Mean E.M.F, by weight=-8746 
The more diluted solution  ....... 3 AR Ce Sem : = ‘8786 

= NCE 
Increase ‘004 =:45' 

The amounts of electromotive force in this case were 

variable. 
The following table contains the chief results of the ex- 

periments :— 
TABLE I. 

Mixture. Temperature. Mean E.M.F. | 

Degrees. 
Solution of Na,SO,+dilute H,SO, ... Decrease 1-2 Fahr./Increase +0401 
Liquid Acetic Acid+ Water ............ a AGIs, ie 073 
Solution of Tartaric Acid+ Water ... Pe s chaay Pts a "1923 

¥ AmNO,+ Water............ re toh Uae is “040 
Me ISTE CPR A sn _ 1-420. x 1228 
zs SEOINOR a Bayh asec otro. ol #2 1:082;; i ‘0741 
hs INE G) Bes Ee eee x 2 9 *'0668 
be INS ptt Mis ea.oo ows «ni A 14 ,, “f 0359 
A PS Oe eis ee =. se a6 ss 14 ,, ¥ 0402 
- INCOR 6 Gate ties: . cas’. a °28 ,, |Decrease 0445 
i TRON) Pa taaese [sedis sso - 04 ,, |Increase ‘0715 

Hot 0] ig oS ee cen 7 lS) - 0345 
3 NaAcetatet-,,, ~i...-....+.- Tucrease 14 ,, s "0360 
oe IES CRS it ad ie Lee | % os ae Be ‘O787 
be 1 OL ie Sa eee ae z "04 ,, > x 1219 
Me INES) BCS Se ee FS 714 ,, * 0298 
a TEL Cie (REST ell hea b PEDIC) te ms 2872 
4 PES SORe toe ae ti 82.2 2 q 1-008, # 2375 
- GEO we aon, | isddes shes = OZ, se 0150 
lg 1g TAIN 6) SO eee i LO), - 004 

The various cases of absorption and evolution of heat given 
in this table agree with those given by J. Thomsen in his 
thermochemical researches (see P. Muir’s ‘Elements of 
Thermal Chemistry,’ Appendix v.). 

An inspection of the results thus obtained shows, Ist, that 
in 19 cases out of 20 diluting an electrolyte or mixing it with 
another increased the mean amount of electromotive force of the 
two liquids; and 2nd, that in 12 instances out of the 20 
there was a lowering of temperature and an absorption of 
heat, and in the remainder an evolution and loss of latent 
heat, during the act of mixing. 

As in the whole of the 8 cases in which there was evolution 
and loss of heat there was an increase of mean amount of 

* In these two cases a positive plate of zinc was used. 
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electromotive force, it was evident that this increase could 
not be due to absorption of energy in the form of heat. I 
therefore examined the phenomena in another manner, to 
ascertain whether they were related to changes of total volume 
and of mean specific gravity of the two liquids during the act 
of mixing. 

Different investigators have shown that when a concen- 
trated aqueous solution of an acid, a salt, or an alkali, is 
diluted with water, a contraction of the total volume 

of their specific gravities occur in nearly every case 
(see Watts’s ‘ Dictionary of Chemistry,’ 2nd Supp. 
pp. 596-604). Marignac, however, found an excep- 
tion with a mixture of a solution of neutral sulphate 
of sodium and sulphuric acid: in this case “ expan- 
sion always occurs” (ibid. p. 604); he further 
observed that contraction takes place on diluting 
solutions of hydrochloric acid, sulphuric acid, chlo- 
ride of sodium, and sulphate of sodium (eed. pp. 603, 
604). J. Thomsen and others have also shown tbat 
when a solution of caustic soda, and of various other 
substances, is diluted, the total volume of the two 
liquids becomes less (ibid. pp- 997-600). And Nicol 
has ‘obtained similar results by separately diluting 
aqueous solutions of potassium chloride, potassium 
nitrate, sodium chloride, and sodium nitrate (Phil. 
Mag. vol. Xv. 1883, p. 97 ; Journ. Chem. Soc. 1883, 
vol. xlii.; Trans. p. 136). 

In order to ascertain whether contraction occurred 
in the whole of the remainder of the cases in which 
I had found an increased mean amount of electro- 
motive force developed during the mixing, the follow- 
ing arrangement (see figure) was employed :—A is 
a ‘elass tube about 12 inches high and 4 an inch in 
diameter, with a perfectly fitting stopcock in the 
middle. The lower end of this ie was closed by a 
vulcanized rubber bung, and the upper end was fitted 
with a perforated bung surmounted by a tall glass 
tube of narrow bore open at both ends, and provided 
with a scale or index capable of sliding up or down. 
The stopcock and bungs were coated with grease, and 
the apparatus was proved to be perfectly water-tight. 
The entire portion of the apparatus below the index- 
scale was immersed side by side with a sensitive ther- 
mometer in a large vessel of water at about 16°C., in 
order to keep the apparatus at a sufficiently uniform 
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temperature during the short period of an experiment. The 
thermometer was capable of measuring to ‘01 of a Centigrade 
degree. 

The lower coinpartment of the large tube and the bore of 
the stopcock were perfectly filled with the lightest of the two 
liquids at exactly the proper temperature; if this lower space 
was not sufficiently large a glass bulb was previously fixed 
water-tight on the lower end of the tube. The upper com- 
partment and a part of the narrow tube was now filled with 
the heavier liquid, and the apparatus immersed in the bath. 
When the whole had acquired the same temperature, the tap 
was slightly opened for an instant and closed again, the index 
adjusted to the level of the meniscus, the tap then fully opened, 
the apparatus occasionally inverted, the liquids allowed to mix, 
and the changes of total volume of the liquids and the tempe- 
ratures noted at stated intervals of time until all change of 
volume ceased. The apparatus and method are suitable for 
making accurate measurements. The following are the results 
obtained :— 

Tasze II. 

Change of Volume of Electrolytes by Dilution. 

Substance. Solution. Water. Change of Volume. 

ee 
Acetic acid...| 11-0 ¢.c. of concentd. Acid. | 10°5 |Contraction 1°66 per cent. 
WGELO ace s.c= 3% 1-0 = ,,  satd. solution. | 10:5 F 93 us 
im SO,...... mer oe . 10:5 e ‘Guar 
SEO, .:.-.- did 0 ators > : 10°5 ,, Cts) Fe 
MgSO, ...... EOE) tk 1, 33 10°5 3 2032-55 
Na Acetate.../110 ,, ,, ‘ 105 i Ee mas 
Li eee MSO! 4 ny 1s 53 . 36:0 ss ase 
PATEEO) S32. OE. ye Ee, s 11:0 ch extremely small. 
| PAR cartel « LO aaEs a5, . “| 110 |Expansion ‘0587 per cent. 

With the solution of aqueous ammonia, if sufficiently dilute, 
contraction occurred, but when strong, expansion took place ; 
probably similar results would be obtained with dilute hydro- 
eyanic acid. Some practical mechanical application of liquid 
expansion by mixture might perhaps be made to produce 
hydrostatic pressure. 

The above results, together with those previously obtained 
by other investigators (see references already given), show 
that in 18 out of the 20 mixtures of liquids employed in this 
research, contraction of total volume of the two electrolytes 
occurred during the act of mixing. This large proportion of 
eases of contraction indicates the existence of a great number 
of instances of the same kind, and that probably nearly all 
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electrolytes increase in mean amount of their specific gravities 
during mixture or dilution; these statements agree with the 
usual views entertained on the subject. 

By comparison of these results with those in Table I., and 
those of Table I. with one another, it appears, 1st, that increase 
of mean specific gravity of the two liquids during dilution or 
mixing occurs not only in cases in which heat is evolved and 
lost, but also in those in which heat is absorbed and becomes 
latent; 2nd, that increase of mean electromotive force of the 
two liquids also occurs not only in those cases in which heat 
is absorbed and becomes latent, but also in those in which it 
is set free. And 3rd, that in 17 cases out of 20 an increase 
of mean specific gravity of the two liquids was attended by 
an increase of the mean amount of their electromotive force. 
We may therefore conclude that tn cases of mere physical 
miuture, the changes of mean specific gravity and of mean elec- 
tromotive force of electrolytes are probably related to each other 
as concomitant effects of the same cause, change of molecular 
motion. From the known general relation of increase of specific 
gravity to decrease of specific heat, it further suggests the in- 
ference that in cases of simple dilution the mean electromotive 
force of electrolytes is related to their mean specific heat. 

As in all such cases, each phenomenon, whether it be physical 
mixture, dilution, specific gravity, specific heat, latent heat, 
or electromotive force, involves the mutual action of two sub- 
stances, it is essentially necessary in every case to ascertain the 
mean amount of change occurring in the two substances. 

In a separate and more extensive research, not yet pub- 
lished, I have measured the losses and yains of electromotive 
force by means of different positive metals in different classes’ 
of mixtures of electrolytes, including cases of chemical union 
as well as of mere physical mixture. 

XXV. The Study of Transformers. 
By Prof. Joun Purry, F.R.S., D.Sc.* 

[The following paper was written in February last, at a time when I 
had been compelled to listen to many discussions on the Transformer. 
It has been nearly forgotten till now; but I see that it ought to be 
published now, so that it may precede my paper read four days ago 
before the Physical Society on ‘ Mr. Blakesley’s method of Measuring 
Power in Transformers.”—26th May, 1891. ] 

I HAVE been engaged on quite other matters during 
the last few years, and thought a few weeks ago that I 

must be hopelessly in arrear concerning the subject of 
* Communicated by the Author. 
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transformers. Every year I give to students in an “ Applied 
Mathematics” class the old-fashioned formule concerning 
two or more circuits ; my students have generally worked a 
few numerical examples on transformers, and we have then 
gone on to other subjects. 

I venture now to think that I have lost almost nothing by 
remaining for so long ignorant of the vague but reckless 
statements made by writers of papers on this subject, and 
that students will gain something by coming back to the old- 
fashioned method of treating it. 

I say, on the assumption of constancy of magnetic permea- 
bility, of no hysteresis, and no heating of either iron or copper 
by eddy currents, what are the laws of a transformer ? 

Let this be found out first. 
On comparing the theoretic and experimental results, we 

shall be in a position—we have never yet placed ourselves in 
this position—to theorize on the effect of the new phenomena, 
and even this it will not be wise to do until we observe 
whether magnetic leakage will not account for some of the 
discrepancy. 

If one gives numerical values to resistances, sizes of iron, 
numbers of windings, &c. it is quite easy—a matter of a few 
hours at most—to calculate everything about all the currents 
for a transformer with two, three, or more coils. 

This year, instead of asking my students to work a few 
numerical exercises, I asked them to work out quite a number 
of exercises on a transformer with two coils, and I venture to 
think that the numbers given by them in the following Tables 
are of even more interest—just now—than experimental 
results. The tables give results that no experimenter could 
give. I have had some experience myself, and really I cannot 
say that I see my way, with any ordinary dynamometer, to 
distinguish between a lag of 175° and 180° ; whereas in these 
tables the lag sometimes varies for no load and full load be- 
tween 179°-940 and 179°°942. The graphical method of 
working cannot distinguish differences so small as these. 

As for the trouble of working,—my students have much 
other home-work to do, and they do it, and yet one of them 
has brought me two complete tables worked out at home 
between Friday and Monday. 

Let V be the primary voltage, C the primary current, R 
primary resistance, L the primary self-induction, C’ the 
secondary current, R’ the secondary resistance, L' the 
secondary self-induction, and M the mutual induction. Let 
p be a non-inductive part of the resistance of the secondary, 
the part external to the transformer. Let V' be the voltage 
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at the terminals of p. Let P be the average power given to 
the primary, and P’ that given out by the secondary. Then, 
taking 

V =asin~“4, | 

(1) 
Cs 

V'=a' sin (= i—<') =e 

E=JaN cose, PP! = Dae 
! 

Percentage efficiency =100 =f, oy 

it is known that to ealculate all the necessary values, the 

simplest plan is to calculate the following magnitudes first :— 

Tag eee y= R+ An MPR’) 
7. [2 

AN NZI > , 4122 
‘=L— qe ele tr i=,fape | 

Then | 

a . tan e= il ieee 
1 Tr 

| = Rr 

DAV ee 2s uit tan e'= ——. — ; 
“Tip? Qa “Ti r+ Rl 

As an example of a transformer with which we have 
experimented electrically and arithmetically, take R=10 
ohms, Ri=-1+ 9, a4=1000. volts.) 4 —10 ‘secohims, lal 
secohm, and take as is usual M=1 secohm. That is, assume 
no magnetic leakage. We have the following interesting 
results obtained by altering 7, beginning with a frequency of 
160 per second and ending with the rather absurd case of T= 
more than 6 seconds. It is to be observed that when I say 

in any case that - =1000, or 100, I really mean that 

i 10000 or 1000 respectively. It will be observed 

a L, M, and L’ only enter into the calculations in combi- 
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ee 2 | | 
nation with == . Hence, instead of saying that my tables 

show the effect of diminishing frequency in a given trans- 
former, I might say that they really show the effect of 
keeping frequency constant and diminishing the section or 
increasing the length of the iron magnetic circuit. 

. 9 

Thus, for example, the table for = = 100 may mean 

<T 100 and L= 10; We= 1, L’'="1-; ; 

but this table is correct for i 

2m 1000, and L=1, M="1, I/=-01. : 
I shall only assume, in fact, that in any table the ratios of 
L to M and L' remain constant. 

For the sake of beginners it is well to state that, using 
amperes, volts, and ohms, if P and 8S are the numbers of | 
windings of the primary and secondary respectively ; if a is | 
the cross section of the iron in square centimetres, and » the | 
average length of the complete iron magnetic circuit and pw i 
the permeability (being about 1500 in ordinary transformer } 
working), we may take it that | 

Aq =} it 

re 2 seal i 

ee gente”, m0 : 
and if there were no magnetic leakage—that is, if all the field | 
due to a primary current through every winding of the 
primary passed through every single winding of the secondary, i 
then \ 

Jae ap Ar i, 
M= /LL, or M=PS > 7- 

If two or three tables be compared for which the values ' 
2 : 4) Dime i 

of os L differ even greaily, it will be noticed that A’, é, p' | 
| are practically the same from the very smallest to the greatest 

loads. Also, except for small loads A, e, P, and H, are prac- | 
tically the same. This is the more striking as the frequency i 
is greater. Now this is really the same as saying that if the | 
ratios of L, L’, and M remain constant, considerable changes 1 
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in their absolute values do not greatly affect the results ; that 
is, considerable changes in pw do not affect the results; that is, 
even hysteresis need not be expected to greatly affect the 

Prof. J. Perry on the 

results. 

Qo 
— L=10000. = 

0. A. AN: € é! a’. Py ie E. 

co | 100! 0 | 899 | 179-989 !100 085! 0 0 
999 | -141|  -999| 44:97 179-939| 99:82] 50-06 | 49:251 99:59 
49-9 | -293| 1-997] 265 | 179-940! 99-61| 99:95 | 99-45| 99-49 
9-9 | -996| 9-918] 0-05] 179:940| 99-14] 497° [486-4 | 97-70 
49 | 1-963; 19-61 | 0 | 179-941] 96-08! 981-7 |942:3 | 95-98 
09 | 9-09 | 9095 | 0 | 179:947| 81-85| 4545 | 3722 | 81-70 
0-4 |16-67 | 1666 0 | 179-952] 66-6 | 8335 | 5551 | 6661 
0-1 (33:33 | 333°3 0 | 179961] 33:3 | 16667 | 5555 | 33-33 
OE 501 500 0 | 179971 0 | 25000 | oO 0 

27 

ee oN AY. a eae P. et erm 

o | 25 | 0 | 89-85 179-9857 |100 055| 0 | @ 
99-9 | -269| -9965! 68-05 |179°8601| 99°55! 51-52 | 49-49] 96-05 
49-9 | -320] 1-996 | 51-20/179'8573| 99:6 | 100-1 | 99-4 | 99-98 
9-9 | 1:02 | 9-902 | 13-89 179-8584! 98-03) 495-2 [484-2 | 97-77 
4-9 | 1-976] 19°61 | 7-031179-8597| 96:10/ 980-4 |942:3 | 96:07 
0-9 | 9:09 | 90:88 | 1-25/179-8967| 81:8 | 4544 | 3717 | 81-79 
0:4 |16:66. |L66-7 0:69 180 66°67| 8332 | 5554 | 66-51 
0-1 13333 [333 0:19 179-9047 | 33-3 | 16667 | 5555 | 27-02 

0) aw Jk 0-17 |179:8713] 0 | 25000 | 0 0 

2Qar 
“~ TL =2000. 

p- A. JM Ee le a! IP. Pp’ Dp 

s 5 0 | 89-72! 179-713 |100 ‘| 1-275] 0 0 
999 | -5094/ 999! 7830] 179-714] 99-8 [52:09 | 49-94] 95-88 
499 | -5373| 1-995| 67-90! 179-714| 99-55| 101 | 99:33! 98:33 

| 99 | 1-107 | 9-896! 26-27| 179:716| 97:97| 496 | 485 | 97-68 
| 49 | 2019 | 19:59 | 13°75] 179°719| 96:09| 980 | 940 | 95-90 

09 | 9108 | 90:96 | 2:60] 179-723] 81:86| 4550 | 3724 | 81-91 
0-4 | 16-674 | 166-67 | 0-20] 179-761 | 66:66 8336 | 5554 | 66-64 
0 | 49-997 | 499-97 | 0-15] 179-857| 0 |24998| 0 0 
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2a 
== L — 1500. = 

p A. A! € é! a’. ibe Pp’ E 

fe) fe) 

(oa) 667 0 89°6 179-962 |100 2:328 0 0 
99°9 673 -999 | 81:08 | 179°817| 9982] 52°16 | 49°85) 95°6 

49:9 695 1-995 | 72°92 | 179-782 | 99-56] 102:1 99°33 | 97°5 
9°99 | 1:199 9:97 | 33°30 | 179°623| 98°70 501 492 | 93:2 
49 | 2:066| 19:60 | 18°06 | 179°617 | 96°85 982 961 | 97°8 
09 | 9:105| 90°88 3°45 | 179°538| 81°79} 4553 4130 | 90°9 
0-4 | 16°67] 166°5 1:55 | 179°667 | 66°6 8333 5554 | 66°5 
Ol | 33°34] 333°4 0°55 | 179°779 | 83:°34| 16660 | 555d | 33: 
0 50 500 | 179-809 0 25000 0 0 

20 
— [,=—1000 

p- A. AN é. é'. | a’. Pp. Pp! E. 

(eo) (e) 

ra) "999 0 89°427 | 179-427 |100 4-997 0 0 
100 | 1-004 998 |83:725| 179-427 | 99:82| 54:93 | 49-82] 90-7 
50 | 1:018 1-993 |78:133 | 179-428 | 99°65| 104-7 99°33 | 94:9 
HO): £393 9806 |44:717 | 179-433 | 98:06 495 481 | 97-1 

5 | 2:159| 19:23 |25°48 | 179-4388] 96:15 966 925 | 95°7 
4 | 2:57 23°81 |21-73 | 179:441| 95:24] 1195 1133 | 94°85 
Ses a7 31:25 |16°67.| 179-445) 93°75| 1567 1464 | 93:47 
2 | 464 45°44 {11°31 | 179-453! 90-88] 2277 2065 | 90°73 
1 | 83838) 83:32 | 5°75 | 179-475) 83:32] 4171 38470 | 83:25 

05 |14:3 142°8 2°94 | 179:°509| 71:39) 7141 5097 | 71-39 
One 33:34 || osao 0:77 | 179618) 33:33] 16668 5556 | 33°33 
OF 150 500 0:29 | 179°714 0 | 25000 0 0 

Qa 
== [=500: 

p A. AY. €. els ae P. lie th 13p 

° ° | 
oa) 1:999 0 88°85 | 179°862 100 20:07 0 0 
100 2001 998 | 85:98 | 178°887 | 99-79} '70:06| 49-8 | 71-1 
50 2-006 1:992 | 83°57 | 178°833 | 99:58] 111°9 | 99:2 | 88°65 
10 2-254 9:914]| 62:53} 178-845 | 99:14 515 491 | 95:4 
5 2°519| 17-66 | 49-1 | 178°877 | 95:30 825 780 | 96°74 
1 8531| 83°33 | 11:35] 178:°95 | 83:33] 4182 | 3471 | 83 

0:5 14:39 | 139-2 5°83 | 178:99 | 69°6 6844 | 4679 | 68:3 
0-1 33°37 | 333°4 1°52 | 179-24 | 33:34| 16679 | 5557 | 38:45 

) 50:08 | 500 0:58 | 179-438 0 25041 0 O } 
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QT 
— L=250. z 

p- A. A’ €. é. Oye P. pT; BK. 

{o) (eo) 

ora) 3 996 0 87:7 | 179-77 |100 20°14 0 0 
99:9 3994 999 | 86°25| 177-712) 99°82) 130°7 | 49°85) 38-1 
49-9 3°996 1-997 | 84°85| 177°713| 99°65) 179°2 | 99°5 | 55°5 
99 4-078 9°893 | 73°7 | 177-731 95°83 572 484 | 84:6 
4:9 4381 19°6 61:18 | 177-767 | 95°04; 1055 941 | 89:2 
XS) 50385 32°23 | 47:98} 177°782| 93°48} 1686 1507 | 89-4 
Og 9346 | 86°78 | 20-7 | 177-916) 78:1 4371 B088 | TD 
0-4 16°90 165°6 11:23) 178-008 | 66°24| 8287 5486 | 66:2 
0-1 33°44 | 324-1 9:18) 178°367 | 32°41} 16500 | 5250 | 318 
O 50 300 1-2 | 178898 25000 0 0 

2ar " 
— L=50 - 

p. A. A’. €. é' Gi iP. 1a i. 

@) Cc 

co 19°6 0 | 79°69} 16869 {100 1923 0) —~(O 
100 19°6 "98 | 78:°42| 168°70 | 97-85) 1967 | 47-9 2°48 
50 19:57) 1°95) 78:14) 16872 | 97:65) 2011 95:4 4-74 
10 19-45) 9°62) 75°97} 168°80 | 96:15} 23859 452 | 196 
5 19:36} 18:86) 73:3 | 168-90 | 943 2778 890 | 32:08 
4 | 19°31] 23°36} 72°81] 168-94 | 93-44; 2982 1092 | 36°6 
3 19:27 | 30:68 | 69°87 | 169-03 | 92:04} 3315 1412 | 42°6 
2 19°28 | 44°65 65°8 | 169:°19 | 89:30] 38951 1994 | 50°5 
1 19°81 82 | 55:17) 16961 | 82 5656 | 8359 | 59°38 
0-5 {| 21:99} 141 | 40°47) 17027 | 70-4 8364 | 4957 | 59°25 
On | 39:58) 3500) 14:21) 172-41 543-0" 7250 5457 | 31°64 
0 90°74} 498 56 | 174:29 O | 25240 0 0 

OT 
— L=10 

p- A. Ae é. e'. a. Pp. pe Hi. 

(e) @) 

oO 70:7 0 45 174:269 25000 0 0) 
99:9 | 70°6 “706 | 45 135-033 | 70°538| 24980 | 24-95 0-1 
499 | 705 1-41 45 135°05 | 70°36] 24970 | 49°61 0-2 
9:9 | 70:4 7:04 44°75 | 135°3 Co 24980 | 297°5 1:276 
49 | 70:0 | 14-0 44:4 | 135°5 68°6 25010 480 1:92 
0-9 | 676 | 67-6 420 | 185°7 60:8 25130 | 1634 6:5 
0-4 | 65:0 130 | 887 | 139°98 | 520 25360 | 3380 13:3 
Ol | 62:1 282 | 29:7 | 146°3 28:2 26980 | 3976 14-74 
O | 50 307 14:01 | 143°8 O 24250 0 0 

An examination of these Tables will suggest many experi- 
ments, and also will suggest simple general rules for all 
periodic currents. 
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It is to be observed that in the tables, 1000, A, A’, and a’ 
divided by 4/2 give the readings on dynamometers of the 
primary voltage and primary current and secondary current 
and secondary voltage respectively, or their effective values. 

Note that the lag e varies considerably from no load to small 
ordinary loads, but the lag e’ is always nearly 180°. And 
hence the secondary voltage and currents are almost identi- 
cally the same kind of function of time (only of opposite 
sign) as the primary voltage. To make this certain :—the 
general term in V, whatever V may be, may be written 

a,sintkt + b,cosikt, 
! and the general term in v’ is 

“ sin (kt —7) + teas (cki—7), 
s s 

where s is the same for all terms. We are here considering 
only the 7th term. 

Hvidently this is 
: a: par 

— “i sin ikt — 2 cos Die, 
s S : 

and it is to be noted also that the lag is more nearly 180° as 
es A Oe 2 : 
zis greater. Ihave here used & to represent — the reci- 

procal of t being the frequency. This is true also of the 
primary current when R’ is not great. 

With these tables before us, certain generalizations may be 
made in the formule given above. I assume, as in the tables, 
no magnetic leakage, so that M?=LL’. 

1st. When R’ is very great. Let 2 be written as k. 

2 
aR. raR+;, 

l=L, 
(ioe F2N1 2X2)... Jae 

= = ) +k? L?, 

a LR’ 
A= iy (i EME ara’ lane = TR EM? 

AS = = nearly, 

tane’= —k ne Pupp oF € nearly 180°. 
UR+ RBL+ Re” 

| 
| 
ree 

| 
| 
| 

i) 

(4) 
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Of course, if R'=, there is further simplification: 

r=R, i= VR? + FL, =, 1. nearly ; 
a 

AS RP + PL 
tan he P . €=90° very nearly, 

R 3 

_ Ma 
awe 

or e’ is nearly 180°. 
Hence, if the periodic function is not merely a simple sine 

function ; if R’ is very great, the primary current is a very 
different function of the time from the primary voltage, 
whereas the secondary current and secondary voltage are the 
same kinds of function of the time as the primary voltage. 

2nd. When RY very small: 

1 a 
A! =0, tandé=——. Ta 

k 

ah ae I, [=sLi, 1=0, r=R+ 4, i=R+7)R, | 
and | 

a | 
a ee tan e=0, Ce fe GD 

R+pk 

aM a 
A'=TR+ LR” tan € =(0, | 

Hence, in general, whatever be the law of current, both 
the primary and secondary currents, and therefore the secon- 
dary voltage, are the same functions of the time as the primary 
voltage, and to calculate their dynamometer readings is very 
simple. 

3rd. As a help to the memory, it may be remarked that 
the primary current is just what it would be if there were no 
secondary circuit and if the resistance and self-induction were 
ry and J respectively. 

When R’ is great, we have practically r=R and J/=L. 
When R’ is small, 

2p! re \ye2 

r=R+- and [=a + «| «he 

and as these do not involve the periodicity, we may say gene- 
rally, whatever be the law of change of primary voltage in an 
ordinary transformer, | 

V=rC+, 
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using the above values for almost no loads and for great 
loads. 

Ath. If we imagine no magnetic leakage, /=0, and we 
have 

> I 

for all kinds of current variation unless R’ is large. 
9 M 

Sth. We see that, except when R’ is great, A! =F A, 

a 
and when R! is infinity, A’=0, and A=E73 s 

for a very sinall range of small loads, we might expect the law 

a ae 
‘kL 

o that, except 

——— 

to be nearly true. 
This law is very easily tested by means of the Tables. 
Having seen, then, from the Tables the small inaccuracies 

of such a law, we might expect that generally 

Effective C=m+n x effective), . . . . (8) 
u 

_ however the fre- 

quency &ec. may alter, but m is a small constant which alters 
if the frequency alters. We should expect this law to be 
true when the secondary circuit is open, and also when the 
secondary current changes from small loads to the very 
greatest loads, and when it is short-circuited ; but for very 
small loads it is somewhat untrue. For all practical purposes 
it is true. 

6th. As, unless when R’ is very great, 

where nis constant and nearly equal to 

S 

es aM ba oP 
=P Rie: RL+ RL R+RS 

If R=Ro +p, then 

mS p 
a=a5. Se) 2 5 (8) 

Rot+p+Ry, 

This is Dr. Hopkinson’s rule for the drop in the secondary 
volts as the load increases, when the currents are sine func- 
tions of the time. An examination of my Tables will show 

Phil. Mag. 8. 5. Vol. 32. No. 195. August 1891. N 
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that this law is wonderfully true for all loads. From what I 
have already said, it is obviously the rule whatever function 
of the time the current may be, if it is rapidly alternating. 
That is, 

S 
Hffective Secondary _ Effective Primary me . (10) 

Voltage ee Voltage S? 

! 
\ 

In practice it is found that the secondary voltage ‘“ drops ”’ 
more rapidly than this law would indicate—a result which 
might have been expected, as we know that there always is 
leakage. 
May 26th.—When the above paper was being prepared in 

February last, not for publication, but to be handed about 
among my students to connect the results of their calculations, 
I asked some of them to repeat their calculations on the 
assumption that there may be magnetic leakage. ‘That is, 
taking the same values of all their coil quantities as before, 
assuming that there may be a little magnetic leakage. I did 
not expect very great differences from the old numbers, but 
to my astonishment there were very great differences. 

Thus, taking R=10 ohms, R='1+p, a=1000 volts, 
L=15 secohms, L'='15 secohm, two students have worked 
out what is the effect of magnetic leakage, Ist, when the 
frequency is 106 per second; 2nd, when the frequency is 
10°6 per second. In the first case, two tables were calcu- 
lated ; in the second case, four. 

No general mathematical expressions will show so forcibly 
the necessity for caution in neglecting leakage. 

Frequency 106 per second. M=i°50. 
No magnetic leakage. (Mr. Eliott.) 

| | | 

0 yf A é. él. a’. PL ae 

e) 

oo 41000 | 0 89°9 | 179-9394 |100 0850 0 0 
O90) a lenl2 -9991 | 44:97 | 179-9395 99°82 50-06 49-85 | 99-59 
49-9 -9232| 1:9965| 26:5 | 179:9395| 99:61] 99:95 99-45 | 99-49 
9-9 9956 9:913 | 0:05) 1799401 | 99:14) 497-8 486-4 | 97-70 
49 | 1:9630| 19-61 0 | 179-9409 96:08 981°7 9423. | 95:98 | 
09 | 9:09 90-95 0 | 179:9468) 81°85; 4545 3722 | 81-70 
04 | 16:67 | 1666 0 | 179:9519| 66:64) 8335 5551 | 6661 
ON esse | Sess 0 | 1799610) 33°33| 16667 5554 | 33:33 
OF 50 500 0 | 179:9708 0 | 25000 0 0 
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Frequency 106. M=1°'48. 
1} ieee cent. magnetic a (Mr. Hliott.) 

= Sa ee A Re 78 xp | Pa. | sah 
SSS el | —————— ——————— } — — —— — | 

| | 
«© | 1000! 0 | 899 | 179-939] 98-67 350-0) ho 

99°9 1412 ‘9808 | 46-4 | 181°5 98°49 48°61 48°54 99°70. 
49:9 ‘2228 | 1968 | 29°5 | 182°98 | 95°98 96°96 96°65. | 99°68 | 
SIS) ‘9627 | 9458 204 | 1948 93°63 |451:2 449°3 | 98-13 | 
ee HAL ilo 30°'4 = 20485 | 84:05 '750°8 as i | 96°01 | 
0-9 | 3370 |33°28 68:2 247°6 29°95 628-4 56 doen | 
04 3658 (36-11 7176 | 25733 | 1444 |392°8 ce | 66°37 | 
Ol 3726 36°78 83°7 | 263°55 3°678 | 204-4 Ie 53°75 | 26°29 
0 3730 3691 858 2657 0 }1369 | 0 | On| 
Ee oa ae | | RR, A 

Frequency L0°6 per second. M=1°50. 
No magnetic leakage. (Mr. Howitt.) © 

0 A A’ €. é'. ci tall 2 BY E. 

ao | 9995) 0  (|39-42707|179-42707 \l0o | 4-997; 0 0 
100 | 1:004 ‘9982 |83°725 |179:42764 | 99°32| 5493 | 49°815 | 90°77 | 
50 | 1018} 1:993 |78:133 |179:428203 | 99°65 | 104°7 99:33 | 949 | 
10 | 1°392 9-806 |44°7166 |179°43268 | 9806, 4949  480°7 Si 
5 | 2159) 19-23 (26-4833 |179:-48808 | 95:15) 9662 924°5 95°68 
4 | 257 | 23°81 {21°73 179°441 9524 95 Peeks. 94°85 
Sasa | ol 25:) loos (179°445 BIB7o| 1567 1464 93°47 
2 | 464 | 4544 |11°31 179°453 90°88 | 2277 | 2065 90°73 
1 8'°383 | 83°32 Dao (179°4748 83°32| 4171 | 38470 | 83:25 
0°5 14:3 |142°78 29416 179°5089 MESON 14 ie 5097 7139 
0-1 (33°34 |333°33 ‘766 =|179°61808 | 33°33 16668 5556 | 33°33 | 
0 |50 500 "28646 179°71352 0 25000 0 GO 

Frequency 10°6 per second. M=1:485. 
Magnetic leakage 1 per cent. (Mr. Howitt.) 

0 iN iN €. é (Ne | Ps 1B E, 

o» | 9995 | 0 189-427) 179-427] 99 4977) 0 0 
100 1:004 "988 | 83°836 17954 | 98°8 53°85 | 48°8 | 90°55 

50) | 1017 1:972 |78°37 | 179°65 | 986 | 102°6 97°25 | 94°75 

LO 395 9°705 |45°83 | 180°56 | 97-05} 485°55 | 470-95 | 97-03 

5) Ray 19:02 | 28°65 | 181-63 | 95-1 | 946 | 905 95:63 

4 | 2571 93°56 24:45 | 182:156| 94:2 |11705 | 1109°5 | 94:79 

3 | 3268 30°89 |, 20:23 | 183°005) 92-7 {1533 1432 93°4 

2 | 4-629 44°85 16°48 | 18463 | 89:7 |2219°5 2012 90°65 

1 8281 81°51 15:18 | 1889 81°5 3997 , 33215 | 83:1 

0:°5/13°79 =: |186°3. 18°85 | 195-41 | 68:15} 6525 4646 G2 

0-1 \27:37 275'8 34-44. | 213°29 | 27°58| 11490 38035 | 33-11 

0 (35°53 351°8 45°28 | 224-71 0 12500 0 | 0 
| j 

N2 
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Frequency 10°6 per second. M=1-425. 
Magnetic leakage 5 per cent. (Mr. Howitt.) - 

6: | Re Aon oe: a a’. P. ae, 15: 
Por + en | 

o | 9995 0 |89-427\ 179427;95 | 49971 0 | 0 
100 | 1-004 948 84268 179985 948 50 | 4494 | 898 

TF i=) i “I | 1°892 |79:253 | 180°54 | 94:6 
9°279 [50:18 | 184:9 92°8 

2-101 {17:99 (37-097; 190-07 | 89-9 
| 2512 22:08 [34°83 | 192°54 | 88:3 | 1031 975 94:57 

28:47 (33°66 | 196°436| 85:4 1305°5 |1216 93°12 
| 4-261 (89°62 35:3 203'44 | 77-2 17885 |1569°5 90:26 
6586 61°72 |45:05 | 218'776)| 61:7 | 23085 {19045 82°49 

5| 8379 \79°45 |57°59 | 284155) 39°77 2245:°5 |1578°5 
1) 9°822 (93°42 |74-01 | 252°865| 9:3 | 1353 436°3 3217 
|10-06 95°54 73°97 | 2584 | 0 | 962 0 0 

} 
I 

a eo OO Yo) 

xI 2 vo — 

(= 

SCOOHPNURMOCS 

ee — Qo GO 

) } 

Frequency 10°6 per second. M=1°35. 
Magnetic leakage 10 per cent. (Mr. Howitt.) 

0. Ate AAU te p56, | Ea a toe ae) ps [URES ie Be 

Ke) a) 

<0) 9990 | 0 89427 179°427| 90 | A OO TO 0 
100 |1:003 | -8981 |84:808 180°514| 89°81) 4541 4033) 88-82 
50 11017 | 1°793 |80°308 181596) 39°65} 85-6 80°3 | 93°77 
10 |1:372 , 8690 |55-287' 190-00 86:90 390°7 378 96°63 
5 |2:033 | 1631 (46°59 | 199°57 | 81:°55| 698:5 (6645 | 95-14 
4 {2358 | 19°51 (46:17 | 203-87 | 78:36] 814-5 . |768 94:25 
3 (2825 | 2429 (47°51 | 210-29 | 72:87) 954 884°5 | 92°72 
2 |3:5382 | 31-11 (52°36 | 220°5 62°22 |1078°5 (968 89°75 
1 (4494 | 40:22 (63°85 | 237-57 | 40:22) 990°5 '808°5 | 81-64 
0-5 |4:962 | 4457 (73:01 | 249-71 | 22°28) 719 4966 707 

| O'1 15-205 | 46°84 (82:02 | 261:02 | 468)| 3548 (109°7 | 30°91 
| O (5237 | 47:13 18456 | 26399 | O | 24892 Osa a0 

To show the eftect of even a magnetic leakage so small as 
one-tenth of one per cent. Let y=001, where 

M= VLL(—y). 

Taking, as before, L=15, L'=:15, LL/—M?=4-5y, 

M?R’ Nh cal 
eee n= RR + pe aht+ 100 R nearly, 

2 
ae = 30y='03. 

Take V=1000 sin kt, where k=1000, and therefore the 
irequency is 159, we have the following results :— 

(=L— 
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i 
: : C if there is a leakage ' 

1h C if there is ne of one-tenth of i 
magnetic leakage. : | 

one per cent. il 

hE ae es Le phe 

1 9-0909 sin At. 8-79 sin (it —159). ' 1 

5 16°6667 sin At, 14-907 sin (At —27°). 
i 

2 33-333 sin It. 23:57 sin (kt—45°). 

aT 50 sin Av. 27-74 sin (kt—56°). 4 
iy 

So that even wnen the leakage is so insignificant as this, its 
eftect is very marked when there is a heavy load on the | 
transformer. Of course, the secondary current and secondary | 
voltage would exhibit the same kind of discrepance. q 

I do not know how much magnetic leakage there may be | 
in an ordinary transformer ; and indeed my present purpose | 
is only to show students that as there is always some leakage, | 
it ought to be taken into consideration. | 

I think it impossible that the leakage should be less than one | 
one-thousandth of the whole induction. That is, that ‘001 of | 
the whole induction produced by the primary escapes the | 
secondary coil, and 001 of the whole induction produced by | 
the secondary escapes the primary. The result is practically | 
the same as if I said that ‘0005 of the primary escapes the | 
secondary, and 0015 of the secondary escapes the primary. | 
Now, taking a current of frequency 159 with the above- 
mentioned transformer, let the primary voltage be 

V=q, sin (1000 ¢-+,) +.ay sin (2000 t+ ay) +a sin (30008 + ag) _ |= 
+a,sin (4000 t+a,)+ Ke. ! 

If there were no leakage, the primary current would be 
with great exactness, if R/=1 ohm, ! | 

g= 110 sin (1000 ¢ + a) + —. sin (2000 ¢ + a) . 
110 

4+ ad sin (3000 t + 3) + a sin (4000¢t+4,)+ &e. | 
Whereas with only one-tenth of one per cent. of leakage, the 
primary current is 

| eee Q 
| 

C= io (1000 #+a,—15°) + oe i953 80 (2000 ¢ + 4,—28°6) | 

Cea 
: 

+ wis (3000 ¢ +a@,—39°) + ain (4000 t+ a,—48°) + &e. | 
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The higher harmonics diminishing more and more rapidly, 
and having greater and greater lag. 

In the light of our general expressions (2), it will be seen in 
1_ ye 

the third statement and (6) that oe 

sultant coefficient of self-induction in the primary coil, unless 
WR’ 
L? ‘ 

Hence, unless the leakage is very small indeed, or very great, 
it is obvious that the primary current cannot be a periodic 
function of the same kind as the primary voltage. The 
Tables and expressions show that this is also the case with the 
secondary current. They also show that the secondary and 
primary currents are nearly the same functions of the time, 
although opposite in sign, and that they are nearly propor- 
tional to one another. 

All necessary general rules suggested by the Tables are 
easily worked out from the formule. But the suggestions 
are such that it is evidently worth while to treat the subject 
more generally, and those who are interested in symbolic 
methods, as employed in linear differential equation work, 
may prefer to see the equations written as 

V=(R+Lé)C+MeC, . . . . (YD 
O=M0C+(B/+L/a)C,. . . . (1%) 

rather than in the usual way. Hence 

represents a re- 

for exceedingly small loads, and the resistance is R+ 

Me 
= 

C=RA+ (RUFRDe+ (ame + (8) 
2 (R’+ 1/6) 

C= "RR (RIS WL) we? 
d oun 

where @ stands for WE? and 6 for 7p 

These values are true for all kinds of currents, and any two 
circuits, whether there is iron present or not. We know 
that on a transformer L and L/ are practically proportional 
to P? and S$’, and M is nearly = VW LL’. 

From (3) and (4) at every instant, 

ee LO. eae, —C= == =(a9+ 1)" Recs 

This result is of course derivable at once from equation (2). 
If R’ is small, 

Ibe 

LO =O" C= 70: 



Study of Transformers. 183 

and even when R’ is not small, for frequencies and sizes of 
. e R’ e . . e 

iron usual in transformers, the term =, 1s insignificant. 
Mée 

Tal 

In fact, the term ate even when R’=o is merely the 

small value of G when the secondary is open, being then 

Rae We may say then that it is true for all practical 

purposes that Effective C=m-+nx Effective C’, where n 
Frid 

is nearly yo : , m being a small constant which depends 

upon frequency, Xe. 
If R! is small, or the loads are the usual loads on trans- 

formers, 
‘ ay 

Oo Sse ay MA NP gy tae (16) 
M Mia 

C be (17) Ue. ee R+R 7+ 0 

Generally, then, unless when there is a very small load on 
the transformer :— 

The secondary current is the same as if the primary voltage 
acted in one circuit of resistance 

RL + RIL S le 
ee ce 

!_ VP 
and self-induction a, there being no other circuit ; 

and the primary current is as if the primary voltage acted in 
one circuit of resistance, 

2 

R+Ry, or R+R = 
1 

and self-induction | When R! is ©, of course C 

is as before, the current in a circuit of resistance R and self- 
induction L, V being the voltage and C/=0. 
ae M=v/LLU(1—y), y being small, we may write 

as 

+2Lyé 
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If, then, we can neglect 2Ly0, we have the law when 
there is no leakage (9). But when 2Ly@ cannot be 
neglected, of course the effect of it is to make the secondary 
voltage fall off more quickly as the load increases than would 
be indicated by formula (9). This I find shown by such 
actual experimental results on transformers as I have at 
command. 

As I have already said, when we assume no magnetic 
leakage, it is of no importance whether we assume that per- 
meability is constant or not, or whether there is hysteresis or 
not; the results given by (2) have been shown to be practi- 
cally correct for such frequencies and amounts of iron &c. as 
are usual in transformers. 

But if there is leakage y, and if mw and therefore L varies 
from instant to instant during a cycle, it is certain that 
y will alter in an inverse way. Making, then, the very 
unnecessary assumption that there is hysteresis in a trans- 
former, it is obvious that Ly will not vary very much during 
a cycle, and the results of calculation will not be very dif- 
ferent from what they are on the assumption that mw is con- 
stant. I have elsewhere given reasons for assuming that there 
is really no hysteresis in transformer working. 

Taking the sizes of iron and other dimensions of any 
working transformer, and using them for calculating such 
tables as I have given, it will be found that on calculating 
the true power P given to the primary coil and comparing it 
with W, if W is 

Effective Primary Volts x Effective Primary Current, 
Le ae é 

then w nearly 1, even when the load is rather 

small, and may be said to be exactly 1 for ordinary and all 
greater loads, if there is no magnetic leakage. But if there 

is magnetic leakage, — is, as before, much less than 1 for 
W 

very small loads, getting greater with the load until for heavy 
loads it reaches a maximum value, and for very heavy loads 
diminishes again. But it is always less than 1, and is less 
and less at its maximum value as the current departs further 
from a simple sine function of the time. In Mr. Hhott’s 
two tables, 

W = COS €, 

and without magnetic leakage ¢ is 0 for nearly the whole 
range of load—that is:—If there is no magnetic leakage, the 
power given to the transformer is obtained by multiplying 
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effective primary volts by effective primary amperes. But 
when there is magnetic leakage, this rule is wrong. The 

ratio of for example, in the second table is never greater 
iF 
Ww” 

than cos 20°. Such experimental results as are at my com- 
mand confirm my view that 

Effective Primary Volts x Effective Primary Amperes 

give a result always greater than the true power, even for 
very great loads; a result to be expected if there is con- 
siderable magnetic leakage. 

XXVI. Mr. Blakesley’s Method of Measuring Power in 
Mransjormers., by Prot dk Parry, F.RSS.* 

R. BLAKHSLEY’S method of measuring the power 
given to the primary coil of a transformer becomes 

more important the more it is studied. Mr. Blakesley proved 
it to be correct if currents followed the simplest periodic law; if 
there was no magnetic leakage; if magnetic permeability was 
constant. Any person who has used Fourier’s theorem knows 
that if Mr. Blakesley’s rule is right for a sine function, it 
must be right for any periodic function whatsover; as any 
periodic function may be expressed in sine functions, and 
each of these enters into the equations as if it were alonet. 

* Communicated by the Physical Society: read May 22, 1891. 
¥ This assertion was challenged in the discussion. Perhaps I ought 

to have explained myself more fully. At the time I happened to be 
working with Fourier’s Series very much, and I lost sight of the fact 
that what was very evident to me might not be evident to others. 

If f= ae (a, sin kt 6, cus tht), 

and y= A (@, sin kt-+-8; cos tkt), 

where ee and ris the periodic time, then the average value of xy 
T 

between the limits 0 and 7 is 

52(a; #;+6;8;), 

and does not involve any term such as a; &, or 6; 8,; that is, into the 
expression for the average value each term of the Fourier’s Series enters 
just as if there were no other terms. Nearly all practical Electrical 
Engineers are in the habit of ignoring calculations which assume that a 
current is a sine function of the time; they say that such calculations 
are useless because the current never is a true sine function of the time. 
I have here given one of many examples which might be given in 
which a proposition concerning any periodic function need only be 
proved for one of the Fourier terms of that function. And in all cases, 
the result of the study of a sine function is at once applicable to any 
periodic function whatsoever. 

Se 
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Prof. Ayrton and Mr. Taylor have proved the method to 
be correct for currents of any periodic law, the permeability 
varying in any way whatever. But they make the assump- 
tion that there is no magnetic leakage. 

I believe that it was Dr. Hopkinson who, in his paper read 
before the Royal Society on March 10th, 1887, first departed 
from the old-fashioned way of treating mathematically the 
equations concerning currents in neighbouring coils, and he 
has been followed by everybody else who has written upon 
that subject since. Some writers of eminence have given, and 
incompletely, Hopkinson’s investigation, evidently not having 
seen his paper. In my opinion the usual method is somewhat 
misleading. Assuming no eddy currents in the conducting 
part of a transformer, the equations written in the old- 
fashioned, and in what I venture to say is the only correct 
way, become 

Vaart Le te (1) 
O= RC + MC+ LC 

Here V is the voltage at the terminals of the primary cir- 
cuit, R its resistance, C its current, and IL its coefficient of 
self-induction. R! is the resistance of the whole secondary 
circuit, in which we assume no independent electromotive 
force; C! is its current, L' is its coefficient of self-induction, 
and M is the mutual induction between the two circuits. 
It may be well to state that, using amperes, volts, and ohms:— 
If P and 8 are the numbers of windings of the primary and 
secondary respectively; if a is the cross section of the iron 
in square centimetres, X the average length of the complete 
iron magnetic circuit, and yw the permeability (being about 
1500 in ordinary transformer working), we may take it that 

= ple 
L=P p Wana i) 

1 qo te 4 i= 62 ene 

and if there were no magnetic leakage—that is, if all the 
field due to a primary current through every single winding 
of the primary passed through every single winding of the 
secondary, then M= VLU, or 

peo Me BS 2) 10: 

But there is always some magnetic leakage, and it fills me 
with astonishment that so many investigators should assume 
that a little leakage makes no difference. 
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To get an idea of the importance of even a little leakage 
let us eliminate C, from equations (1) and we have the 
result 

M LL'—W. 
V—RO-R 0 + gee. rrstd tekiaiiel tus, 102) 

The usual assumption that if LL’ only differs by a very little 
from M? the error is unimportant, is seen to be inadmissible 
when we consider how great a value C sometimes may have 
in comparison with C or C!. Thus, for example, in a trans- 
former with which I have had something to do experiment- 
ally, L=15, L’'=0-15, R=10, and M is very nearly 1°5; so 
that (2) becomes 

Vi AOE 10R0'4 (15-7) 6. 

Now, to take the very simplest kind of periodic current, 
and the one for which the above wrong assumption is least 
wrong, and a frequency of 106 per second—writing, in fact, 

C=A sin 10004, 
we know that 

C=1000 A cos 1000 ¢. 

So that, even if M differs only by 1 per cent. from what it 
has been assumed to be, that is, if there is only 1 per cent. of 

2 

magnetic leakage, the neglected term (15 _ ae becomes 

. art : 
419 “apie? 

or 0°3C, or 300A cos1000¢. In fact, the neglected term 
becomes thirty times as important as the important and 
certainly hitherto non-neglected term RC in the equation. 
Now in no case is the current truly a sine function of the 

time, and any departure from this simplest kind of periodic 
current makes the error of which I speak much greater.* 

of the value 

* As an example, one of many worked out by my students at Finsbury 
during the last few years: taking the sizes of iron from a certain Mordey 
transformer which | have occasionally used ; assuming permeability con- 
stant and no eddy currents in copper or iron; assuming currents to be 
true sine functions of the time. If V is voltage at terminals of primary, 
primary resistance 10 ohms, internal secondary resistance 0°1 ohm, out- 
side resistance of secondary in ohms heing called p; self-induction of 
primary 15 secohms, self-induction of secondary 0°15 secohm; assum-~ 

ing V in volts=1000 a t, and taking frequency 106 or r=1+106 =) ss y 

second, it is quite easy to calculate to any number of places of decimals 
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Of course, any self-induction in the outside part of the 
secondary circuit will produce the same effect as a leakage in 
the transformer itself. : 

The interesting fact to which I wish to draw the atten- 
tion of members of the Society is this, that however great 
may be the magnetic leakage, Mr. Blakesley’s method is still 
correct if magnetic permeability is assumed constant during 
a cycle. Multiplying equation (2) by C we have 

M ae eM? 
vp, CO a — CCl ae 

Integrating for the whole periodic time and dividing by 

VO=RO"—) 

that may be desired, the amplitudes and lags of the primary and secondary 

currents, and indeed all other magnitudes involved. The graphic method 

of working is evidently quite out of the question. i 
My students have for several years made calculations of this kind, 

obtaining tables of values for various frequencies and amounts of iron in 

the transformer, and they are exceedingly instructive. Until such tables 

are compared with actual experimental results, it seems to me that 

debates as to the effect of hysteresis consist merely of assertions having 
no physical basis. i 

For my present purpose I will give part of two tables calculated by 
Mr. Eliott, one of my students. ‘Taking the above values :— ‘ 

Ist. If we assume that there is no magnetic leakage. In that case 
M= VLUL'=1'5 secohms. Using this value of M we get table I. 

Ond. If we assume that there is a little magnetic leakage, say one and 

one third per cent., or that M=1°48 secohms. Using this value of M we 
get Table I. 
Now it is perfectly certain that there is some magnetic leakage, always ; 

but it is rather difficult to say just how much there may be. I have 

here assumed in taking M=1°'48 instead of 1°50 that 13 per cent. of the 

total induction due to the primary coils does not pass through the 

secondary coils, and that 13 per cent. of the total induction due to the 

secondary coils does not pass through the primary coils. This number 

has been taken at random. 

The meanings of the letters used at the heads of the various columns 

are these :— 
i _ 29 

Tf V=1000 sin = ¢, 

2 
C=A sin (Fr-«), 

T 

2 
C’'= A’sin (= t=e! ), a 

a) Y 2ar i] VW Vi a-sin (= t—e ) = ; 

P=average power given to primary, 
P’=average power given out by secondary. 
Percentage efficiency=100P'/P. 

Evidently V' is the voltage at the terminals of the secondary circuit. 
Angles of lag are given in degrees. 
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this time—that is, taking the average value of every term in 
(3) it is to be observed that 

Da oO. a= Sik C=O =|) Cr. di— -\ : Scie) 

if Cy is the value of C at the beginning and end of the period; 

and hence, as n=5 very nearly, 

ie 
Average VC=average RC*—average re CQ. 

If either C or C' were the current in a non-inductive 
circuit, a great error would be introduced by endeavouring 
to measure the average product by the split dynamometer 
method; but there is no such error here. 

Hence Mr. Blakesley’s method is correct, however great 
may be the magnetic leakage. It must be remembered, how- 
ever, that I have neglected eddy currents in the copper and 
iron; and [assume magnetic permeability to be constant during 

Now at full loads on this transformer it is perfectly obvious that 
currents, lags, and powers are immensely altered by this small amount of 
leakage which I have introduced as possible. The currents are ten times 
as great, and the lags are utterly different from what they have been 
supposed to be. , 

TaBLE I.—No Magnetic Leakage, or M=1'5. 

| 
(Oss ACT ho CAL ee a |e" et é', 12 PES EE aies ee a. 

| 

| 1) Oo 

ao 01000 | O 89°9 | 179°9394| -0850) 0 0 100 
999 | 01412 | 0:9991| 44:97 | 179-9395! 50:06 | 49°85 | 99°59 | 99°82 
49-9 | 0:2232 | 1:9965| 26°50 | 179-9395) 99:95 | 99:45) 99:49 | 99°61 
99 | 0:9956 | 9913 0-05 | 179°9401/497°8 [486-4 | 97-70, 99-14 
On 1-960) | 1961 0 179:9409/981-°7 |942°3 | 95:98) 96-08 
V9) 9:09 90:95 0 179°9468, 4545 | 3722 | 81:70) 81°85 
04 |1667 |1666 inal) 179'9519) 8335 | 5551 | 66°61 | 66°64 

0 
0 

O01 [3333 [8333 | 179:9610} 16667 | 5554 | 33°33 | 33°33 
De a 500 | 179-9708) 25000| 0 0 0 

TaBiLe IT.—One and one-third per cent Magnetic Leakage, or M=1°48. 

Fa a A’. et ‘oho Wen P. ps Bite. Gh 

(2) ie) te) 

| © “1000, 89°9 | 179-939 085 | O 0 100 
999 | 1412) 09858; 46-4 | 1815 | 48-61 48:54 99°70 | 98°49 
49:9 | -2228) 1-968 | 29:5 | 18298 | 96-96 96°65 99°68 | 95°98 
99 | 9627; 9458 | 204 | 1948 |451-2° | 442-8 | 98-13] 93-63 
49 |1-741 | 1715 | 30-4 | 204-85 |750°8 =| 720°7 96-01 | 84-05 
09 3370 | 33:28 | 682 | 247-6 | 628-4 498°2 79°27 | 29°95 | 
O04 (3658 | 3611 | 77-6 | 257:33 | 392°8 260°7 | 66°37 | 14°44 | 
Ol |3'726 | 36-78 | 83°7 | 26355 |2044 | 53°75 26:29] 3-678 
0 3789 P3691 1 858 | oo neeise9 §=|"0 | 0 OF 
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acycle. If Ihad time, I could show that in alternatin g-current 
calculations there are other very important uses of the fact 

T+t ; 

that vu .dt=0, if # is any periodic function of the 

time. 

Added May 23rd, 1891. 

In the discussion of this paper it was obvious that I had 
not at sufficient length made known what I meant by magnetic 
“leakage.” It was owing to this, no doubt, that my introduc- 
tion of the idea of the importance of leakage was looked upon 
asacademic merely. Again, my use of the symbols L, M, and 
L' did not seem to be understood, nor what they had to do 
with a transformer. It is therefore necessary that I should 
say more fully, but not more definitely than in the paper, 
that as M is always less than /LL’ owing to magnetic leak- 
age, I define leakage as the value of y where 

M=(1—y) VLU. 
We »4 

Hence, if L=P = a 

M=PSm(1—y). 
Again, the method of treatment to which I object is to 

state the equations as 

or P*m, say, then Li=S’m and. 

dl 
if os RG P 

\ —. C dt 3 e e e e ° e ° (1) 

dl O=RC +See eee 

I affirm that the induction I of equation (1) is a. very 
different thing from the I of equation (2). As the old Max- 
well method of writing the equations does not seem to be 
understood, I wish to make it clear that if I did use the 
induction I would use I in equation (1) and I, in equation (2), 
where 

Ibp=PmC+8mi—y)C," 
I,=Pm(1—y)C + SmC'. 

This is assuming that the number of ampere-turns which 
produces the effective induction through the primary is 
PC+S8C'(1—y); and the number of ampere-turns which 
produces the effective induction through the secondary is 

PC(1—y)+SC'. 

In fact, as I stated clearly when reading the paper, y is the 
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fractional portion of the field due to primary current which 
escapes the secondary winding, or it is the fractional portion 
of the field due to the secondary current which escapes the 
primary winding. The reasoning is the same even if a small 
difference be supposed to exist between the y of the first and 
the y of the second equation; that is, if Mis not the same 
in the two circuits. I submit that in the absence of any 
prior definition of ‘‘leakage”’ this is simple and reasonable. 
Dr. Sumpner’s “leakage” is a very different thing. He 
said, let 1, =I,(1+.2), then x is the magnetic leakage. 

Of course, on any reasonable assumption of alterations in 
#, the permeability of iron, or on the most reasonable assump- 
tion that w reaily is constant during a quickly-performed 
cycle, Dr. Sumpner’s # varies greatly during the cycle. I 
cannot give a physical meaning to z. My “leakage” y does 
not vary if w is constant during a cycle, and I have given a 
perfectly definite physical meaning to it. 

It may be well to add, here, why I think it reasonable to 
assume mw constant during a cycle. 

1st. I have shown that if there is any leakage, the use of 
equations (1) and (2) is quite unreasonable. 

2nd. If there is any leakage, it is impossible to treat the 
subject mathematically unless some assumption is made con- 
cerning p. 

ord. It is quite certain that the law of variation of # when 
the cycle is very slowly performed must be quite different 
from the law when the cycle is very quickly performed, as it 
always is in practice. 

4th. The analogies between magnetic stress and strain and 
ordinary stress and strain in materials are well established. 
Now every material exhibits strain hysteresis when slowly 
loaded and unloaded, and exhibits no hysteresis whatever 
when the loading and unloading are very quickly performed. 
Hven the most inelastic of materials will transmit a musical 
note unchanged. Hence for years I have taught my students 
to look upon magnetic hysteresis as very important when 
cycles are slowly performed and as unimportant when cycles 
are very quickly performed. Unless on this assumption, how 
is it that there is so little heating of the iron of a transformer 
by hysteresis even when transforming the largest amounts of 
energy ; and such heating as there is must be partly due to 
eddy currents. JI therefore maintain that ~ constant during 
a cycle (and this means that my “leakage” is constant during 
a cycle) is the only reasonable assumption that can be made 
in the present state of our knowledge. 

But even if this reasonable assumption of no hysteresis and 
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of the constancy of w during a cycle be denied me, and if I 
LL'—M 

must assume the possibility of its being wrong, still ae 

must be more nearly constant than mw; for it is equal to 
2Ly. And if w increases and therefore L increases, y will 
certainly diminish, and if L diminishes y will certainly 
increase. 

XXVIII. The Theory of Magnetism and the Absurdity of 
Diamagnetic Polarity. By J. Parxsr, W.A., Fellow of 
St. John’s College, Cambridge *. 

(eas most unsatisfactory part of the theory of magnetism 
is that which refers to the so-called diamagnetic 

bodies. This part of the theory is so beset with absurdities 
and contradictions that it is necessary to examine it closely 
and to point out the true explanation of the behaviour of 
the so-called diamagnetic bodies before we can give the 
general theory. 

I published a short and somewhat premature paper on dia- 
magnetism in the Philosophical Magazine for May 1889. 
A few weeks afterwards my ideas on the subject had ripened 
into their present form; but I determined to publish no more 
about it until after the appearance of my book on ‘ Elemen- 
tary Thermodynamics,’ which I was then intending to write. 
Finding, however, that my book was not likely to be finished 
as soon as I had expected, I published a second short paper 
on diamagnetism in the Philosophical Magazine for July 
1890, which I thought would be sufficient to explain my 
ideas until I could give the subject the attention it deserved. 
My second paper on diamagnetism was criticised, as I have 

since found, by Dr. Lodge with a great display of rhetoric 
in the next number of the Philosophical Magazine; but I 
was then so occupied that I did not see or hear of the criticism 
until the following November. When I then came to read 
it, I did not find anything which required me to. modify any 
of my ideas on the subject in the slightest degree, and I 
concluded that Dr. Lodge had misunderstood my paper. 

It is now proposed to consider the subject carefully and 
completely, by which means, it is hoped, the disputed points 
will be settled to the satisfaction of everybody. In so doing, 
I shall endeavour to prevent all misconception by making 
my arguments as clear and simple as possible. For this 
reason | shall employ none but the simplest mathematics, 

* Communicated by the Author. 
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and shall avoid unnecessary references to the physical theories 
of magnetism. | 

To begin, the property which distinguishes the so-called 
diamagnetic bodies (like bismuth and copper) from the other, 
or paramagnetic bodies (like iron), is shown 
by the following classical experiment. A Hig. I. 
small bar, A, of the substance to be experi- 
mented on, is hung by a thread between the 
poles, NS, of a powerful electromagnet and 
then the magnet is excited. Ifthe bar A be 
one of the so-called diamagnetic substances, 
it will set its length at right angles to the N pss 
line joining the two poles of the electro- Hel [s_ 
magnet, as shown in the second accompany- fs 
ing figure, which is supposed to be a view as 
seen by an eye looking from above. If, however, the bar A 
be one of the paramagnetic substances, it sets its length 
along the line joining the two poles of the 
electromagnet, Fig. 2. 

Instead of taking the above fundamental ; : si IN 
experiment as our starting-point, I prefer, NJ | (s. 
for the sake of simplicity, to take another 
which is easier to understand. The second 
experiment has not yet been performed ; but it is admissible 
to make it the basis of our discussion, for not only is it equiva- 
lent to the classical experiment described above, but the 
inferences drawn from both will be the same. 

In our ideal experiment, we take a powerful electromagnet 
whose poles are at a considerable distance apart, and hang a 
small piece, M, of the substance to be 
tested by a thread near either pole, P, of Fig. 3. 
the electromagnet. Then on exciting 
the magnet, it is found that if M be a 

‘piece of iron, it is drawn nearer the bs 
pole P, while if it be a piece of bismuth, 
it would be driven Farther away from it. A = 

The so-called explanation which is 
usually given of these phenomena may be divided into two 
parts :— 

(a) It is supposed (that is, assumed) that the pressure of 
the air is strictly uniform all over the surface of M, from 
which it would follow that the pressure of the air can have 
no influence in causing the body M to approach or recede 
from the excited pole P. 

(0) It is then supposed, as a necessary consequence, that 
when the electromagnet is excited, a piece of iron is attracted 
to the pole P, and that a piece of bismuth is repelled. 
Pio Magu. 0. N ole o2, Nomis: August i391.  “O 
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Experiments, which need not here be described, have been 
made with many solids and with liquids and gases, from 
which it is inferred that all substances are susceptible to 
magnetic influence, and it is supposed necessary to divide 
them into two classes: paramagnetic, those which, when 
placed near one pole of a magnet, are supposed to be attracted; 
diamagnetic, those which, under the same circumstances, are 
supposed to be repelled. 

I first of all deny that (a) can be correct. For let an 
ideal right circular cylinder PQRS, indefinitely small in all 
its dimensions, be described in the air anywhere near the 
pole P of the electromagnet such that at no point within the 
cylinder is the magnetic force at right 
angles to the axis of the cylinder. Also let Fig. 4. 
the ends PQ, RS of the cylinder be normal 
sections and suppose that the radius of each 
is indefinitely small in comparison with the R 
length of the cylinder. Then since, in the ee 
state of equilibrium, the pressure of the mag- 
netized air on any surface is evidently 
normal to that surface, just as if gravitation 
were the only action at a distance, it follows that the pressure 
of the air, per unit of area, at the end PQ of the cylinder is 
not the same as the pressure at the end RS. Thus in the 
space around the excited pole P, the pressure of the magne- 
tized air varies from point to point, and therefore the assump- 
tion (a) cannot be correct. 

The explanations (a) and (0) must therefore be modified 
as follows :—It must be admitted that in the above experi- 
ment the pressure of the magnetized air is not quite uniform 
over the surface of M, but it may be supposed that the 
resultant pressure is so small in comparison with the action 
ef the pole P that it is still necessary to divide bodies into 
two classes, viz. those which are attracted by the pole P, 
and those which are repelled by it. 
Now if we recollect that the so-called diamagnetic bodies 

(like bismuth), which, when the magnet is excited, recede 
from the pole P, are caused to do so by a foree which is 
evidently very minute, it will be easy to show that a very 
slight inequality (too small to be detected) in the pressure of 
the air on the surface of M is quite competent to produce the 
phenomena observed. Diamagnetic bodies may therefore be 
really attracted to the pole P, and only caused to recede from 
it by an excess in the pressure of the air on the side of M 
next to P over the pressure on the side remote from P; just 
as a balloon is attracted to the earth and only caused to 
ascend by the pressure of the air. 

Q 
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To make our argument simple, let us suppose that in our 
ideal experiment the body M is a cube each of whose edges 
is one centimetre, and let it be hung so symmetrically with 
respect to the magnet pole P that it is only on the face Y, 
next to P, and on the opposite face 
Z, that the pressure of the air need Fig. 5. 
be considered. Also, for the sake 
of simplicity, let us suppose the 
pressure to be uniform over each of iy iM: 4 
these faces. Then if the pressure of = 
the air on the face Y exceed that 
on the face Z by the 1000th part of an atmo, the resultant 
pressure tending to drive M away from P will be rather over 
1 gramme weight. If M be of bismuth, the most strongly 
pronounced of the so-called diamagnetic substances, the mass 
of the cube will be nearly 10 grammes. The resultant pressure 
of the air is therefore about 75th of the weight of the cube. 
It will, therefore, be capable, in one second, of generating 
in the cube a velocity of 98 centimetres per ’ second, and of 
causing it to move from rest through 49 centimetres. In } 
of a second, it would generate in the cube a velocity of 24°5 
centimetres (9°6 inches) per second, and cause it to move 
through 3 centimetres (1*2 inches). If the pressure on the 
face Y exceed that on the face Z by the 10,000th of an atmo, 
the resultant pressure tending to drive the cube away from P 
will be about the =} 5th part of its weight. This would be 
sufficient, in one second, to give the cube a velocity of 9°8 
centimetres (3°8 inches) per second, and to cause it to move 
through 4:9 centimetres. In 3 second it would give the cube 
a velocity of 4°9 centimetres (1°9 inches) per second, and 
cause it to move through 1:2 centimetres (-46 inch). 

The preceding calculations may well throw doubt on the 
common theory of diamagnetism, but the theory has still one 
apology left. It is found that diamagnetic bodies retain 
their characteristic property in a comparative “ vacuum” of 
2 or 3 millimetres of mercury (say the .)5th of an atmo). 
To explain this, we have only to observe that if, in our ideal 
experiment, the attraction of the pole P on the body M were 
strictly zero, the body M would be driven away from the 
excited pole P by the pressure of the air however good the 
“vacuum ” might be, short of absolute perfection. Hence if 
the attraction of P on M be not strictly zero but exceedingly 
small, it will be necessary to reduce the density of the air 
very nearly to zero before this attraction can make itself 
manifest. 

Having now shown that the common notion of diamagne- 
O 2 
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tism rests on insufficient experimental evidence, or rather, 
on none at all, | may add that no one has ever attempted 
to support the notion by theory. This will prepare the way 
for my alternative idea, based on theory, that every substance 
placed near one pole of a magnet is attracted by the pole 
when the magnet is excited and can only be prevented from 
approaching the pole by some antagonistic cause, such as 
the pressures exerted by the contiguous objects. In the 
common theory of diamagnetism, it is supposed that bismuth 
is more powerfully repelled by a magnet pole than any 
other substance; according to my theory, bismuth is more 
feebly attracted than any other substance. 

' Before giving the theoretical grounds of the new theory, 
I cannot help observing that those who think the old theory 
of diamagnetism sufficient, should try to prove that the 
ascent of a balloon in the air is due to the diagravitational 
repulsion of the earth. Those who accept the new theory, 
will be content to regard diagravitation and diamagnetism as 
companion absurdities. 

I was first led to reason theoretically on diamagnetism 
by reading the following remarkable article in Prof. Tait’s 
‘Sketch of Thermodynamics’ :—“ The commonly received 
opinion, that a diamagnetic body in a field of magnetic force 
takes the opposite polarity to that produced in a paramagnetic 
body similarly circumstanced, is thus attacked by Thomson 
by an application of the principle of energy. Since all para- 
magnetic bodies require time for the full development of their 
magnetism, and do not instantly lose it when the magnetizing 
force is removed, we may, of course, suppose the same to be 
true for diamagnetic bodies ; and it is easy to see that in 
such a case a homogeneous non-crystalline diamagnetic sphere 
rotating in a field of magnetic force would, if it always tended 
to take the opposite distribution of magnetism to that acquired 
by iron under the same circumstances, be acted upon by a 
couple constantly tending to turn it in the same direction 
round its centre, and would therefore be a source of the per- 
petual motion.”’ 

This argument, which, for some unaccountable reason, seems 
to have been entirely neglected, requires to be slightly mo- 
dified; for no notice is taken of the frictional resistance of the 
air to the rotation of the sphere, and it is not shown that the 
motion supposed to be thus derived in unlimited quantities 
may not be due to the absorption of heat at one temperature 
and its partial rejection at a lower. These defects may be 
obviated by supposing the sphere placed in a “ perfect 
vacuum,’ and making provision to prevent the system 
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absorbin g or giving out heat except at some constant absolute 

temperature @. Also, for the sake of simplicity, we may 
suppose the sphere connected with mechanism, on which it 
does just so much work that its angular velocity of rotation 
remains constant. Under these conditions the system will 
assume an invariable state. If we then ‘suppose that W is 
the mechanical work done on the system in any time, and Q 
the amount of heat absorbed, the principle of energy will 
give, since there is no change of state, 

W +Q=0. 

Now since work is obtained from the system, W is negatiy e. 
We see, therefore, that Q is positive. 
But by ‘Carnot’s principle, we have 

2, or Q<0. 

Thus Thomson’s ideal experiment is inconsistent with both 
the principle of energy and with Carnot’s principle, and the 
hypothesis of diamagnetic polarity is therefore disproved. 

The argument adopted in the two papers | have published 
on diamagnetism in the Philosophical Magazine is only a 
modified form of Thomson’s, but possesses the advantage of 
simplicity. It may be described thus: Take a piece of bis- 
muth (or of any of the so-called diamagnetic substances) and 
place it within the action of a strong steel magnet whose 
poles are so far apart that only one of the poles, Py say, exerts 
any sensible force on the bismuth. Then let the steel magnet 
be made immovable, and suppose the piece of bismuth held 
by a pair of pincers, or in some other way, so that it can 
either be kept at rest or moved about at will. Next, let the 
air be exhausted in the space about the bismuth until the 
“vacuum” is perfect, and, lastly, let means be taken to pre- 
vent the absorption or rejection of heat, except at some constant 
temperature 0. 

If the piece of bismuth is held for some time in any posi- 
tion X and then suddenly moved to a new position Y, 
nearer to P, the magnetization of the bismuth will, of course, 
become ultimately stronger in the position Y than it was in 
the more remote position X; but, since magnetization re- 
quires time for its dev elopment, the change of position may 
be effected so rapidly that the magnetization of the bismuth 
has scarcely time to alter before the new position Y is reached. 
We thus see that the amount of mechanical work which can 
be obtained from the system of the steel magnet and the 
piece of bismuth during a given change of position depends, 
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among other things, on the speed at which the change of 
position is made. Suppose then, if possible, that the bismuth 
is repelled by the pole P, and let the system be made to 
undergo the following cycle of operations in two different 
ways :— 

(1) When the piece of bismuth is in equilibrium in any 
position X at the uniform temperature 0, let it be moved to 
some other position Y, nearer P,so slowly that at every point 
of the path the bismuth is magnetized to the full extent and 
the temperature constant. The work done on the system in 
this operation will be positive, and may be written W. 

Then let the piece of bismuth return slowly from Y to X 
by the previous path reversed. The whole of the work W 
will thus be returned by the system, so that, on the whole, 
there is neither loss nor gain of mechanical work during the 
cycle. 
: (2) Let the piece of bismuth be moved from X to Y so 
rapidly that the magnetization has scarcely time to change 
before the change of position is complete. The work that 
must be expended for this purpose is obviously < W ; in fact, 
if the position X be far enough away from P, the work done 
on the system during the change of position may be practi- 
eally zero. Next, let the piece of bismuth remain at rest in 
its new position until its magnetization has attained its per- 
manent value. Then let it be brought rapidly back from Y 
to X by the first path reversed ; and, lastly, let it remain in 
the position X until the original state is attained. The 
mechanical work returned by the system in this way will be 
>W. Thus, on the whole, there is a gain of mechanical 
work during the cycle in which heat is absorbed and evolved 
at a constant temperature. This being impossible, by the 
principle of energy and Carnot’s principle, we conclude that 
the assumption that the piece of bismuth is repelled by the 
pole of the magnet is absurd. 

The foregoing cycle was described in my first paper on 
diamagnetism ; but the inference then drawn was, not that 
diamagnetism is impossible, but that Carnot’s principle does 
not hold for diamagnetic bodies. In my second paper, I 
denied the existence of diamagnetism; but long before that 
time Duhem had arrived at the same conclusion, from reading 
my first paper, and had written a book on the subject. 

I must now point out that Dr. Lodge has objected, with 
justice, to the preceding reasoning, that it contains a tacit 
assumption. Thus, even if we admit, as we are bound, that 
the magnetization of every body takes time to grow and to 
die away, it is not proved but that, in the second way of per- 
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forming the experiment described above, the assumed repul- 
sive force between the steel and the bismuth may be so 
affected by the rapidity of the motion that the work required 
to force the bismuth from the position X to the position Y 
may be > W, and not less, as we supposed. 

Dr. Lodge’s objection may be illustrated very simply as 
follows :—Let a quantity of gas be contained in a cylinder 
fitted with a smooth air-tight piston, and suppose it to be 
provided that the cylinder can absorb or give out heat freely, 
but only at some constant temperature § When the whole 
is in equilibrium at the uniform temperature @, let the piston 
he pushed in so slowly that the system is constantly In equi- 
librium, and the temperature always uniform and equal to @. 
The work required for this purpose may be called W. Then 
let the piston be drawn out slowly until the original state is 
attained. The work restored will be W, and, on the whole, 
there will be neither loss nor gain of work. 

Next, let the piston be pushed in as much as before, but 
far more rapidly. The work expended on the system in 
doing this will be >W. Now let the piston remain in its 
new position until the temperature has everywhere sunk to 
@. Then let the piston be rapidly drawn out to its original 
place, and then wait until the original state is brought about. 
The work restored by the system will be < W, so that there 
will have been a loss of mechanical work in the cycle. 

Dr. Lodge’s objection may be obviated by means of two 
assumptions :— 

(1) We assume that the magnetization of a body at rest 
may be in a state of unstable equilibrium. For example, in 
the experiment with the piece of bismuth, we assume that 
when the bismuth is at rest in any position X, the repulsive 
force of the steel magnet may have a value f which does not 
properly belong to the position X, and that this force may 
continue unchanged so long as the bismuth is held steadily 
enough in the position X. We further assume that if the 
bismuth be moved slowly from the position X, and then 
slowly brought back again, the repulsive force of the steel 
magnet will again be /, if sufficient care has been taken to 
move the bismuth about steadily. When the magnetization 
of a body at rest is in a state of unstable equilibrium, a shoht 
shake, by which no perceptible amount of mechanical work is 
done, ‘will be sufficient to cause the magnetization to rise or 
sink to its proper value. 

(2) We also assume that if two magnetized bodies be 
moved about with any velocities, the attraction or repulsion 
between them when they are passing through any given 
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position may, if the experiment is made steadily enough, be 
exactly the same as if both bodies were at rest in that position 
with their magnetizations invariable. 

In applying these assumptions to the second method of 
making the experiment with the piece of bismuth, let us 
suppose, merely for the sake of simplicity, that the magneti- 
zation of the steel is “rigid,” that is, not merely unstably 
invariable, but invariable under all circumstances. Then let 
the cycle be performed as follows :— 

(a) Let the bismuth be moved from X to Y so steadily 
that its magnetization is unaltered. It is evident that no 
thermal phenomenon will attend this operation, and that the 
work done on the system will be < W. 

(6) The magnetization of the piece of bismuth now being 
in unstable equilibrium, let a slight shake, by which no per- 
ceptible amount of mechanical work is done, be given to the 
bismuth, in consequence of which the strength of the magne- 
tization will be affected, and a thermal phenomenon take 
place. Then let the bismuth be held in the position Y until 
the temperature is again 0, and the magnetization at its proper 
value. 

(c) Next let the piece of bismuth be brought back from Y 
to X by the first path reversed, and so steadily that the 
magnetization does not change. The work restored by the 
system during this operation is > W. 

(d) Lastly, leta slight shake be given and hold the piece of 
bismuth in the position X until the system is in the original 
state. 

We see therefore that if the two assumptions are made, the 
hypothesis of diamagnetism enables us to obtain work from a 
cycle in which heat can only be absorbed or given out at a 
given constant temperature 0. We now contend that the 
two assumptions are admissible. We shall establish the truth 
of this assertion indirectly by showing what results the two 
assumptions lead to when applied to several of the most 
important propositions in magnetism and electricity. 

I. If in the modified Thomson’s argument, we suppose the 
piece of bismuth replaced by any substance S which is attracted 
to the pole P, it will easily be seen that if the magnetization 
of S increases as the distance from P decreases, our two 
assumptions do not lead to a result in contradiction to the 
principle of energy and to Carnot’s principle. We there- 
fore conclude that a substance may be attracted by a magnet 
pole—a result which, of course, is in accordance with ex- 
periment. 

It is necessary to notice another method of making the 
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experiment. If the substance 8 be brought from X to Y, a 
positive quantity of work, W; say, will be obtained. Then if 
S be turned round without altering the magnetization, the 
force between P and 8 will become repulsive, and therefore 
if S be brought back from Y to X without any change in the 
magnetization, another positive quantity of work, W, say, 
will be obtained. In this way, it might be thought, we could 
prove that S could not be attracted by P, but we must 
recollect that work will have been expended in turning S 
round. In fact, we may be sure that the work expended in 
turning S round, first in the position Y, and then in the 
position X, will be > W,+ W.. 

II. Generally, if the substance M, when removed to a suffi- 
cient distance from the pole P, is in the neutral state, it can 
easily be proved that when M is near P, and its magnetiza- 
tion in stable equilibrium, M must be attracted by P with a 
force which increases as the distance from P decreases. Such 
a substance is defined to be “ perfectly soft,’ and since 
unstable states of magnetization do not occur in practice, we 
may say that a “perfectly soft”? substance can only be 
attracted by a magnet pole. 

Of course, a substance S may be repelled by the pole P, 
but in that case, it can easily be shown, the magnetization of 
S could not be zero when it is at a great distance from P. 
The substance 8 would then be a permanent magnet, or its 
magnetization would consist of a permanent part combined 
with a temporary part induced by the influencing pole P. 

III. If we now suppose the pole P replaced by a positively 
electrified body and the piece of bismuth by a negatively 
electrified body B, the force between the two bodies will be 
attractive, and when B is moved from X to Y in such a way 
that the distributions of the electrifications are in stable 
equilibrium, the attraction on B in the position Y will be 
greater than if the distributions had not been changed. 
Hence if W be the positive quantity of work yielded by the 
system when B is moved from X to Y in such a way that at 
every instant the distributions are in stable equilibrium, then 
when B is moved from its initial position X, in which the 
distributions are stable, to the second position Y, without any 
change in the distributions, the work yielded by the system 
willbe <W. Also if, after causing the distributions in the 
position Y to become stable, we bring B back from X by the 
previous path reversed without any change in the distribu- 
tions, the work:so done on the system will be >W. Conse- 
quently, if the system is now caused to resume its original 
state, a complete cycle will have been undergone, and a posi- 
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tive quantity of work expended in it, which is in accordance 
with the principles of thermodynamics. 
IV. Next, let both bodies be positively electrified, and suppose 

that they are at such a distance from one another throughout 
the experiment that the force between them is always re- 
pulsive. Then, when B is moved from X to Y in such a way 
that the distributions are constantly in stable equilibrium, the 
repulsion on B in the position Y will be less than if the dis- 
tributions had not changed. (In the case of a supposed 
diamagnetic “ soft substance,” it will be recollected that the 
repulsive force in the position Y was greater than if there 
had been no change in the magnetization.) From this it is 
easily seen that electric repulsion is in accordance with the 
principles of thermodynamics. 

V. Again, if we assume the principle of the conservation of 
electricity, which can be partially obtained as a theoretical 
deduction from the principle of energy and Carnot’s principle, 
our two assumptions enable us to find expressions for the 
energy and entropy of an electrified system at rest in which 
the distribution of electricity is in equilibrium, stable or 
unstable. Then we cun easily find the condition of electric 
stability on an insulated homogeneous conductor. For if P,Q 
be two points of such a conductor, our expressions show that 
if the potential have a higher value at P than at Q, it will be 
possible for electricity to pass, of itself, from P to Q, but not 
from Q to P. Conversely, if the potential at P be less than 
at Q, electricity will be able to pass, of itself, from Q to P, 
but not from PtoQ. Suppose, for example, that the potential 
at P is greater than at Q: then a slight shake may cause a 
passage of electricity from P to Q, and this will diminish the 
potential at P and increase it at Q. Thus the potential tends 
to become uniform throughout the conductor, and when it has 
become uniform, the distribution is stable. 
VI. Again, our expressions for the energy and entropy enable 

us to discuss the conditions of stability of two conductors A, 
B, separately homogeneous, which are in contact with each 
other, and isolated from all other bodies. For if P be a 
point in the body A, and Qa point in the body B, our expres- 
sions show that if: the potential at P exceed the potential at 
Q by more than a certain amount, electricity will be able, of 
itself, to pass from P to Q, but not from Q to P; and con- 
versely. Thus the ccndition of stability is that the potential 
should be uniform throughout each conductor, and that the 
two values should differ according to a certain law; all which 
is verified by experiment. Again, if the distributions be 
indefinitely near stable, and we suppose a small charge to 
pass from one conductor to the other, our theory indicates 
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_ that it will be necessary to impart or take away heat to keep 
the temperature of the junction of the two bodies constant. 

‘In other words, the theory gives both the difference of poten- 
tial and the Peltier effect. 

Now it is important to remark that by merely assuming 
our expressions for the energy and entropy to hold for stable 
distributions and without making any further use of the con- 
ception of unstable distributions, we can easily obtain the 
verv same expressions for the difference of potential and the 
Peltier effect as before. 

In like manner, we have two methods of discussing the 
question of a difference of potential and the law of the Thomson 
effect, in the case of two unequally heated portions of the same 
substance in contact, and both methods give the same results. 
VII. Lastly, we have two ways of investigating Helmholtz’s 

theory of the galvanic battery, and both lead to the same 
conclusions. This theory, it is true, has been questioned; 
but the objections appear to rest on misconceptions; and, 
besides, the theory does not seem to have been yet sufh- 
ciently explained. However, I do not propose to consider 
the subject any further at present, but merely wish to point 
out that we have two ways of vetting the same result. 

I have now, [ consider, conclusive ely shown that my two 
assumptions are legitimate; and yet, at the same time, I 
acknowledge the importance of Dr. Lodge’s objection, in 
requiring us to examine the tacit assumptions whick lie at 

. the root of all thermodynamical investigations of electricity 

. and magnetism. 
To conclude our discussion on diamagnetism, I observe 

that, so far as I am aware, no one has ever attempted to 
advance any serious theoretical or other arguments in favour 
of the common notion of diamagnetism. The theory appears 
to have owed its origin to the want of a theoretical examina- 
tion of the subject, and to have been maintained from an 
excusable veneration for an old theory and a belief in the 
infallibility of the older scientists. Yet it has been oceasion- 
ally questioned from the first, Duhem, in his book on dia- 
magnetic bodies, mentions Becquerel and Pliicker as havi ing 
objected to the theory. Hiven in England there are persons 
who have never accepted it, and Dr. Lodge himself seems to 
be aware that it will not stand menos Soe dirs 
criticism on my two previous papers on the subject, he 
appears to rely chiefly on the strength of his rhetoric, and on 
an appeal to the name of Faraday. 

I now proceed to the next part of the paper. 
[To be continued. | 



Ro 

XXVIII. Alternate Current and Potential Difference Ana- 
_ bogies in the Methods of Measuring Power. By Prof. 

W. H. Ayrton, F.A.S., and W. EK. Sumpnur, D.Sc.* 

I. 

|e a paper read by us before this Society on March 6th it 
was pointed out that for every problem involving alter- 

nate P.Ds. in series there was an analogous problem involving 
alternate currents in parallel. This general proposition tells 
us that we can transform each of the P.D. equations given, 
for example, in our paper on ‘‘ The Measurement of the Power 
given by any Electric Current to any Circuit,” read before 
the Royal Society, April 9th, 1891, into a current equation, 
and so transform our method of calculating power by the 
measurement of three P.Ds. into a method of calculating 
power by the measurement of three currents. 

Such a transformation of our equations has been recently 
carried out by Dr. Fleming in the ‘ Hlectrician,’ for May 8th, 
and the method he arrives at as 

well as the three-voltmeter method 

of which it is an analogue are seen Fig 2. 

in figures 2and i. If Vj, V., V3 
be the readings of the voltmeters 
in figure 1, and A,, Az, A; the 
readings of ahe three ammeters in 
figure 2 2 , and » the resistance of 
the non-inductive portion of the 
circuit cd in each case, then the 
mean watts given to ab are re- 

spectively, whatever be the nature 
of the circuit ab, or of the current 

. (V2—V2—V,”) 

c 

a EP (Ag- AY AY). 
* Communicated by the Physical Society: read June 12, 1891. 
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The three-ammeter method has the advantage over the 
three-voltmeter method, in that the dynamo need not give 
a larger P.D. than that necessary to send the current through 
ab; it is inferior to the three-voltmeter method in that while 
it is possible to measure V,, Vg, and V3 rapidly in succession 
by using only one voltmeter, it is, of course, impossible to 
use only one ammeter to measure A, Az, and A; without con- 
stantly interrupting the circuit, and hence it would be neces- 
sary to accurately calibrate three instruments if this current 
method were employed. 

But the main objection to this current method is that, as 
Dr. Fleming points out, it does not possess the accuracy of 
our three-voltmeter method of measuring power. or in 
order that this three-current method may give accurate 
results it is necessary to assume, to quote from our Royal 
Society paper, “the entire absence of self and mutual induc- 
tion from a cireuit some portion of which is necessarily of a 
solenoidal form.”’ 

It is possible, however, to obtain a current analogue of our 
three-voltmeter method which shall have the accuracy of the 
three-voltmeter method itself. And as the general propo- 
sition given in our previous paper tells us that the current 
analogues of P.D. arrangements i series are current arrange- 
ments 2n parallel, it follows that with this other method also 
the dynamo will not be required to produce a greater P.D. 
than that necessary to send the current through the circuit 

_ the power given to which we desire to measure. 
The method is as follows :—In parallel with the circuit ab 

(fig. 3) the power given to which 
we wish to measure connect a Fig. 3 
non-inductive resistance of r = 
ohms (in circuit with which no 
instrument is placed, which would 
necessarily make the so-called 
non-inductive branch more or 
less inductive). Let A;, A,, and 
V be the readings of the two S 
ammeters and the voltmeter placed > ) a 
as shown, then, from the equa- 
tions given in our Royal Society paper, it follows at once 
that the mean watts given to ab are 

iG T\2 
Pagan (2) 

It is interesting to notice that if ab were the primary coil 
of a transformer, ‘it would be when the load on the secondary 

$e _ 
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was small, that is when the current passing through ab 
was small, that it would be most difficult, on account of lag, 
to measure with ordinary methods the power given to ab. 
But that is exactly the case when it is most easy to use our 
one-voltmeter and two-ammeter method, since when the 
dynamo has to send little current through ab there is little 
objection to requiring it to send a current through cd in 
parallel with ab. 

If the voltmeter (fig. 3) be a hot wire instrument, then, 
since an appreciable current will pass through this voltmeter, 
y must be taken as the parallel resistance of cd and of th 
voltmeter. It is important to observe, however, that there 
is no necessity to know either of these resistances separately, 
since the value of + can be determined when the three instru- 
ments A,, A3, and V are relatively calibrated thus :—First, 
break the circuits of cd and of the voltmeter, and compare 
the deflexion of A; with A,; this calibrates ammeter A; 
relatively to ammeter Aj, the calibration of which we will 
assume to be correct ; second, close the circuits of cd and of 
the voltmeter, but break the transformer circuit ab, A; is now 
in series with the parallel circuit containing cd and the volt- 
meter. The value of 7 is therefore at once known, since 
7 must equal the volts as read by V divided by the amperes 
as read by A3. 

Hels 

As an illustration of the general proposition to which we 
have referred, it may interest the Members to see what are 
the other analogies that we have traced out between alternate 
P.Ds. in series and alternate currents in parallel in connexion 
with the measurement of power. 

LN 
Oy, 

Mr. Blakesley’s method, communicated to this Society in 
February of this year *, is the current analogue of our electro- 
meter method of 1881. For with the electrometer method 
(fig. 4) we make two measurements, one giving us the mean 

* Phil. Mag. April 1891, p. 346. 
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Vv, +v 
(v1 —2.) (v— =!) 

the other the mean value of 

(0 =e Vy)" 

value of 

V1, Vg, v3 being the instantaneous values of the potentials. 
Then we take the difference, and so get the mean value of 

(vy —v) (v2), 

which is equal to 7 times the mean watts given to ab 
(fig. 4). 
With Mr. Blakesley’s method two measurements are made, 

one with a split dynamometer (fig. 5) giving the mean 
value of 

13, Fig. 5. 

and the other with an ammeter 
giving the mean value of 

Q 
a1"; 

a1, %, #3 being the instantaneous 
values of the currents. Then the 
difference is taken, and so the 
mean value of 

at (e@3—a,) OF aay 

is obtained, and this is equal to : times the mean watts r 
given to ab (fig. 5). 
_ It is important to notice that as no instrument is inserted 
in the non-inductive circuit ab (fig. 5), this method of 
Mr. Blakesley’s has exactly the same accuracy as the electro- 
meter method. 

III. 

The electrometer measurements may, as we pointed out 
some years ago, be varied ; and by making the connexions 
as seen in fig. 6, we can obtain from the two readings the 
mean values of 

Up + 

(v2 — U3) (v1 = 5} ‘) 

and 

(v—v3)? : 
2 b) 
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then, taking the difference, we get the mean value of © 

(v.—v3)(1— 2), 

which, as before, is equal to r times the mean watts given 
to ab. 

Fig. 6. 

Mr. Blakesley has also pointed out, in his paper published 
in the Phil. Mag. for April of this year, that the current 
measurements may be varied and the apparatus arranged as 
seen in fig. 7. The two mea- 
surements now give respectively Fig. 7. 

therefore the difference gives the 
mean value of 

Qa 
the mean values of & 

ss) 

Ants 5 
and S 

ot” 3 a 
Cc) 

C=) 

CO 

ty (a%3— ata) , b a, d 

that is, the mean value of 

e e iL e e 

which is equal to — times the mean watts given to ab. 
L 

While, however, our second method of using the electro- 
meter (fig. 6) gives the answer with the same accuracy as 
the first method (fig. 4), Mr. Blakesley’s second method of 
joining up the dynamometers in figure 7 introduces self- 
induction into a circuit which ought to be entirely non- 
inductive, and so it does not give the answer with the same 
accuracy as his first method (fig. 5). 

IV. 

The modification of our electrometer method suggested to 
one of us by Mr. L. Atkinson, while he was a pupil at the 
Finsbury Technical College, and afterwards carried out by 
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MM. Blondlot and Curie, of making an electrometer with 
two needles for the measurement of power, is the exact 
analogue of the wattmeter method. For with the double- 
needle electrometer (fig. 8) we obtain from a single reading 

the mean value of 

(v1 — V9) (Vg— Us), 

which is equal to 7 into the mean watts given to ab. Similarly 
with the wattmeter (fig. 9) we obtain from a single reading 
the mean value of 

Fig. 9. 
443, 

which is proportional to ~ into the 

mean watts given to ab. 
While, however, the double-needle 

electrometer gives us the answer 
with perfect accuracy, the watt- 
meter method is liable to inaccuracy 
from the circuit cd not being strictly 4% 
non-inductive. 

Some years ago, at a meeting of the Institution of 
Hlectrical Hngineers, one of us published the formula for the 
error made in using a wattmeter to measure the power given 
by an alternate current to an inductive circuit. Not wishing 
to cumber the pages of scientific periodicals with elementary 
mathematics, it was thought sufficient merely to state this 
formula without publishing a proof. But as our formula has 
now been introduced into text-books, and as the appropria- 
tion thereof by the writer of a well-known treatise has 
led him to supply a proof of it involving an appalling 
array of mathematical equations, we venture to offer a proof 
which, although very simple, is perfectly accurate. We are 
the more induced to do this because we find that this formula, 
and its proof for the error due to self-induction in the sup- 
posed non-inductive portion of the circuit cd, apply equally 
well to all the nine methods of measuring power illustrated 
in figures 1 to 9 of this paper. 

iid. Magee. a. Vol. 32: Nomidas Auaust 1391. P. 

ro 
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The formula employed with such methods for giving the 
mean watts, whether it involves the reading of one instrument, 
as in the case of the wattmeter (fig. 9), or of two instru- 
ments, as with the methods illustrated in figures 4, 5, 6, 7, 
and 8, or of three instruments, as with the methods illustrated 
in figures 1, 2, and 3, gives with perfect accuracy r times the 

mean product of two currents, or — times the mean product 
T 

of two P.D.s. Whether this mean product is directly pro- 
portional to the mean watts given to ab depends in all the 
nine cases on the following consideration :— 

The mean product between two currents which are sine 
functions of the time is, as every student now knows, equal to 
half the product of their maximum values into the cosine of the 
phase angle between them. Therefore if the angle of lag be- 
tween the current in ab and the P.D. between its terminals be 
0, and the angle of lag between the current in cd and the 
P.D. between its terminals be ¢, and if the maximum values 
of the currents in these two circuits be A,’ and A,’ respec- 
tively, and the maximum values of the P.D.s at the terminals 
of these circuits be Vj’ and Y,/, it follows that the formula 
used to measure the watts in the cases 2, 3, 5, 7, and 9 
gives 

A,’A,’ cos (@— ¢) 
r 5 ; 

and in the cases 1, 4, 6, and 3, 

V,'V./ cos (@—¢@) 

297 ; 

But what we want to measure is the mean product of the 
current in a into the P.D. between its terminals, and this 
product equals. 

A,/V,/ cos 8 
ee 

But 
rAy =V,' cos; 

and in the methods illustrated in the figures 2, 3, 5, 7, and 9 

Vie Vic 

while in the methods illustrated in the figures 1, 4, 6, and 8 

AJ=Ay'; 
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thercfore in all the nine cases 

Apparent watts _ cos (9@—¢) .cosd 
True watts . cos 6 

1+ tan@.tand 

a Tents es fi yy” (1) 

The circuit ed need only possess a self-induction /, even if 
an ammeter or dynamometer form part of it, but the circuit 
ab may have mutual induction and capacity as well as self- 
induction. If therefore we write expression (1) in the form 

Lp Ip 
i+ hoe 
7 de ies 

as we did in 1888, where p equals 2a times the frequency, it 
must be remembered that while / and 7 are the true values of 
the self-induction and resistance of ed, L and R are only 
the effective self-induction and resistance of ab. Hence, as 
Mr. Blathy suggested in the ‘ Electrician’ for 1888, it is 
better to leave our expression for the ratio of the apparent to 
the true watts in the general form as given in (1) rather than 
to put it in the derived form as given in (2). 
@ will generally be positive if the resistance of cd is small; 

but, if cd contains a doubly-wound high resistance-coil, as is 
generally the case when cd is the fine-wire circuit of a watt- 
meter, then it is quite possible to make @ positive, nought, 
or negative. §@ may, of course, be also positive, nought, or 
negative, depending on whether the self and mutual induction 
effects preponderate or not over the: capacity effect. It is 
therefore possible to have either @ or ¢, or both, positive or 
negative. 

The apparent watts will therefore be :— 

too large if @ and ¢ be both of the same sign and @>¢; 
j (L) Gand ¢ be both of the same sign and 0 < ¢; 

ee 08 on cs be of dintent sions > ( ’ 8 
tee aks (1) @ and ¢ be equal ;s 

correct if 1 (2) & be nought. 

Now @ can be made very small in one or other of three 
ways :-— 

1. Use some method of testing, like that shown in figures 
1, 3, 4, 5, 6, and 8, which does not require any 
measuring instrument to be placed in the non- 
inductive circuit cd. 

PZ 
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2. Use a wattmeter (fig. 9), and make the capacity of 
the stationary doubly-wound resistance-coil exactly 
balance the self-induction of the suspended and the 
stationary coils. 

3. Make the resistance of the fine-wire circuit, cd, of the 
| wattmeter small. For with a given P.D. between the 

terminals of cd the same deflexion of the measuring 
instrument can be obtained for different values of the 
resistance of cd if we make the number of turns in 
the coil or coils of the measuring instrument in cd 
proportional to the resistance cd. But the self- 
induction of the coil or coils is proportional to the 
square of the number of turns, and therefore pro- 

portional to the square of v for a given deflexion of 
the measuring instrument. Hence tan ¢ can be 
made as small as we like for a given value of p by 
making the resistance of cd small. 

This suggests a current method of measuring the power 
given to any circuit which is no more wasteful of power than 
the methods shown in figures 2, 3, 5, and 7; and which, 
although not so accurate as those shown in figures 3 and 5, is 
as accurate as those shown in figures 2 and 7. The method 
is simply to use a wattmeter (fig. 9), but having both its 
coils made of thick wire, or, as this may be called a split 
dynamometer, the method consists in using a split dynamo- 
meter having one of its coils in the circuit ab (the power given 
to which we desire to measure) and the other coil in a cireuit 
cd parallel to ab. The power will be given at once by r 
times the reading of the instrument and with but a very 
small error if 7 be small. 

V. 

Mr. Rimington has suggested a method of measuring the 
mean value of the product (v%,—v,)(v2—v3) (fig. 9) by 
means of a dynamometer, each of whose coils is in circuit 
with a high resistance, joined up as shown in figure 10. 

Fig. 10. 

The objection to this method is as follows: —By making the 
time-constants of each of the circuits of the dynamometer afg, 
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dh g equal to one another, we can, no doubt, make the differ- 
ence of phase in the two currents passing through the dyna- 
mometer exactly the same as the difference in phase between 
the current through ab and the P.D. at the terminals of 
ab; but we cannot make the currents through the dyna- 
mometer coils independent of the rate of alternation. Hence, 
if this instrument be employed for measuring the power 
given to ab in the way shown in figure 10, it must be 
calibrated for each rate of alternation of the current. 

But although this defect exists in the employment of 
Mr. Rimington’s high-resistance split dynamometer for the 
measurement of power, it can be used without error for 
measuring the phase-angle between two P.D.s in series by 
a method analogous to that employed by Mr. Blakesley for 
measuring the phase-difference between two currents in parallel. 

Fig. 11 shows Mr. Blakesley’s method: the dynamo- 

Fig. 11. 
3 

oo 
meters 1 and 2 give respectively the mean squares of the 
currents in the two circuits, and the dynamometer 3 the mean 
product of the two currents ; and from the three readings we 
have, as 1s now well known, 

Square of reading of 3 
Reading of 1 x Reading of 2’ 

where @ is the angle of lag. 

Fic. 12. 

cos 6= 

 a/ e 
00'8 6065036656 60\0 668 8 8/3 

Now let f9 and hj be two circuits in series (fig. 12), 
and let it be required to find the angle of phase-difterence 0 
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between the P.D. at the terminals of fg and the P.D. at the 
terminals of ij. Connect up the high-resistance dynamo- 
meter successively as shown, and let d,, d,, and d, be the 
three deflexions obtained. 

Hach circuit of the dynamometer consists of a coil of fine 
wire, and a non-inductive high resistance in series with it. 
Let + be the total resistance of each circuit, and let @ be the 
angle of lag between a current in either circuit of the dyna- 
nometer and the P.D. at its terminals. 

Let V,’ and V,’ be the maximum values of the P.D. between 
fand g, and between hf and J respectively, then 

/\ 2 

Ue S i) cos’ d, 

/\ 2 

dx 4 = ) cos’ d, 

V / Wool 

d300 4 (— cos d X Me Gos ) cos 0, 

cos 0 = oe 

Figure 13 shows the way in which the Blondlot and Curie 
double-needle electrometer can be successively connected up 

Fig. 15. 

so as to obtain, from the readings dy, d, d3, the angle of 
phase-difference between the P. D. at the terminals of Ft 9; 
and the P.D. at the terminals of 4 J, the formula being, of 
course, 

ae 
dipcas) 

I we desire to measure the angle of lag between the cur- 
rent in any circuit ab and the P.D. between its terminals, we 

cos @= 
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ean employ either the three-voltmeter method (fig. 1) or 
either of its analogues, viz. the three-ammeter method (fig. 2), 
or the one-voltmeter and two-ammeter method (fig. 38). 
The formule giving the cosine of the lag angle for the three 

_ methods are, respectively, 

Bike Ve Vie Nor 

cos 6 = aV.V, ; 

. sri A,"—A/—A,? 

cos A= ae y 

VW ZA synate(’) 
cos 0= V ; 

2A,— 
r 

V,, Ve, Vs, Ai, As, As, and V being the readings of the instru- 
ments in the different cases. 

| XXIX. A Kinetic Theory of Solids, with an Experimental 
Introduction. By WILLIAM SUTHERLAND. 

[Continued from p. 43. ] 

Young’s Modulus. 

1. The experimental determinations that have hitherto been 
made of the temperature variations of Young’s Modulus have 
been made for the most part by the static method, the diffi- 
culties of which detract from its trustworthiness; for example, 
Wertheim, by the static method, found the Young’s Modulus 
of iron and silver to increase with rising temperature, though 
we now know that it diminishes. Kupffer (J/ém. de [ Acad. 
Impér. des Sc. de St. Pé. 6 sér. t. 6) devised a convenient 
modification of the kinetic method (by lateral vibrations) 
which lent itself well to the measurement of the temperature 
effect, but used an erroneous formula for calculating the 
modulus from his measurements. Z6ppritz (Pogg. Ann. 
exxviii.) has recalculated with a correct theory the right values 
of the modulus of various metals at ordinary temperature 
from Kupffer’s data. I recalculated the values at other tem- 
peratures, but found the temperature interval of about 30° C. 
too small to give trustworthy results. Accordingly I under- 
took a series of measurements by Kupffer’s method. 

The method consists in causing a rod of the metal to vibrate 
laterally with one end clamped and the other free, first with the 
free end vertically above the clamped one, and next under it, 
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The rod is either loaded or not loaded at the free end according 
to convenience. Kupffer’s error came in in the method in 
which he tried to eliminate the influence of gravity. Of 
course, if the rods were made to vibrate in a horizontal instead 
of a vertical plane, gravity would have no appreciable effect if 
the rods were stiff enough and unloaded, but the bending effect 
of a load must needs interfere ; and in the case of lead and 
tin wires, for example, even when unloaded, it is impossible to 
make them vibrate in a horizental plane. A lead wire which 
will collapse at once if held horizontally at one end, will stand 
vertically if clamped at the bottom and execute vibrations 
without collapse ; and even at temperatures at which, when 
the bottom is clamped, vibrations become impossible through 
instability, it is always possible, with the top clamped, to get 
stable vibrations. 

Thus, to get values of Young’s modulus by Kupffer’s 
method at any temperature requires only a correct method of 
allowing for the action of gravity in affecting the period of 
vibration. 

The advantages of Kupffer’s method are several : it can be 
applied to convenient sizes of material, while the static method, 
to give accurate results, necessitates the use of long wires; by 
loading the end of the vibrating piece its period can be made 
such ‘as is easily measured without special recording-appli- 
ances, and is obtainable by a mere counting of vibrations in 
a measured time. If desired, the method could easily be used 
for determining the influence of stress on the value of Young’s 
modulus ; by loading the free end, the value of the modulus 
could be found under stresses right up to the breaking load. 

Zoppritz (Pogg. Ann. exxviil.) has given the theory of the 
effect of gravity on unloaded bars, but the case of loaded bars 
has not, so far as I am aware, been solved in a form suitable 
for practical use; and as freedom to load at will the specimen 
under experiment is one of the best points about the method, 
it will be as well to give first the theory of the lateral vibra- 
tion of a loaded bar under gravity. 
A slight adaptation of a method of calculation given by 

Rayleigh in his ‘ Theory of Sound,’ vol. i. chapter 8, gives a 
close enough solution for practical purposes. He shows that 
the period of a laterally-vibrating bar can be got approxi- 
mately by supposing the bar bent statically by a deflecting 
force applied to the free end and then allowed to move, so that 
at any time ¢ from the moment of release the deflexion of any 
point on the bar is to its original deflexion in the ratio 
cos 27rnt to unity. Then, by equating the maximum value of 
the potential energy during the motion to the maximum value 
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of the kinetic energy, a value of the frequency n is obtained, 
which is approximately identical with that given by the com- 
plete theory of the lateral vibrations of a bar. Accordingly 
it is only necessary to add to the potential energy of bending 
that due to gravity to get an approximate solution. Suppose 
clamped at either the top or bottom a uniform vertical bar of 
length J, density p, section o, radius of gyration of section hk, 
mass m, loaded with mass M, which has its centre of mass at 
distance l' from the clamped end, and suppose the free end 
deflected with force F. Now the tendency of the weight of 
M is to increase the bending effect of F when M is up, and to 
diminish it when M is down ; but for small displacements this 
difference in the effect of the weight of M in the two cases 
can be neglected. If y is the deflexion of the point at dis- 
tance x from the clamped end, then the form of the rod is 
given by 

Ue ant? —3lz"), 

where B=gk’c, in which g is Young’s modulus. 
Then, according to the approximate method, the form at 

time ¢ is 

I=oR (x® —3la*) cos Qarnt. 

The potential energy of bending is 

d? 2 

To find the potential energy due to gravity we have to 
determine how much each point of the rod is vertically dis- 
placed on bending. Let ds be an element of length in the 
bent rod, then — jae oe 

ds=deV 1 dylday'=den / 14 (ss) (a? —2lax)? 

Z 

=F ‘ 1+4 (sn) (v—2le)? approximately ; 

Fy? 72? APs 
a aly (ual a ps 2 

so that s—«, the required vertical displacement of the element 
at length s along the rod, 

FE \2 /2° Aa? 
= Jif tz BE fa (2 ot al 

=1(55) G eas): 
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Let X be the mass of unit length, then the gravitational 
potential energy of the whole rod is 

Lat Ween fl BA? Ge é aN UMN Hf A a Kaci  e 
{ans n)de=r4( 5p ) 130 5 

FE F\2ml 
ae Gah 5 92 (sp) 6h i 

The gravitational potential energy due to the vertical dis- 
placement of M is Ma(l’—X), where X is the x coordinate of 
the point ea at distance 1’ a the clamped end. 

ee i (are Mage Ae l/® we 

X=} (a) {= (s ie =) 

=3 (35) a 
423 

Hence the gravitational potential energy of the mass M is 

F 2 8 ne 15’, 

2 (ss) ten 
and the total potential energy of the loaded bent rod is 

Fk? ae WY Va Sle 

aE (gp) 9 aa + 75M"), 
the two signs corresponding to the two cases of free end up 
or down. 

For the kinetic energy we have T=43 \ po (dy/dt)*dx; neg- 
lecting, as is usual, the effect of the slight rotatory motion af 
the bar, 

i oy (2M + aml) Ann 2 sin?2a7nt. 

Hence for n, the number of vibrations per second, we get 

FE i EF \? sml® pe Sas Gira 3 Anr?n (ae) (2 u(;) +2 om bis = } 3? tsp) ("4 reunh 

But this is only an approximation; in the rigorous theor 
when M=0 the fraction 33/70 is replaced by 6/T- 8751* (Ray- 
leigh, vol. 1. p. 234). Let us so replace ib, and we have an 

equation that goes ver a near to the truth in all cases , namely 

Bie 99 fm? SMU 22 py (A) 4a2n {on(7) oer = eB Ee (7 +5 5p i, 

When M=0 we have the case of the bar unloaded but af- 
fected by its own weight, then 

6m? 9g ml? 

Sa Ml ), 
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This is the case treated by Zoéppritz, whose solution in our 
symbols is 

rn? i 917g ml? 
P8754 hake MDE IG HY 

which differs only slightly from ours in the numerical co- 
efficient of the small term. 

Let 7, my be the numbers of vibrations per second when the 
bar vibrates with the loaded end up and down respectively, then 

ee a 
(B) { 2M (;) uae i [?Aqr? (n? +72) =12B; 

and the effect of gravity is eliminated. This, then, is the equa- 
tion to use with Kupffer’s method. 

When M=0, 

B= 27? (n?2 +72) pi Ren 10 
oT (| Rae gta 

but B=gk’o, 
a) al 

odal: ica: 

If the bar is of circular section, k?=77/4 and o=r*; and 

q= 2m" (nj +73) 

then i 

= i a 2 : l?m ; 
| a 8m (nj +5) 187514 = 37 (nj = N3) my L8751* 

Re 
= Bie 2 

(C) q=5r (nj +75) m 1:8751*° 

Equation (B) can be confirmed by Kupffer’s experiments. 
For one and the same bar the left-hand side is to be constant 
for all values of the load. For a steel bar 49°66 inches long 
and weighing 1:5848 Russian pounds, we have the following 
values of the left-hand side for the following values of M :— 

M in Russian pounds... 0 06852 1:0644 1:8173 

5°669  95°650 5°630 5°600 

Again, for a piece of the same bar 40-08 inches long and 
weighing 1:2792 Russian pounds, we have the values:— 

Me 0 0°6852 1:0644 1:8173 3:2970 4:0566 

10°63 10°60 LO-oSpmeoee 10°45,» 10°39 

In both cases the number which ought to be constant shows 
a slight diminution with increasing load, which is easily ac- 
counted for, and the approximation to constancy is close 
enough to warrant the use of the formula for the determina- 
tion of Young’s modulus. To satisfy myself of the complete 
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applicability of the formula, I made copper and magnesium 
wires vibrate unloaded both in the two vertical positions and 
in the horizontal; calling n3 the number of vibrations per 
second in the horizontal position, I found that nj +n2=2n3, as 
should be, to a high degree of accuracy. But there is another 
check which can always be applied to any set of experiments. 
The equation (A) shows that 

HENS. 6m m2 8sMIl” 
Oj 7) Z, is yaks aia I el! 

CO tae (2m(;) tren) = 6° t5e ) 
so that n?—n2 is quite independent of the elastic properties of 
the bar, and has a calculable value. It is therefore a check 
on the method to see that the observed value of n?—7n} is equal 
to the calculated. In the experimental values about to be 
given this method of verification will be applied, and it will 
be seen that in any case where it is possible to make observa- 
tions with only one vertical position of the bar, the equation 
(A) can be safely used for the calculation of Young’s 
modulus. 

Of course, where the Young’s modulus of a substance varied 
appreciably with stress, it would not be possible to eliminate 
the action of gravity, as in equations (B) and (C), but equation 
(A) could be used. 

EHaperiments.—The vibrations were carried out in the same 
box heated in the same manner as in the Rigidity experiments. 
The rod or wire that was to vibrate could be clamped at the 
middle point of either the top or the bottom of the box, and 
executed its vibrations freely inside. To secure accuracy in 
determining the period of the swing the vibrations had to be 
reinforced, and this was done by means of a thread passing 
horizontally from the free end of the wire to the outside ; 
by means of the thread a slight periodic impulse could be im- 
parted to the vibrating wire at the middle of a swing; a 
little practice enabled one to attain a high degree of accuracy 
with even lead and tin wires in determining the number of 
vibrations per second. Hvery value given in what follows 
was derived from several hundreds of swings. 

In all cases except that of tin wire, the wires vibrated un- 
loaded, and accordingly equation (C) applies. 

Lead.—Commercial wire, the same as that used in the 
Rigidity experiments. / 38:1 cm., m 14:05 grm., p 11:4. 

n, denotes the number of vibrations per second when the 
free end is down, and mg when up; g denotes Young’s 
modulus, and will be given in terms of grammes weight per 
sq. cm. 
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emapss Cx b de 18° 65° 103° 
pe 2°87 2°74 2°65 
DDT actone een 2°50 2°35 Daly, 

Ae Se. 2: 220 198 178 
ea ee 1:99 1:99 9-31 

The theoretical value of n?—n according to equation (D) 
is 2°02, so that the formula is well verified in this case. 
Magnesium.—F ine commercial wire, as used in rigidity 

experiments. J 43°9 cm.,m *201 grm.,p 1°74. 

Bema Concc.2.: ile 68° 104° 

iy 553 ee 2-09 2-05 1:97 
fin ck ae ee 1°62 dei ee 1°54 
Loe 352 335 314 
Men ..eeeevee ihe 1:74 L-5 i 

The theoretical value of n?—n?2 is 1:75. It is to be re- 
membered that in the case of the metals,n? —73, which measures 
the effect of gravity as compared with that of elasticity, is very 
small, and that on account of experimental errors only general 
agreement in magnitude is to be expected between the ex- 
perimental and theoretical values of n?—n2. For example, the 
discrepant experimental number 1°51 just given illustrates the 
amount of departure that may occur. 

Zinc.—The thin rod prepared for the Rigidity experiments. 
1 63°5 cm., m 31°3 grm., p 7:04. 

Memais Co. aks. 16° 60° 103° 

(iyl, Seite eee S08 3°40 roi 
BSN setN 8 bea 3°24 aL 2°97 
CE one 821 758 682 
Ba Gide sak ace 1:96 1:89 1:48 

The theoretical value for ni/—n? is 1:21. 
Copper.—Swedish wire for alloying gold. 1 63°5, m 22:4, 

p 895. 7 

emps © 2.2... 16° 102° 

Lig) ke 311 2°98 
TERR TIRES wns 2°92 2°79 

a a 1378 «1260 
De hee 1:14 1:10 Theory 1°21. 
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Aluminium.—F ine commercial wire. 156°5; m*453, p 2°56. 

Meni. Ose. is ii: Qa a ; 
Ci bags eee 1:605 1°559 

ce Renee i142 1:090 

BUG tae 662 6 ae 

Hee eee 1:28 1°24 Theory 1°36. 

Aluminium (aunannealed).—Fine commercial wire. Jl 62°5, 
md, p 2°06. 

emp. Co 18° 63° 104° 

fa 1b. ie eee 1-335 1-319 1295 cs 

TOAD Ee oe, 0°762 0-740 0:(22.) 2a 

Ly er 602 584 561. teas 

a ee 120 Ing 1:16 =Theory 1:28. 

Tron (specimen I.).—Commercial tough wire. J 66:7, 

Temp. @.2....- ikem 67° 103° 
Rist ek Soke 1:830 1811 1:804 
Rig ns ca Lott oa 1-412 1°395 1:383 
LOR Sop ayaa 2029 1984 1960 
Saag Ri 5 cic 1°35 1°33 1°34 Theory 1°15. 

Tron (specimen II.).—Commercial wire (soft). J 67:2, 
m 9°88, p 7°55. 

WempaA;,.oeee io 66° 102° 
ise, Eee os So 2°662 2°636 2°608 
(ener 2°400 2°370 ape) 
NG de. = 2071 2024 1983 
Wo... 1383 13800) POs Tear e 
Tin.—A cast rod was hammered out to three times its 

length. To make the period conveniently measurable with a 
watch it was necessary to load this rod at the end. The 
length of the rod was 40:1 centim., and the distance of the 
centre of mass of the load from the clamped end /' 41:2, the 
mass of the rod m 16:2, and the mass of the load M 15:95, 
p C29. 

Tempe: 6° 66° 104°. 

a 272 949 —- 9-83. 
Tis Soi eee 2°34 ra) (2) 2°00 

10-"G.ceee 513, (495) seme 
ge eae 1:92 an 143 Theory 1°73. 
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In the case of tin and lead I made experiments on a larger 
scale on the same pieces of pipe as were used in the Rigidity 
experiments. or a pipe of external radius r, and internal 7, 
Young’s modulus is given by the formula 

_ 8rl*p (ny? + n,Q”) 
~ 187514 (re +72) 

With the tin pipe of length 119-6 centim. and at a tempe- 
rature of 18°, n,=3°82 We ey 73, whence OF La 421 and 
n?—n? ='68, while according fo -aheor ny? —ny='64, 

With the lead pipe of length 121°9 and at temperature 23° 
M4 =2°538, No= 2°40, whence 10-8g=161°7 and n’—n?=°641, 
while the theoretical value of n,?—n, 1s 635. 

2. Compilation of Data.—As regards the variation of 
Young’s modulus with temperature, Kupffer’s vibrational 
method is so superior in accuracy to the static method, that 
-even rough experiments like my own by Kupffer’s method 
give far more trustworthy results than even the most 
careful and refined measurements yet made by the static 
method. Kupffer’s own temperature-range was too small to 
give weight to his measurement ; and as Ai know of no other 
measurements by his method, I must regard the data just 
given as the most tr ustworthy yet published. It is therefore 
hardly worth while quoting other results except those of 
Kiewiet, who (Wied. Ann. xxix.) applied a much more sensi- 
tive static method than the usual one, namely, the method of 
bending to zinc, tin, and copper. Kiewiet’s values, in the 
case of tin, for the ratio of g at 60° and 104° to g at 16° are 
*82 and ‘67, while mine are °83 and °73; in the case-of zine 
at 60° and 103° and 16° the ratios found by Kiewiet are 92 
_and ‘87, while my values are ‘92 and °83. At 102° and 16° 
- Kiewiet finds for rolled copper the ratio ‘967, and for electro- 
lytic copper *934, while my number is -914. 

Except for copper the agreement of the two methods is 
good, all things considered. 

In the following compilation as to the absolute values of 
Young’s modulus at ordinary temperatures, these are the 
sources :— Wertheim, Ann. de Ch. et de Ph. 3 sér. t. xii. ; 
Zoppritz’s recalculation of Kupffer’s data, Pogg. Ann. cxxviil.; 
Kupffer, Cosmos, 1860; Pisati, Wied. Beibl. i.; Tomlinson, 
Phil. Trans. 1883, and Proc. Roy. Soc. xlii. & xliii.; Mac- 
farlane, Hncyc. Brit., article Elasticity ; Miller, Wied. Bedi. 
x1.; Katzenelsohn, Wied. Bebl. xii.; Kiewiet, Wied. Ann. 
xxix.; Mercadier, Compt. Rend. evii.; Amagat, Compt. Rend. 
evill. ; Cantone, Wied. Beibl. xiv. 
When a specimen is known to have been unannealed it is 

marked (2). 
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TaBLe VI. 

Values of 10-6 times Young’s Modulus at Ordinary 
Temperatures. 

Metal. 1058¢- Authority. Metal. 10-§¢. Authority. 

Copper ........ 1254 | Wertheim. Aluminium ...| 717 | Kupffer. 
1183 | Wertheim. 673 | Tomlinson. 
1052 | Wertheim. 705 | Mercadier. 
1160 | Tomlinson. 754 | Katzenelsohn. 
1218 | Tomlinson. 662 | Sutherland. 
1143 | Tomlinson. (Li) ase ie 602 | Sutherland. 
1283 | Kupffer & ee. 3.35056. 442 | Wertheim. 

Zoppritz. 370 | Wertheim. 
1231 | Mercadier. 507 | Kupffer. 
1231 | Amagat. 277 | Tomlinson. 

(rolled) ..... 1224 | Kiewiet. 450 | Kiewiet. 
(electro)..... 1225 | Kiewiet. (hammered)..} 513 | Sutherland. 

1300 | Miller. (pipe)seche oe 421 | Sutherland. 
1150 | Macfarlane. eas cocci <sus 215 | Wertheim. 
1200 | Macfarlane. 185 | Wertheim. 

(Zp ees 1323 | Tomlinson. 173 | Wertheim. 
1316 | Tomlinson. 167 | Tomlinson, 

Silvers ose 724 | Wertheim. 255 | Miller. 
753 | Wertheim. 149 | Amagat. 
714 | Wertheim. 220 | Sutherland. 
777 +| Kupffer & (pipe) ......... 161-7 | Sutherland. 

Zoppritz. 0) eae a 1992 | Wertheim. 
742 | Tomlinson. 1941 | Wertheim. 
799 | Mercadier. 2079 | Wertheim. 
736 | Miller. 1861 | Wertheim. 

(alloy): ..... 701 | Katzenelsohn. 2006 | Kupffer. 
(Go eeenness 836 | Tomlinson. 2103 | Kupffer. 
(QV eecatece 829 | Tomlinson. 1981 | Tomlinson. 

Golders.23. a. 637 | Wertheim. 1881 | Miller. 
599 | Wertheim. 1902 | Katzenelsohn. 
558 | Wertheim. 2144 | Pisati. 
741 | Kupffer & 2029 | Sutherland. 

Zoppritz. 2071 | Sutherland. 
834 | Mercadier. Niekel) |. 320.7... 2175 | Tomlinson, 

Galloy) 7... 980 | Katzenelsohn. 2310 | Cantone. 
CE oeee ean 860 | Wertheim. 2248 | Cantone. 
(u) .. 864 | Wertheim. Cobalt=\j-2..2:; 1817 | Tomlinson. 
(GE) EP sors ce 813 | Wertheim. Palladium...... 1128 | Wertheim. 

Magnesium 431 | Tomlinson. 979 | Wertheim. 
352 | Sutherland. Platmum ‘...... 1556 | Wertheim. 

ZANE Gpeconee ee 929 | Wertheim. 1568 | Wertheim. 
964 | Wertheim. 1552 ~+| Wertheim. 
967 | Kupffer & 1437 | Wertheim. 

Zoppritz. 1770 ‘| Kupffer. 
1031 | Kiewiet. 1490 | Tomlinson. 
1055 | Miller. 1719 | Katzenelsohn. 
821 | Sutherland. 1967 | Miller. 

(@)) See 767 | Tomlinson. 1491 | Mercadier. 
Cadmium ..... 424 | Wertheim. (Diearacben's 1623 | Tomlinson. 

531 | Wertheim. (1) Beecece a: 1622 | Tomlinson. 
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These give us the following mean values of Young’s 
modulus at 15° C. :— 

Tase VII. 

10-§ times Young’s Modulus at 15° C. 

Cu. Ag. Au. Mg. An Cd. Al. 
1220 740 760 390 930 480 680 

Sn. Pb. Fe. Ni. Co. Pd. Pt. 

420 £90 2000 2240 "1820. 1050 1600 

In most cases these values must be close to the truth. 

3d. Law of Variation of Young’s Modulus with Temperature. 
—By the light of the result for rigidity this law is easily 
found ; temperature must only occur in the ratio @/T, where 
T is the melting-point ; and as a general survey of the values 
of Young’s modulus for different metals at different tempera- 
tures shows that the modulus within our experimental range 
is a linear function of the temperature, it was easy to test 
whether the empirical equation g/Q=1—a0@/T would apply to 
all the metals, Q being the rigidity at absolute zero, and a a 
constant the same for all metals. The result was to find that 
q/Q=1—-823¢t/T represents with considerable accuracy all the 
foregoing experimental results. But it is important to notice 
that this can only rank as an approximate empirical relation 
covering the range of temperature of my experiments, and 
cannot rank as a natural law in the same way as the rigidity 
relation n/N=1—(0/T)?, because it does not cover the range 
of temperature right down to the melting-point ; the relation 
gives a finite value for Young’s modulus at the melting-point, 
whereas it ought to give a zero value. The relation then does 
not give the general law sought, and is only mentioned here 
on account of its simplicity and the facilities it gives for 
getting approximate values of Q, the Young’s modulus at 
absolute zero. 

As a theoretical relation between Young’s modulus and 
temperature will be investigated in the theoretical part of this 
paper, and the values of Young’s modulus at absolute zero 
will be given there, there is no need to consider any further 
the empirical relation. 

[To be continued. | 

Pia Mag. s.). Vol. 32. Noz195.. August 1891. Q 
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XXX. Notices respecting New Books. 

The Structure of a Portion of the Sierra Nevada of California. By 
GrorcE F. Becker. Bullet. Geol. Soc. of America, vol. ii. 1891. 
ee the South Fork of the Stanilaus River to the Trucknee, a 

distance of about eighty miles, and for some thirty miles to the 
west of the eastern scarp of the range, Dr. Becker found the rocks 
to be chiefly granite and diorite overlain in part by andesite and 
basalt ; and the area to have been glaciated up to the summits of 
the passes. The rocks are intersected by extremely numerous 
fissures,—vertical, diagonal, and horizontal; the last giving a 
terraced aspect to the granite, and the two former rendering it 
columnar. The fissures are more or less susceptible of being 
grouped as systems; and are found to be true fault-planes, with 
dislocations, slickensides, and slaty shearing. ‘These multitudinous 
faultings are referred to a late Tertiary period, in part contem- 
porary with the andesitic eruptions. 

An inductive examination of dislocating forces treats of the 
physical characters of these faults and fissures in detail, both as to 
horizontal and vertical movements. The author shows “that the 
existence of the vertical fissure systems attended by evidences 
of compression leads inevitably to the theory of a horizontal 
thrust, which is further confirmed by the occurrence of relatively 
rare fissures dipping at angles of 45°.” So also as to “ the fissure 
systems formed by the vertical thrust, ... the horizontal partings 
could be produced without raising the sheets of granite, while the 
vertical fissuring and faulting by the vertical thrust component 
involved either the raising of a sheet against gravity, or a downward 
movement into the underlying mass. When the vertical fissures 
and the horizontal fissures were once formed, the stress still present 
would be relieved rather by relative motion on these fissures than 
by the establishment of new ones.” 

The hypothesis of the tilting of the range, to account for the 
deep erosion of the river-beds, is not supported by Dr. Becker's 
observations. He considers that the fissure-systems broke up the 
area in such a manner that glaciers, which are really unequal to 
the excavation of valleys themselves, cleared away the movable 
débris from the surface, giving the country its peculiar physical 
features of canons, out of shattered zones, and domes from isolated 
prismatic masses of rock. 

Antiquities from under Tuolumne Table Mountain in California. 
By Gores F. Becker. Bullet. Geol. Soc. of America, vol. i. 
Some 

Tur occurrence of human bones and of grinding implements in the 
auriferous gravel under the lava at the foot of Table Mountain in 
California has been doubted, but Dr. Becker supports Prof. Whit- 
ney’s announcement of these discoveries by further and independent 
evidence of the facts. Plant-remains, like those of Tertiary age, 
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with bones of extinct Mammalia, for instance Rhinoceros hesperius 
and Mastodon americanus, have been met with in this gravel. 
Flows of lava covered it; and the glaciation of the Sierra followed, 
leaving in ridges the lava-flows that had covered these old valley- 
gravels, and making new valleys out of the intermediate rock- 
margins of those gorges. Plate 7 represents the pestle and one 
of the two mortars found, with stone spear-heads, by Mr. Neale 
in 1870; and a woodcut shows a broken pestle found by Mr. Cla- 

. ence King i in 1869. 
Dr. Becker gives some remarks on the correlation of the lavas 

and gravels with the eastern deposits; and proceeds to explain 
that the great valley of California was formerly a Pleistocene gulf, 
and the Pliocene animals may reasonably be supposed to have sur- 
vived in the locality to a late period; also that a local glaciation, 
due to peculiar climatal conditions, may have occurred here after 
the more general Glacial Epoch. 

At the reading of Dr. Becker’s paper the Rev. G. F. Wright 
gave some further information on the subject, to the effect that 
another mortar had been found in the same gravel in 1887. 

Notes on the Early Cretaceous of California and Oregon. By GEORGE 
F. Brecker. Bullet. Geol. Soc. of America, vol. 11. 1891. 

Tu definition of this group and its fauna is detailed, showing that 
the one group of strata in the Coast Ranges of California, called 
the Knoxville group, and the other near Horsetown in Shasta 
County, are probably equivalent to the Gault. In the Sierra 
‘Nevada these strata are intersected by numerous auriferous quartz 
veins; in the Coast Ranges they are extensively metamorphosed 
and yield quicksilver. 
_ The same group is represented at Riddles, Douglas County, 
Oregon, and in Queen-Charlotte Islands. One of the leading 
fossils is the Aucella, characterizing strata of approximately the 
same age also in Alaska and British Columbia, and, according to 
Dr. G. M. Dawson, even as far north as Porcupine River within 
the Arctic Circle. Mr. J. 8. Diller added the information that 
both the Knoxville and the Horsetown beds are well exposed in 
Tehama County, between the localities of California and Oregon 
referred to by Dr. Becker. 

The Horsetown beds lie unconformably on nearly vertical slates, 
and the disturbance thus indicated was probably Post-Triassic ; for 
‘in the Mineral-King district, about two miles from the summit of 
-the western branch of the Sierra, vertical slates associated with 
eruptive granite contain casts of shells indicative of a ‘Triassic 
fauna. The author adds—‘* The main mass of the granite of the 
‘Sierra is earlier than the Aucella-beds, and in part, at least, later 
than these Triassic beds. It is very pr obable that.a granitic extru- 
‘sion accompanied the disturbance which led to the nonconfor mity 
‘at Horsetown. In British Columbia Dr. Dawson has traced ‘a 
“Post-Triassic upheaval, which was accompanied by granites. This 
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seems to add one more to the many indications that the Pacific 
coast throughout North America, if not throughout the two 
Americas, has had a very similar history.” 

The Photochronograph and its Application to Star-Transits. By 
J.G. Hacen,8.J. (Stormont & Jackson, Printers, Washington, 
DCs: 1891.) 

THIs is a pamphlet of 36 pages and 2 plates describing experi- 
ments and results in photographing star-transits at the Georgetown 
College Observatory. The work had its origin in a visit made by 
Prof. F. Bigelow and Mr. G. Saegmiiller to the Observatory named 
in the summer of 1889, and it is confidently stated that ‘this 
method of letting the sensitive plate take the place of the eye and 
the chronograph seems to have a great future.” It is claimed that 
the entire absence of personal equation in the results, and the fact 
that the probable errors are smaller than in the usual plan, give to 
the photographic method a practical importance and superiority 
which cannot fail to be recognized. ‘A photographic transit is, on 
the whole, more laborious than one taken by the chronograph, yet 
it certainly makes it possible for us to eliminate the personal equa- 
tion in all cases where such elimination must be purchased at any 
cost. As an example we need only mention longitude determina- 
tions. The usual exchange of the observers, so expensive in time 
and money, is, by the photographic method, rendered unnecessary 
and even useless. Jf the photochronographs at the two stations 
are worked by the saine clock at either station, or at an intermediate 
one, the sensitive plates will record the difference of the two meri- 
dians without the interference of the observers.” ‘The experiments 
are to be continued, the peculiar errors of the method are to be 
studied, and it is proposed to test its efficiency in regular zone 
work. 

XXXI. Proceedings of Learned Societies. 

GEOLOGICAL SOCIETY. 

[Continued from p. 141. ] 

June 24, 1891.—Sir Archibald Geikie, D.Sc.,LL.D.,F.R.S., President, 
in the Chair. 

ee following communications were read :— 
1. “On Wells in West-Suffolk Boulder-clay.”” By the Rev. 

Edwin Hill, M.A., F.G.S. 
It might be supposed that in a Boulder-clay district water could 

only be obtained from above or from below the clay. But in the 
writer's neighbourhood the depths of the wells are extremely 
different, even within very short distances; and since the clay 
itself is impervious to water, he concludes that it must include 
within its mass pervious beds or seams of some different material 
which communicate with the surface. It would follow that this 
Boulder-clay is not a uniform or a homogeneous mass. 

es ae 
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The visible sections are only those given, at hand by ditches, and 
at a considerable distance north and south by pits at Bury St. 
Edmunds and Sudbury. The appearances in these harmonize with 
that conclusion. Conclusion and appearances differ from what we 
should expect on the theory that this Boulder-clay was the product 
of the attrition between an ice-sheet and its bed. 

2. **On the Melaphyres of Caradoc, with Notes on the Associated 
Felsites.” By Frank Rutley, Esq., F.G.S. 

Within very limited areas the melaphyres of Caradoc differ con- 
siderably in texture and in structure, some having once been 
basalt-glass or andesite-glass (such being the superficial portions of 
a lava-stream); others have possessed a certain amount of inter- 
stitial glass, which has subsequently been rendered more or less 
opaque by the development of magnetite, while at times it appears 
to have been converted into a palagonitic substance. In some 
of the rocks the crystalline texture is very fine, in others com- 
paratively coarse. Near the summit of Caradoc is a basalt-tuff or 
andesite-tuff. . 

The melaphyre or dolerite of Little Caradoc differs from the lavas 
in that the augite remains fresh and the felspars are altered, while 
in the lavas of Caradoc proper the pyroxenic constituent is decom- 
posed and the felspars remain as a rule unaltered. 

Whether the melaphyre of Little Caradoc may be regarded as a 
neck from which the lavas lying to the south-west of it emanated, 
is a point which can only be demonstrated by further field-work. 

The author considers that further investigation may prove beyond 
dispute that the associated felsites are rhyolites of which the original 
structures have as a rule been almost entirely obliterated. In an 
appendix further evidence is adduced in favour of the original rhyo- 
litic nature of these felsites, and a fragmental rock from Bowdler’s 
Chair is described as unquestionably a rhyolite-tuff. 

3. “Notes on the Geology of the Tonga Islands.” By J. J. 
Lister, Esq., M.A. 

The islands of the Tonga group are situated on a long ridge which 
rises from deep water on either side to within a thousand fathoms of 
the surface of the sea. The general direction of the ridge is N.N.E. 
and 8.8. W. 

(1) A line of volcanoes, some active, some extinct, traverses the 
group. Continued southward, the direction of the line passes through 
the volcanoes of the Kermadec group, and those of the Taupo zone of 
New Zealand; while to the north it cuts the line of the Samoan 
volcanoes at right angles. 

(2) Besides the purely volcanic islands there are some formed by 
submarine eruptions, whose layers have been laid out under water 
and since elevated, with or without a covering of limestone. 

(3) The remaining islands are formed entirely of limestone. 
Kua is an example of the second group. The volcanic basis con- 

sists for the most part of beds laid out beneath the sea, and some of 
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the upper ones contain pelagic shells. Dykes of augite and hyper- 
thene-andesite project on the shore, and a representative of the 
plutonic series occurs. ‘There is evidence that the island has been 
elevated and again submerged prior to the elevation which has raised 
it to the present height. The volcanic basis is largely invested with 
limestone, and this rock forms the summit 1078 feet above sea-level. 
Sections show that it is a shallow-water deposit. 

Of the purely limestone structures, Tongatabu, Nomuka, and the 
long reef on which the’ larger islands of the Hapaii group are 
situated form more or less complete atolls, all of which have been 
elevated to a greater or less extent. 

The Vavau group is remarkable for its very indented contour, 
suggesting the idea that it rests on a much denuded basis. Both 
here and at Kua there are raised limestone formations with atoll or 
barrier-like contours; and there is some direct evidence to show 
that these have been formed without the aid of subsidence. 

The presence of islands formed of volcanic materials laid out in 
layers beneath the sea, and the manner in which the recently formed 
Falcon Island is now being reduced to the condition of a submarine 
bank, suggest that the atolls of the group may rest on similarly 
formed foundations. 

4, “On the Inverness Earthquakes of November 15th to De- 
cember 14th, 1890.” By C. Davison, Esq., M.A. : 

In this paper the author gives reasons for supposing that the 
Inverness earthquakes of last year were due to the subsidence of a 
great wedge of rock included between a main fault and a branch 
one; and he considers that there is little doubt that these recent 
earthquakes were the transitory records of changes that, by almost 
indefinite repetition in long past times, have resulted in the great 
Highland faults. 

XXXII. Intelligence and Miscellaneous Articles. 

ON THE DETERMINATION OF THE DIELECTRIC CONSTANT OF 

GLASS BY AID OF VERY RAPID ELECTRICAL OSCILLATIONS. 

BY R. BLONDLOT. 

ERY rapid electrical oscillations, suchas are produced by Hertz’s 
apparatus, have been utilized by Prof. J. J. Thomson for the 

measurement of the dielectric constant*. Prof. Thomson draws from 
his experiments the following conclusion: ‘‘for vibrations whose 
frequency is .... 25,000,000 per second, the specific inductive 
capacity [ef glass] is very nearly equal to the square of the refrac- 
tive index, and is very much less than the value for slow rates of 
reversals.” 

As regards this conclusion we might demur to the use of the 

* J, J. Thomson, “Specific Inductive Capacity of Dielectrics when 
acted on by very rapidly alternating Electric Forces,” Proc. Roy. Soc. 
June 20, 1889. 

eee 
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formula which gives the period of the oscillations, a formula the 
tenability of which is doubtful in the case of very rapid oscillations. 
More recently, E. Lecher has measured the dielectric constants of 
several substances by the aid of a method founded also on the 
determination of the wave-length of very rapid oscillations, but’ 
without employing any formula. 

The conclusions of M. Lecher are diametrically opposed to those 
of Prof. Thomson: ‘ Not only,” says he, ‘does the dielectric con- 
stant, calculated by the aid of the capacity, not become smaller for 
very rapid oscillations, but it even considerably increases.” 

These contradictory conclusions have led me to engage in new 
researches; the method which I have adopted is based on the 
employment of very rapid oscillations, but I do not make use of 
any formula. 
A large rectangular plate of copper A A’ is fixed vertically; a 

second, smaller plate B B’ forms a condenser with the first. This 
condenser can discharge itself by the intermediation of the knobs 
a and 6; a@ is in communication with the gas-pipes, 6 with 
one of the poles of an induction-coil the other pole of which com- 
municates with the gas-pipes. When the coil is working the 
condenser A B is the seat of oscillatory charges and discharges the 

period of which is of the order of the aay of a second. 
We have thus in the space situated on the side of A A’ opposed 

to B B' a periodic electromagnetic field which—and this is the chief 
point—has x x as the plane of symmetry. 

Let us fix in this field two square x 
plates C D, C' D’ parallel to A A’ and 
symmetrical with respect to x x, BE 
and then solder to the middle points 
D, D’ of their inner edges two wires 
terminating at Eand EH’ intwocarbon 
points kept facing each other at a 
very small distance apart. 

Although the coil is working, we 
do not observe any light between E 
aud H'; this results from the sym- 
metry of the apparatus. If we  , D! 0! 
interpose a glass plate between 
A A’ and CD, sparks immediately Sowa Sali ais A 
pass between E and E’; this is B B’ 
caused by the induction received by 

received by O' D’. 
Let us now interpose between 

AA’ and C’D’ a plate of sulphur; 
if we give to it such a thickness 
that the inductive action on C' D’ 
is equal to that on C D, the sparks disappear between E and E.’ 
Conversely, the disappearance of sparks between E, E’ indicates 

| 
J 

CD becoming less strong than that : ‘ 



232 Intelligence and Miscellaneous Articles. 

that the inductions transmitted to C D and C’ D’ are equal; it is 
sufficient therefore to measure the thicknesses of the dielectric 
plates to determine by an easy calculation the ratio of the dielectric 
constants of glass and sulphur. By means of experimental pre- 
cautions which [ cannot mention here I have been able to render 
this method sensitive and exact. 

The glass plate which I employed was fealty 3 centim. thick. 
For the other side, I cast two plates of sulphur in the form of 
prisms of the same angle, in such a manner that by clipping them 
together, as in Babinet’s compensator, a plate with parallel faces 
was formed the thickness of which could be varied. I found 3:15 
centim. for the thickness of the plate of sulphur which exactly 
compensated the plate of glass. To complete the determination of 
the dielectric constant of glass that of sulphur had to be obtained ; 
this was easy, since sulphur is a nearly perfect dielectric. I 
employed the method indicated by M. J. Curie* and found the 
number 2°94=(1°67). 

This result is almost identical with that of Prof. J. J. Thomson. 
Maxwell’s law is not exactly verified, as the mean index of my 
plate of glass is about 1°51, but the difference is much less than 
that given by the values of dielectric constants obtained by the aid 
of slower methods. My conclusion is the same as that of Prof. 
J. J. Thomson.—Comptes Rendus, May 11, 1891, p. 1058. 

ON AN IMPROVED METHOD OF DETERMINING SPECIFIC HEAT BY 

MEANS OF THE ELECTRICAL CURRENT. BY PROF. PFAUNDLER, 

The method published in 1869, which depends on Joule’s law 
according to which the same current develops in spirals of wire 
arranged in series quantities of heat which are proportional to the 
resistances, has hitherto met with but few applications, owing to 
the fact that it is only applicable to nonconducting liquids. The 
author has got rid of this objection by replacing the spirals of wire 
by thin glass spirals filled with mercury. He obtained also greater 
accuracy aud certainty by interposing these resistances as branches 
in a Wheatstone’s bridge, so that it was possible to control the ratio 
of the resistances during the passage of the current and keep it 
constant. Slight alterations of the resistances were compensated 
by placing glass threads in the straight ends of the tubes which 
contained the mercury. In other cases those alterations were 
measured by displacing the contact-key, and in this way the result 
was corrected. 

The comparative measurement of the rise of temperature is 
made more sensitive by the aid of a thermoepile. 

Experiments are communicated which show the applicability of 
the method both for direct and alternating currents.— Weener 
Berichte, April 9, 1891. 

* Ann. de Chim. et de Phys. 1889. 
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XXXII. Some Applications of Physics and Mathematics to 

Geology. By C. Coreg, V.A., Fellow of King’s College, 

Cambridge™. 

Part I. Some Physical and Mathematical Data. 

\ || ANY of the terms employed in treating of the properties 
and conditions of matter have in common use a some- 

what vague meaning. The meaning, so far as clearly outlined, 

is also only too often different from that which the physicist 
intends to convey. As regards terms such as rigid, solid, 
plastic, viscous, &e. it seems to me that even eminent geologists 
are apt to be misled by the popular usage, so that they fall 
into error respecting the data which mathematical and 
physical science places at their disposal. It thus seems 
advisable on the present occasion to clear the ground by 
briefly considering the sense attached to these terms by the 
more exact school of physicists. To render the following 
statements intelligible it is necessary to explain the meaning 
scientifically attached to the terms stress and strain. By 
stress 1s meant a force referred to unit of area of the surface 
across which it acts, by strain the increase in the distance 
between two material points divided by the original distance. 
For instance if a vertical bar n square inches in cross section 
fixed at the upper end, sustain a load of ¢ tons, and the load 
be uniformly distributed over the cross section, the longi- 
tudinal stress is tn, taking the square inch as unit of area 

* Communicated by the Author. 
Phil. Mag. 8. 5, Vol. 32. No. 196. Sept. 1891. R 
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and the weight of one ton as unit of force. If a portion of 
the bar increase in length from 100 to 100-01 inches, and the 
increase be uniformly distributed over the portion lengthened, 
the longitudinal strain is (100-01—100) x 10-2, or -0001. 

The writers who have had most influence on the present 
scientific usage of English terms dealing with physical 
properties are unquestionably Professor Clerk Maxwell and 
Sir William Thomson. The former gives the following 
definitions in his ‘ Theory of Heat’* :—‘‘ A body which when 
subjected to a stress experiences no strain would, if it existed, 
be called a Perfectly Rigid Body. There are no such 
bodies. . 

sak body which when subjected to a given stress at a 
given temperature experiences a strain of definite amount, 
which does not increase when the stress is prolonged, and 
which disappears completely when the stress is removed, is 
called a Perfectly Hlastic Body.” 

“Tf the form of the body is found to be permanently 
altered when the stress exceeds a certain value, the body is 
said to be soft or plastic, and the state of the body when 
alteration is just going to take place is called the Limit of 
Perfect Elasticity.” 

“If the stress, when it is maintained constant, causes a 
strain... which increases continually with the time, the 
substance is said to be viscous.” 
A viscous material may be either solid or fluid. It is 

regarded by Maxwell as fluid when any stress, however small, 
produces a constantly increasing strain. Maxwell draws a 
distinction between elasticity of bulk and elasticity of shape— 
the latter being peculiar to solids—which is more fully treated 
of by Sir W. Thomson. A body possesses perfect elasticity 
of bulk when on the removal of the stress it returns to its 
original volume, even though the form of its surface be per- 
manently altered. Both writers regard it as certain that solid 
bodies will retain perfect elasticity of bulk under compressive 
stresses which far exceed the limit of elasticity of shape. 
The following statement embodies the views of Sir W. 
Thomson f:—“If we reckon by the amount of pressure, 
there is probably no limit to the elasticity of bulk in the 
direction of the increase of pressure for any solid or fluid ; 
but whether continued augmentation produces continued 
diminution of bulk towards zero without limit, or whether for 
any or every solid or fluid there is a limit towards which it 

* 5th edition, chapter xx1. 
i Mathematical and Physical Papers, vol. iil. pp. 7-8. 
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may be reduced in bulk, but smaller than which no degree of 
pressure, however great, can condense it, is a question which 
cannot be answered in the present state of science.” 

Maxwell, by denying the existence of a perfectly rigid body, 
maintains that every solid can sustain stress or transmit 
force only by suffering strain. Thus on depositing a feather 
on the most solid block of iron we produce in the iron a 
system of strains, infinitesimally small it is true, but whose 
existence can no more be questioned than the existence across 
the surface separating the iron and the feather of forces 
balancing the portion of the feather’s weight left uncom- 
pensated by the air-pressure. ‘The hypothesis quoted above 
from Sir W. Thomson, that there may be a limit beyond 
which no body can be compressed, is not inconsistent with 
Maxwell’s statement. The hypothesis regards the ratio of 
the increment of strain to the increment of pressure as 
ultimately becoming infinitesimally small, but it in no way 
implies that this ratio ever becomes absolutely zero. 

In a solid bar, supposed perfectly elastic, exposed to longi- 
tudinal stress, the ratio of the stress to the strain is styled 
Young’s Modulus. In many materials Young’s modulus varies 
in magnitude according to the direction in which tue axis of 
the bar is taken. Thus, in ordinary woods, there is a marked 
difference between the value of Young’s modulus in the 
direction of the pith of the tree and in any perpendicular 
direction. Materials in which Young’s modulus is independent 
of the direction in which the axis of the experimental bar is 
taken are termed isotropic, all others are termed zolotropic. 

In an isotropic elastic solid it is supposed, on the ordinary 
British or biconstant theory, that the value of Young’s modulus, 
H, alone is insufficient to define the elastic structure, and that 
some other elastic constant must be known. For many 
purposes the most convenient additional constant is the ratio 
of the lateral contraction to the longitudinal extension—each 
measured per unit of length—in a bar exposed to simple 
longitudinal traction. For instance, if the diameter of a bar 
under uniform longitudinal stress change from 10 to 9:9997 
inches the lateral contraction is ‘00008, and if the longitudinal 
strain be -0001, the ratio of lateral contraction to longitudinal 
extension is *3. This ratio is termed Poisson’s Ratio, and is 
represented here by 7. 

On the uniconstant theory of isotropy 7 must have the value 
‘25, which certainly accords well with experiments on glass 
and some of the more common metals, especially iron and 
steel under certain conditions. 

On the biconstant theory 7 may have any value within 
R 2 
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certain limits. The existence of these limits, it must be 
admitted, is seldom recognized, and experimental results are 
not infrequently referred to which are inconsistent with the 
view taken here, viz. that 7 must lie between 0 and ‘5. If, 
however, 7 were negative in any material a circular bar of 
this material, when subjected to uniform longitudinal tension, 
would increase in diameter ; while if 7 were greater than °5, 
the bar, when fixed at one’ end and subjected to a torsional 
couple at the other, would twist in the opposite direction to 
the applied force. Until these phenomena are shown to 
present themselves in isotropic materials—and the experi- 
mental verification ought to be easy—it seems legitimate to 
suppose that when experimentalists deduce values for 7 which 
lie outside of these limits, their experiments refer to bodies 
whose constitution is different from what is assumed in their 
mathematical calculations. 

The properties attributed to an isotropic elastic solid by the 
ordinary mathematical theory are as follows :— 

(A) The strain must be elastic, z.e. it must disappear on 
the removal of the stress. 

(B) The ratio of stress to strain must be independent of 
the magnitude of the stress, or, in Professor Pearson’s words, 
the stress-strain relation must be linear. 

(C) The strains must be small. 
(D) The values of Young’s modulus and Poisson’s ratio in 

_a bar of the material must be independent of the direction in 
which the axis of the bar is taken. 

The last property alone distinguishes isotropic from eolo- 
tropic elastic solids. 

(A) answers to Maxwell’s definition, but (B) and (C) are 
not assumed by Maxwell. In other words, a solid may be 
perfectly elastic without showing a linear stress-strain rela- 
tion, or possibly even after the strains have become large. 
Thus, for the sake of clearness, I shall call Maxwell’s limit of 
perfect elasticity the Physical limit, and the limits supplied 
by (B) and (C) the first and second Mathematical limits 
respectively. 

It is not infrequently taken for granted that the physical 
and the first mathematical limit are necessarily identical, 7. e. 
that the elasticity is certainly not perfect when the stress- 
strain relation ceases to be linear. - According, however, to 
some experimentalists cast iron is as perfectly elastic as any 
other metal in the sense of Maxwell’s definition, but the stress- 
strain relation for even small strains is sensibly not linear*. 

* See Todhunter and Pearson’s ‘ History of Elasticity,’ vol. i. art. [1411] 
and pp. 891-5. 
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This is of course a question for experimentalists to decide,. 
but in any case where their final verdict is that the stress- 
strain relation is sensibly not linear the employment of the 
ordinary mathematical theory is unjustifiable. It must be 
admitted that the principle (C) is a very vague one, leading 
to no exact limit, and that it seldom receives any very formal 
acknowledgment. It is, however, clearly recognized, and a 
reason for it assigned in the following statement due to 
Thomson and Tait * :—‘‘The mathematical theory of elastic 
solids imposes no restrictions on the magnitudes of the stresses, 
except in so far as that mathematical necessity requires the 
strains to be small enough to admit of the principle of super- 
position.” The italics are mine. The meaning is that the 
strains must be small fractions whose squares are negligible 
compared to themselves. If this principle be neglected and 
the mathematical equations be supposed to apply when the 
strains are large, the difficulty of giving them a consistent 
physical interpretation is very great if not wholly unsur- 
mountable. 

In most materials having any claim to be regarded as 
elastic solids, the stress-strain relation for most ordinary stress 
systems certainly ceases to be linear while the strains are still 
small. We shall thus in the meantime leave the condition 
(C) out of account, though we shall have to return to it in 
treating of the so-called “ theories of rupture.” 

The existence of the properties (A), (B), (D), presupposed 
by the mathematical theory, is determined not solely by the 
chemical constitution of the body, but also by the treatment 
to which it has been subjected. Thus a freshly annealed 
copper wire may, when loaded for the first time, be far from 
satisfying conditions (A) or (B), and yet by the process of 
loading and unloading it may be brought into a stute of ease, 
wherein these two conditions are very approximately, if not 
exactly fulfilled, so long as the stress does not exceed a certain 
limit. Again, the fact that a large mass of metal is sensibly 
isotropic is no sufficient reason for attributing isotropy to the 
same metal when rolled into thin plates or drawn into thin 
wires. 

Tt is quite possible that the three conditions (A), (B), and 
(D) represent an ideal state which is never actually reached, 
and that a divergence may always be shown by the use of 
very delicate apparatus. If this be true, then the results 
obtained by the mathematical theory cannot claim absolute 
correctness. It seems, however, to be satisfactorily established 

* Nat. Phil. vol. 1. Part ii. p. 422. 
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that many materials in the state of ease satisfy these con- 
ditions with at least a very close approach to exactness, so 
that the results of the mathematical theory when properly 
restricted are then sufficiently exact for practical purposes. 

From the preceding statements it will be seen that it is of 
the utmost importance to know what are the limits within 
which the conditions assumed by the mathematical theory are 
satisfied with sufficient exactness to justify its application. 
This question must of course be settled by experiment, but it 
is beset by various difficulties which ought to be clearly 
recognized. These arise in part from the serious obstacles 
in the way of a complete experimental knowledge, and in 
part from the want of a proper understanding between those 
interested in the practical and theoretical sides of the subject, 
and a consequent confusion in the terms used. 

To avoid complication let us begin by supposing the 
mathematical limit of perfect elasticity to coincide with the 
physical. Let us consider the simple case of a bar under 
uniform longitudinal traction. We may suppose the bar 
isotropic, and in consequence of suitable treatment perfectly 
elastic for loads not exceeding L,. No mechanical treatment, 
we shall suppose, can render it perfectly elastic for loads 
greater than Ly. It does not follow that a load Ly, will 
necessarily rupture the bar either immediately or in course of 
time, but simply that for any load greater than Ly, the strain 
is not perfectly elastic. Increasing the load from zero we 
should reach a load Ls, probably greater than L,, that would 
in process of time rupture the bar, or a load L, greater than 
L; that produces immediate rupture. All these loads are 
supposed to refer to unit of area. 
Now in the initial state of the bar we should be entitled to 

apply the mathematical theory only until the load L, was 
reached. When we aim at finding the utmost capability of 
the material under longitudinal load, we may perhaps apply 
the theory until the load L, is reached, but here we must 
stop. To apply it until the loads L; or Ly are reached— 
assuming these greater than L,—is clearly inadmissible. 

Results of a similar kind hold for all the comparatively 
simple forms of stress,—such as pure compression, torsion, or 
bending—in which practical men are interested. There are 
limits to the state of perfect elasticity lower than the limits 
at which rupture takes place, at least immediately. 

The usual aim of the engineer is that no part of the 
structure he is designing should ever be strained beyond the 
elastic limit, and this end he of course desires to obtain with 
the least possible expenditure of material. Thus ideally he 
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might be expected to calculate the dimensions of each piece, 
so that for the maximum load it is to be subjected to it shall 
just not pass beyond the limit of perfect elasticity. There 
are, however, in general agencies, such as wind pressure, 
dynamical action of a moving load, &c., whose effects are not 
very fully understood and whose magnitude cannot always 
be foreseen. ‘Thus it is the custom to allow a wide margin 
for contingencies. Now the limit of perfect elasticity seems 
the natural quantity to employ in allowing for this margin, 
but the uncertainties attending its determination are such 
that it is customary to employ the breaking-load instead. 
The breaking-load for the particular kind of stress the member 
in question is to be exposed to is divided by some number, 
e.g. 4 or 5, called a factor of safety, and the dimensions of the 
member are calculated so that its estimated load shall not 
exceed the quotient of the breaking-load by the factor of 
safety. The engineer varies the factor of safety according 
to the nature of the load, and according to the confidence he 
possesses in the uniformity of the material and in the com- 
pleteness of his knowledge as to the vicissitudes the structure 
isexposed to. It has thus come to pass that attention has been 
largely directed to the breaking-loads, and theories have been 
constructed which aim professedly at supplying a law for the 
tendency to rupture, under the most general stress-systems 
possible, of materials whose rupture-points have been found 
under the ordinary simple stress-systems employed in 
experiment. 

There are only two such theories of rupture for isotropic 
materials that at present possess any general repute. To 
understand them the reader requires to know that for any 
stress-system there are at every point in an isotropic elastic 
material three principal stresses along three mutually ortho- 
gonal directions, and likewise three principal strains, whose 
directions coincide with those of the principal stresses. If 
an imaginary small cube of the material be taken at the point 
considered with its faces perpendicular respectively to the 
three principal stresses, then no tangential stresses act over 
these faces. In a bar under a uniformly distributed longi- 
tudinal stress L per unit of cross section, two of the principal 
stresses are everywhere zero, and the third is parallel to 
the axis and equals L. If E be Young’s modulus, and 9 
Poisson’s ratio for the material, supposed isotropic and elastie, 
the greatest principal strain is everwhere L/E and its direction 
is parallel to the axis. The two remaining principal strains 
are each —7L/H, and they may be supposed to have for their 
directions any two mutually perpendicular lines in the cross 
section of the bar. 
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One of the theories referred to above is that when the 
algebraic difference between the greatest and least of the 
principal stresses at any point—a pressure being reckoned 
negative—attains a certain value, rupture will ensue at this 
point. Thus, if in descending order of magnitude the prin- 
cipal stresses at a point be T,, T., T;, then T,—T; is the stress- 
difference* at this point, and the theory asserts that rupture 
will ultimately ensue if the stress-difference anywhere equals 
L;, the load for ultimate rupture of a bar of the material by 
longitudinal traction ; while if the stress-difference anywhere 
equals L,, the load for immediate rupture by longitudinal 
traction, then immediate rupture will ensue. 

The second theory, which is supported by the great 
authority of de Saint-Venant{, replaces the stress-difference 
of the first theory by the greatest strain. It thus asserts 
that the condition for rupture is found by equating the 
Jargest value found anywhere for the greatest strain to the 
longitudinal strain answering to longitudinal traction L;, or 
to that answering to the traction L,, according as the rupture 
is ultimate orimmediate. This theory maintains that extension 
in some direction is necessary for rupture. 

The two theories may, as in the case of pure longitudinal 
traction, lead to the same result; but in general they do not, 
so one at least of them must be wrong. When we examine 
the theories, still supposing the mathematical and physical 
limits of perfect elasticity the same, a very obvious difficulty t 
presents itself. It is assumed that the stress-difference and 
greatest strain are derived by the mathematical theory ; but 
that theory applies only so long as the material is everywhere 
perfectly elastic, whereas rupture, at least when immediate, 
presents itself after the elastic limit has been passed. Thus 
it the application of the mathematical theory lead to values 
for the maximum stress-difference and greatest strain equal to 
the values of these quantities answering to rupture, at all 
events when immediate, the true conclusion would seem to 
be that the fundamental hypothesis on which the treatment 
proceeds, viz. that the material follows the laws assumed by 
the mathematical theory, has been shown to be incorrect. 
Nothing has been proved except that the elastic limit must 
be passed and that the mathematical theory does not apply. 

The only logical way of interpreting the theories is to 

* See Professor Darwin, Phil. Trans. 1882, pp. 220-1, &¢.; also 
Thomson and Tait’s Nat. Phil. vol. i. Part i1. p. 428. 

+ See Pearson's ‘The Elastical Researches of Baré de Saint-Venant,’ 
Arts. 5 (c), &e. 

¢ bed. Arts. 4 (y), 5 (a), &e. 
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suppose that the maximum stress-difference and greatest strain 
are to be compared not with the values that answer to rup- 
ture, but either with those that answer to the limit of perfect 
elasticity or with those derived by dividing the values an- 
swering to rupture by some factor of safety. This factor 
must then be large enough to prevent the limit of pertect 
elasticity being passed. Thus from either point of view we 
encounter a formidable difficulty, viz. the uncertainty of what 
is the limit of perfect elasticity. 
We have supposed that a bar may be brought into a state 

in which it is perfectly elastic for longitudinal tractions not 
exceeding L,. Answering to this we have J, for the stress- 
difference, and L,/H for the greatest strain. Now if the two 
theories described above really apply to the limit of perfect 
elasticity, the one would seem to maintain that L, is the 
limiting value of the stress-difference, the other that L,/H is 
the limiting value of the greatest strain for all possible stress- 
systems in material of the same kind as that in the bar. The 
complete experimental proof or disproof of such theories is 
not likely to be easy. Thus taking, for instance, the case of 
longitudinal traction, suppose it were shown that a certain 
method of treatment which raises the elastic limit for load 
parallel to the axis of a bar does not raise the elastic limit for 
longitudinal load in a bar whose length lay in the cross 
section of the original bar. This would only suffice to prove 
that the treatment adopted did not give a fixed elastic limit 
the same for all kinds of strain, it would leave the possibility 
of such a limit being obtained in some other way an open 
question. 

In the preceding remarks the mathematical and physical 
limits of perfect elasticity have been supposed identical. 
When they differ, the mathematical limit is of course that 
which must be employed in determining the range of the 
mathematical theory. It will certainly not exceed the phy- 
sical limit. I may add that, while for certain structures such 
\as isolated boilers the physical limit may most nearly concern 

the practical engineer, in other structures, such as girder 
bridges, the stress-strain relation is assumed to be linear in 
designing the several parts, so that the first mathematical 
limit is then of the utmost practical importance. 

In the previous discussion of the stress-difference and 
greatest strain theories, as settling the limits of application of 
the mathematical theory, it has been taken for granted that 
the condition (C) was safeguarded by them. Now in most 
ordinary systems of loading this is probably the case, but it 
is not always so. For instance, if we assume the mathe- 
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matical theory to hold, a solid isotropic sphere under a uniform 
surface-pressure shows none but negative strains, and the 
three principal stresses are everywhere equal. Thus the 
greatest strain is everywhere negative, and the stress-dif- 
ference everywhere zero. This is true irrespective of the 
magnitude of the surface-pressure, and so, according to both 
theories, the stress-strain relation would be linear and the 
mathematical theory would apply, however large the pressure 
was. According to the theories, one might continue to em- 
ploy mathematical formulse which indicated a reduction of 
the sphere to one millionth of its original volume. It is 
obvious, however, that a reduction of the volume by even a 
tenth would produce strains which are probably far in excess 
of those admitted by the principle (C). In formulating an 
objection to the universal application of the theories, | have 
preferred to attack them on the side of the principle (C) so 
as to show clearly that the high authority of Thomson and 
Tait is on my side. The example considered raises, however, 
what seems to me at least an equally strong argument against 
the theories from the side of the principle (B). For we must 
remember that the stresses inside the material are determined 
by the intermolecular forces. Now, whatever molecules may 
be, and however they may act. on one another, it seems in- 
credible that the molecular forces should lead to one and the 
same stress-strain relation, however much the mean molecular 
distance may be reduced. The fact that Sir W. Thomson 
regards the existence of an irreducible minimum volume as 
possible may, I think, be taken as proof that he is opposed to 
the view that it is possible for the stress-strain relation to 
remain linear under such circumstances. It thus seems to 
me, on various grounds, that the inevitable conclusion is that 
while one or other of the two theories may, under ordinary 
circumstances, be sufficient to define the limits of the mathe- 
matical theory, the result must always be checked by reference 
to the condition (C), or, what comes to the same thing, we 
must give up the mathematical theory when the strains it 
indicates are such as would markedly alter the mean mole- 
cular distance. 

I next proceed to discuss the possibility of the earth’s 
possessing an elastic solid structure, deriving the necessary 
data from three papers published in the ‘ Transactions’ of the 
Cambridge Philosophical Society. For brevity these will be 
referred to as (a)*, (b)}, and (c)f. 

* Vol. xiv. pp. 250-369. 
+ Vol. xiv. pp. 467-4838. { Vol. xv. pp. 1-86. 
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The strains due to the action of the sun and moon being 
comparatively insignificant, we need consider only the “ cen- 
trifugal”’ forces due to the earth’s diurnal rotation, and the 
gravitational forces due to the mutual attraction of its parts. 

The data supplied by Geology do not enable us to formu- 
late any likely theory as to a probable distribution of density 
and elasticity throughout the earth regarded as an elastic 
solid. All we know with certainty is that the surface strata 
are on an average considerably below the mean density, that 
they differ widely in character, many being markedly zeolo- 
tropic, and that frequently they are far from horizontal. 
Thus, as our object is merely to consider what are the possi- 
bilities on the hypothesis of solidity, it will be best to make 
the hypothesis as simple as possible. Now, if the deviations 
from the earth’s mean density and from an isotropic elastic 
structure were limited to the surface-strata, where alone we 
are certain of their existence, the effect of the “ centrifugal” 
forces would be nearly the same as if these deviations did not 
exist; but the effect of the gravitational forces on the eccen- 
tricity of the surface may depend largely on the nature of 
the deviations. I thus propose to treat the problem in 
stages. 

The first stage neglects entirely the gravitational forces 
and regards the earth as a slightly spheroidal body—which 
has departed from the spherical form in consequence of its 
rotation—of uniform density and of the same isotropic elastic 
structure throughout, rotating with uniform angular velocity 
wm about its polar axis. 

Let a denote the mean radius, d the difference between 
the equatorial and polar semi-axes of the surface, KE 
Young’s modulus, and 7 Poisson’s ratio for the material. 
Then the ratio d: ais given for various values of 7 in the 
following Table *:— 

Tase I. 

i seta) Sail 22 My oe Biuhiy outst. > 425 
d 2 

<, °F = 286 380 B41 85Z_ BBB 

In the case of an originally spherical solid assuming the 
shape of the earth under rotation, it is of no practical im- 
portance whether we regard a as the radius of the original 
spherical surface, or as the mean radius under rotation, nor 
does .it matter practically whether the density be supposed 
uniform previous to or during the rotation. ‘There is, it is 

* See (a) formula (5) p. 287 ; or (ce) Tables IIL, V., and VI. 
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true, for all values of 7 except °5, a slight increase in the 
volume *, and consequent diminution in the mean density 
accompanying the rotation, but for our present purpose this 
may be neglected. 

The mathematical solution on which Table I. is based treats 
the spherical surface of radius a as that over which the con- 
ditions for a free surface are satisfied. Now some uncertainty 
may exist, depending on the physical interpretation put upon 
the mathematical equations, whether these surface conditions 
should be applied over what is the surface before the dis- 
placement—in this case the surface of the true sphere which 
it is assumed the earth would form if the rotation disappeared, 
—or over what is the surface during the rotation. This un- 
certainty might constitute a very serious difficulty if the de- 
formations were supposed to be large—a contingency which 
may arise when the limitation (C) in the magnitude of the 
strains is neglected ; but in such problems as the present 
where the strains are, as we shall see presently, of the same 
order of magnitude as occur in ordinary engineering struc- 
tures, it is of no material consequence. In the present case 
complete assurance on this point may be derived from figures 
1 and 2, plate ii. of (¢), which show the changes induced by 
rotation in the equatorial and polar semi-axes of spheroids of 
various shapes. 

For given values of d, a, w, and p, Table I. shows that E 
and 7 increase together. Giving @ the value it has for the 
earth, and assuming p=9°5, a=3950, d=13°25, I find for 
the values of H, measured in grammes weight per square 
centim., answering respectively to the values 0, °25, and °5 
of n, the approximate numbers 

1020 x 10°, 1220x10® and 1410x 10°. 

It is obvious from Table I. that to equal increments in 7 
there correspond nearly equal increments in HE; thus the 
numbers given above will enable a sufficiently close approxi- 
mation to the value of EH for any other value of 7 to be 
immediately written down. 

For the sake of comparison with the values found for E in 
some of the commoner materials under ordinary conditions I 
append the following data, taken from Sir W. Thomson’s 
article on ‘Elasticity’? in the Encyclopedia Britannica. 
The units are the same as above. 

* See (6) Table II., and compare Tables V. and VI. of (ce). 
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Taste II. 

Values of H/10°. 

Tron and Steel. | Copper.| Slate. | Zine.} Stone. | Lead. 

about 

Highest value . 2953 1254 1120 955 350 199 

Lowest value... 984 1052 910 873 51 

This table will give a general idea of the limits within 
which E may reasonably be expected to lie, though some of 
the data refer to material which is hardly likely to have been 
isotropic. It shows that if the influence of the gravitational 
forces on the eccentricity were negligible—which, however, 
is not the case—the earth, though perfectly solid and elastic, 
might reasonably be expected to display not a smaller but a 
considerably greater eccentricity than it actually does. 

The question next arises whether the strains and stresses 
produced by the rotation are such as are consistent with the 
principles on which the application of the mathematical theory 
rests. In the actual case of the earth this question is of im- 
portance only in exceptional circumstances, owing to the pre- 
ponderating influence of the gravitational forces, still it 
possesses sufficient interest to claim separate consideration. 
The following table gives a sufficiently close approximation 
to the numerical results obtained for the rotating body treated 
above, when for E are substituted the values which answer to 
the production by rotation alone of an eccentricity equal to 
that of the earth. 

TaBLe III.* 

n= 0 "25 5 

Maximum  stress-differ- 
ence in tons weight per 323 32} 32 
BQHAreLINCl ....:... .+---- 

Greatest strain ............++. ‘0040 0029 0018 

Longitudinal stress in \ 
tons per square inch | 
which would produce a } 26 23 16 
strain equal to the great- | 
ro) ih) Cn a ) 

* See (c) Tables III., VII., and IX. 
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The maximum stress-difference and the greatest strain, as 
given in the table, are both found at the centre. 

The result on the stress-difference theory is nearly inde- 
pendent of 7, and is more unfavourable in every case than 
that given by the greatest strain theory to the view that the 
material remains perfectly elastic. A stress of 16 tons per 
square inch is not one that an engineer would view with com- 
placency in any structure intended to be permanent, but it is 
a low value for the tenacity of good wrought iron. A stress 
of even 33 tons per square inch can easily be borne without 
rupture by good steel, and is perhaps not in excess of the 
stress under which the best steel remains practically perfectly 
elastic. The greatest strains are not of such a magnitude as 
to raise any presumption against the linearity of the stress- 
strain relation. Thus, according to all the tests, it is quite 
possible that an originally spherical solid of the earth’s mass 
but devoid of gravitation should remain solid and elastic 
while assuming the form of the earth under rotation. Its 
material, however, at least if homogeneous and isotropic, 
would require to possess an unusually high limit of perfect 
elasticity. 

The next subject for consideration is how the question is 
affected by the existence of gravitational forces such as are 
fourid in the case of the earth. The strains and stresses in a 
slightly oblate spheroid, treated as an isotropic elastic solid, 
all consist of two parts, the first part being the same as if the 
surface were truly spherical, the second depending on the 
eccentricity. It is the second parts that represent the action 
of the gravitational forces in modifying the eccentricity, but 
these parts are in general insignificant so far as the question 
of the applicability of the mathematical theory is concerned. I 
shall therefore postpone consideration of them until an account 
has been given of the strains and stresses which are inde- 
pendent of the eccentricity. 

The mathematical difficulties in applying the ordinary 
theory to the case of a homogeneous solid gravitating sphere 
are trifling, but the difficulty of putting a physical interpre- 
tation upon the mathematical expressions answering to most 
values of 7 is such as very forcibly to call attention to the 
necessity of the limitation (C). Since the gravitational force 
at an element of a solid sphere depends not only on the total 
mass which lies nearer the centre than does the element, but 
also on its absolute distance from the centre, we must assume 
that the equations supplied by the ordinary mathematical 
theory, if they apply at all, hold for the position of final 
equilibrium after the deformations have taken place. This 

2 Te en 
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seemingly requires that strain should be defined as the ratio 
of the increase of length to the final length, which is not in 
accordance with the usual interpretation of Hooke’s law 
unless the square of the strain be negligible. Supposing the 
internal equations to refer to the final deformed condition, 
the surface equations will undoubtedly also refer to this con- 
dition. Thus, so far as the terms independent of the eccen- 
tricity are concerned, we may suppose the mathematical 
theory applied to a sphere whose density p is uniform through- 
out, and whose radius a equals the earth’s mean radius. 

In this case the maximum stress-difference and the al- 
gebraically greatest strain are both found at the surface. 
Let us denote these by 8 and s respectively; and let sy denote 
the greatest compression, which occurs at the centre, and w, 
the radial displacement at the surface. Hmploying E and n 
as before, and denoting by g the acceleration due to the 
sphere’s attraction at its surface, I find* 

S= : gpa wa (1) 

eC) 

0 =— 7p ee PNR EN 

m= — 5 OE (1-20). . ola coe ok aa oa 

Assuming for a moment these results to hold for a sphere in 
which g = gravity { at the earth’s surface, p = 5°5 times the 
density of water, and a = 3950 miles, the following are the 
approximate numerical values answering to the values 0, ‘25, 
and °5 of 7 :— 

TABLE LV. 

i 0 "25 #9) 

S, in tons weight per square inch ......... 4440 2960 0 
Longitudinal stress E 5, in tons weight 
per square inch, which would produce 0 1480 0 
SS EEA NIUR Ie iS cnc Son nn eo wp ciate bin Selgane 

—=§,, (820 1901007) eee 1:03 D3 0 
—wa, in miles (see below) ...............00 2700 1130 ) 

* See (a) formule (17), (18a), and (19a), p. 281. 
+ The caleulations treat the attraction on a cubic centimetre of water 

at the surface as equal to the weight of one gramme. In reality of course 
“‘ gravity ” includes the “centrifugal” force. 
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For a given value of 9 the value of § is independent of E. 
It diminishes continually as 7 increases from zero. Since 
the value of s depends on H, I have given the value of Hs, or 
the longitudinal stress which would produce in a bar of the — 
material a strain equal s. The value of Es has a maximum 
of about 1520 tons weight per square inch, for y7=1— ¥ 1/2 
or ‘293 nearly. 

For n="5 the values of sy and uw, are zero supposing H 
finite, but for other values of 7 one can obtain numerical 
measures of these quantities only by assigning numerical 
values to H. Now if the earth were an elastic solid truly 
spherical but for its rotation, the value of H answering to a 
given value of 7 would be determined from the eccentricity 
of the surface. But the action of the gravitational forces, as 
will be seen more clearly presently, largely reduces the eccen- 
tricity which rotation would produce in a sphere of given 
material. Thus the eccentricity varying inversely as EH, the 
value of H answering to a given eccentricity is necessarily 
considerably smaller when gravitational forces act along with 
the “ centrifugal” than when the latter act alone. Since the 
surface-strata are very variable and of much smaller mean 
density than the earth as a whole, any calculation of the 
reduction of our estimates of EH, when gravitational forces are 
allowed for, which treats the earth as of uniform density can- 
not lay claim to great accuracy. For this reason, and also 
because I am specially desirous not to overstate the case 
against the application of the mathematical theory, I have in 
calculating the values of sy and u, in Table LV. ascribed to H 
the values it would possess in the total absence of gravita- 
tional forces, viz. the values 1020 x 10° for 7=0 and 1220 x 108 
for 7=°25 in the same units as before. The numerical values 
ascribed to sy and w, in the table are thus essentially minima, 
which would in reality have to be increased probably to a 
considerable extent. 

It will be seen from the formule and from Table IV. that 
when 7 is zero or is small, the application of the mathematical 
theory would be fully justified on the greatest strain theory, 
while utterly condemned on the stress-difference theory. 
The principle (C) is in this case entirely in agreement with 
the stress-difference theory, and the application of the mathe- 
matical theory can in fact be supported only by those who 
reject this principle, and consider it possible for the stress- 
strain relation to remain linear though a solid sphere is 
reduced to one fourth or less of its original volume. 

Noticing from (1) and (2) that Hs/S=2n, we see that for 
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all values of 7 less than ‘5 the stress-difference theory is less 
favourable to the view that the mathematical theory is appli- 
cable than the greatest strain theory. If there is any truth in 
either theory, the earth’s material cannot possibly possess a 
linear stress-strain relation for values of 7 such as °25 (1. e. 
with a structure such as that of the metals) unless it be of a 
strength compared to which that of steel is insignificant. 
For such values of 7 the strains are also enormously in excess 
of those which can be admitted according to the principle (C). 

When, however, 7 approaches the limiting value *5 a com- 
plete change comes over the features of the case. The 
maximum stress-difference and all the strains diminish, even- 
tually vanishing when 7=‘5. Thus none of the objections 
hitherto encountered can be urged against the application of 
the mathematical theory when 7 equals or nearly equals ‘5d. 
To the exact value °5 of 7 there is, I admit, a physical objec- 
tion, which would doubtless have been urged by Maxwell, viz. 
that, supposing Young’s modulus to be finite, this implies the 
material to be absolutely incompressible. There is, however, 
no obyious physical objection to the hypothesis that the 
material is very nearly incompressible, 2. e. that ‘5 —y is very 
small*; and an isotropic sphere with such a structure would, 
according to all our tests, remain perfectly elastic when 
possessed of the earth’s mass and exposed to its gravitational 
forces. 

In our previous estimate of the value of E the action of the 
gravitational forces in reducing the eccentricity was not taken 
into account. If the principles we have laid down as regula- 
ting the applicability of the mathematical theory be conceded, 
we need only consider the case when *5 —7 is very small ; and 
since the formule show that in this case a small variation in 
the value of 7 is of little consequence, we may for simplicity 
suppose 7=°5 exactly. 

In order to show the nature of the uncertainty that must 
in reality be attached to the result, it seems desirable to give 
a general idea of the way in which the existence of gravita- 
tional forces affects the eccentricity. Let us imagine, then, 
that over the surface of a perfect sphere weightless matter 
is piled up, which transforms the surface into that of a slightly 
oblate spheroid whose polar and equatorial semi-axes are re- 
spectively a—2d/3 and a+d/3. Now suppose the heaped-up 
material to become heavy. The pressure it exerts on the 
surface below it is greatest in the equator and is zero at the 

* Stewart and Gee. in their ‘Elementary Practical Physics,’ vol i. 
pp. 192-5, give data from which they conclude that india-rubber is such 
a material, 

Phi. Mag. 8. 5. Vol. 32. No. 196. Sept. 1891. S 
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poles. Thus the originally spherical surface will tend to sink 
at the equator and to rise at the poles; consequently the 
difference d between the equatorial and polar semi-axes of the 
spheroidal surface will diminish, but the diminution is clearly 
less the smaller the density of the heaped-up material. 

It must be understood that this does not profess to be a 
complete account of what actually happens; but it may suffice 
to show that the gravitational forces tend to reduce the eccen- 
tricity which the centrifugal forces tend to develop, and also 
that this reduction may depend largely on the density of the 
surface layers. If the departure of the surface layers from. 
the earth’s mean density occurs mainly near the equator, 
then the action of the gravitational forces in reducing the 
eccentricity may be much less than it would seem to be on 
the hypothesis of an earth of uniform density. 

Treating the density as uniform and 7 as equal ‘5, I find that, 
for a given value of H, the existence of the gravitational forces 
would in such a case as that of the earth reduce the difference 
between the equatorial and polar diameters called for by the 
rotation in the ratio of 9: 40 approximately*. Thus, for a 
given eccentricity, the value of H when the gravitational 
forces act is to its value when the centrifugal forces alone 
exist as 9: 40. So in the supposed case of the earth, we 
should have to reduce E from 141 x 10’ to 32 x 10" grammes 
weight per square centim. The maximum stress-ditference 
reduces to 7:2 tons weight per square inch. The greatest 
strain remains 0018, as before, but it would answer to a 
purely longitudinal stress of only 3°6 tons per square inch. 
Owing to the less density of the surface-strata these reductions 
may be considerably too great, so that it is advisable to regard 
32x10’ as essentially a lower limit to the value of EH. As 
stated above, the numerical result for the value of H would 
be but little altered if we supposed 7 slightly less than °5 ; 
but unless *5—-7 be very small, the terms independent of the 
eccentricity become of importance in estimating the maximum 
stress-difference and greatest strain. 

The conclusion to which the previous investigations lead is, 
that none of the principles at present recognized in the 
biconstant theory of isotropy are opposed to the hypothesis 
that the earth possesses in its interior an isotropic elastic 
solid structure with a linear stress-strain relation, provided 
its material be very nearly incompressible. But the hypo- 
thesis that the material in the interior shows an isotropic elastic 
structure, such as that of the ordinary metals under the 
ordinary conditions to which they are exposed on the earth’s 

* Cf. (a) formula (21), p. 283, and (5), p. 287. 
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surface, can be maintained only by those who are prepared to 
reject the usual theories of the rupture, the limitation (C) in 
the size of the strains, and the argument introduced here 
from the theory of intermolecular forces. This raises no 
presumption against the hypothesis that the interior is in a 
perfectiy solid state, and possessed of such a chemical consti- 
tution, say, as iron, if it be admitted that it is of a material 
in which the linearity of the stress-strain relation ceases when 
the compression becomes large. 

The results obtained raise no presumption for or against 
the theory that the earth is in a liquid or plastic state. They 
merely show that any argument against the possibility of an 
elastic solid structure in a body of the earth’s form is without 
foundation ; and that any argument based on the destructive 
tendency of the enormous gravitational forces in a solid of its 
mass is inconclusive, even as directed against such structures 
as are compassed by the ordinary mathematical theory. It 
has not been shown that an eolotropic solid structure of some 
kind, or of a variety of kinds, may not satisfy all the con- 
ditions as well as or even better than a nearly incompressible 
isotropic material. The presumption is, in fact, that the con- 
ditions may be satisfied in an infinite number of ways. | 

It must be borne in mind that there may be fatal objections 
to an elastic solid structure which do not arise immediately 
from the theory of elasticity. Such an objection may arise 
from the rapid increase with the depth shown by the tempe- 
rature near the earth’s surface. My principal reason for 
referring to this is to point out that the common argument 
against the production of fluidity by the high internal tempe- 
rature (viz. an assumed raising of the melting-point by 
pressure) has just as much weight for a nearly incompressible 
solid earth as for any other, because while the stress-difference 
K such an earth is small the internal pressures are extremely 
arge. 
Before passing to the second part of the paper, I have to 

confess that there is no reason to believe that some of the 
limitations assigned here to the application of the mathema- 
tical theory will be accepted by all or even by a majority of 
elasticians. In fact the mathematical theory has actually been 
applied by several recent writers under circumstances when 
most or all of the limitations proposed here are violated. For 
instance, this is to a certain extent the case in Professor Dar- 
win’s paper™*, ‘On the Stresses caused in the Interior of the 
Karth by the Weight of Continents and Mountains.” Jn the 
principal part of the paper he supposes 7=*‘5, when, as we 

* Phil. Trans. 1882, pp. 187-230. 
S 2 
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have seen, none of the objections apply ; but in his § 10, in 
order “to know how far the results... .may differ, if the 
elastic solid be compressible,” he supposes that while the 
rigidity constant is finite the bulk modulus is very small. In 
other words, he applies mathematical formule which assume 7 
nearly equal to —1. Sucha value has been here regarded 
as impossible. It should also be noticed that if 7 were equal 
—1 then E would vanish, and if 7 be nearly —1 the value of 
Hi must be very small. Thus the strains and displacements 
given by equations (2) to (4) would in the case supposed by 
Professor Darwin be enormously greater than even those 
given in Table IV. I do not observe, however, that either in 
the paper itself or in one supplementary* to it Professor 
Darwin makes any explicit reference to the terms in the strain 
independent of the angular coordinates, from which the equa- 
tions (1) to (4) are derived. Jam thus unable to say whether 
his neglect of the limitations that these terms are here regarded 
as setting to the application of the mathematical theory is 
intentional or not. Again, in a recent paperf, “On Sir 
William Thomson’s estimate of the Rigidity of the Harth,” 
Mr. Love has also considered the problem of the earth treated 
as an isotropic elastic sphere, more especially for the value 
"25 of yn. In his equations (14) and (18) Mr. Love deter- 
mines the values of two arbitrary constants which occur in the 
terms independent of the angular coordinates ; and it is easily 
seen that the expression he would thence obtain for these 
terms is identical with mine}. After determining the second 
constant he, however, dismisses the subject with the remark, 
“This.... gives the mean radial displacement, a matter 
which need not detain us here.”? So far as I can see, Mr. 
Love makes no reference to any principle such as (C), nor to 
the possibility of the stress-strain relation ceasing to be linear. 

I ought also to explain that in my paper (a), directing my 
attention solely to the theories of rupture, I left out of sight 
any such limitation as (B) or (C), and treated the case of an 
earth in which 7=0 as one in which, according to the greatest- 
strain theory of rupture, the mathematical theory was ap- 
plicable. I also failed te notice that the case 7=*d was 
sanctioned by the greatest-strain theory as well as by the 
stress-difference theory. 

[To be continued. | 

* Proceedings of the Royal Society, vol. xxxviii. (1885), pp. 322-8. 
+ Trans. Camb. Phil. Soc. vol. xv. pp. 107-118. 
{ (a), equation (17), p. 281. 
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XXXIV. The Theory of Magnetism and the Absurdity of 
DPramagnetie Polarity. By J. Parker, M.A., Fellow of 
St. John’s College, Cambridge. 

[Continued from p. 203. | 

te appears from experiment that the properties of exerting 
actions at a distance by a magnet are mainly situated at or 

near the ends of the magnet. Suppose, then, that we have 
two long magnets A, B, which may be considered to possess 
the magnetic properties only in their ends, and let these 
magnets be so placed that we need only take into account one 
end of each. Also let these two ends be so far from each 
other that they may be regarded as mathematical points 
P,Q. Then the only magnetic forces between the two 
magnets will be equal forces at the poles P, Q, acting along 
the line PQ in opposite directions. 

Now let the two magnets be situated in a“ vacuum ”’ and be 
made to undergo a reversible cycle in which the velocities 
are constantly zero. To do this, they must be held by external 
forces equal and opposite to gravity and to the magnetic 
forces between P and Q. But if the equal forces between P 
and @ be denoted by F’, a repulsion being considered positive 
and an attraction negative, the work done by F in a small 
change of the distance PQ (=r) will be Fdr. Hence the 
work done on the system during the cycle by the external 

forces is —\ F dr, where the two limits are identical. This 
must be zero, by the principles of thermodynamics, and there- 
fore F must depend only on 7, or F=/(r). From experi- 

orl 1 
ment it appears that 7(7) is proportional to =a» 80 that if the 

force between P and Q when their distance is one centimetre 

be X dynes, the force will be dynes when the distance is 
r centimetres. ss 

Now let there be any number of poles R, R/, R’,..., 
which may be treated as mathematical points, acted on simul- 
taneously by P and Q. ‘Then it is inferred from experiment, 
supported by theory, that if the two poles P, Q repel each 
other, the forces they exert on any one of the other poles, 
R, will be both repulsive or both attractive; but that if P 
and Q attract each other, the forces they exert on any one 
of the other poles will be one repulsive and the other attrac- 
tive. Conversely, if P and Q both repel or both attract the 
pole R, they will repel each other ; while if one attract and 
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the other repel, they will attract each other ; and the very 
same properties are true of all the poles. 

Thus it appears that there are two kinds of poles, or of 
magnetism. Like kinds repel; unlike kinds attract. For 
instance, if P and Q repel each other, they are of the same 
kind. If both P and Q repel a third pole R, R will be of 
the same kind as P and Q; if both P and Q attract R, it will 
be of unlike kind to P and Q. 

The two kinds of magnetism may be distinguished by the 
signs + and —. It is immaterial which kind of magnetism 
be considered positive ; but it is generally agreed to take the 
kind found at that end of a soft bar of iron which, when 
freely suspended and in stable equilibrium, points to the 
north. 

If the poles P, Q exert equal forces, both attractive or both 
repulsive, on any third pole R from which they are equally 
distant, the poles P, Q, or the quantities of magnetism at P 
and () are said to be equal. If the forces be equal, but one 
attractive and the other repulsive, the poles P, Q are said to 
be equal and opposite, or the quantities of magnetism at P 
and () are said to be numerically equal but of opposite sign. 
Again, if the pole P exert m times as great a force as Q, and 
both be attractive or both repulsive, the magnetism at P is 
said to be +m times that at Q. If one force be attractive 
and the other repulsive, the magnetism at P is said to be 
—m times that at Q. Lastly, it is inferred from experiment, 
supported by theory, that if two poles X, Y be at the same 
distance as two equal poles P,Q, and the magnetism at X be 
x times that at P, and that at Y y times that at Q, the force 
between X and Y will be wy times that between P and Q. 
The force between X and Y is repulsive if X and Y, or x and 
y, be of the same sign, that is, if the product wy be positive : 
the force is attractive if w and y be of opposite signs, or ay 
negative. 

These results lead to the C.G.S8. system of units. If two 
equal positive poles P, Q, situated at a distance of one centi- 
metre, repel each other with a force of one dyne, the quan- 
tity of magnetism at P or Q is defined to be the unit of 
magnetism. It therefore follows that if two poles X, Y, at 
which the quantities of magnetism are m and m’, be at a dis- 
tance of r centimetres, the magnetic force between them will 

me 
be 

] 

attractive negative. 
To complete the fundamental] principles of magnetism, we 

must add the great principle of the Conservation of Magne- 

y m ; ie 
> dynes, repulsive forces being considered positive and 
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tism, which asserts that whatever changes take place in the 
magnetization of a system, the quantity of magnetism remains 
constant. . 

In the ordinary text-books, the fundamental definitions &e. 
are given in a manner which we cannot accept. Thus, let 
A, B be two long magnets which may be supposed to possess 
the magnetic properties only in their ends, and let them be so 
placed that we need only consider the positive pole of each, 
viz., Pon A and Q on B. ‘Then,if these poles are equal, and 
if, when they are placed ‘in air” at a distance of one centi- 
metre, a force of one dyne is required to overcome the force 
which tends to separate them, the strength of each pole is 
defined to be unity, and it is asserted that at a distance of r 
centimetres ‘‘in air,” the force which tends to separate them 

is = dynes. In our method of treating the subject, we should 
r 

say that the force which tends to separate the two poles is 
partly due to the magnetisms of the poles themselves, partly 
to the magnetization of the air in which the two magnets are 
placed, and partly to the inequalities in the pressure of the 
air. In some experiments, the pressure of the air is the most 
important factor. The so-called definitions of the text-books 
are therefore not definitions at all, but propositions in the 
Kinetic Theory of Gases, and are possibly incorrect. 

Having now explained the fundamental principles of the 
subject, we must consider how magnetism is distributed in 
bodies. In the first place, it is evident that a finite quantity 
of magnetism cannot be concentrated into a point—that is 
into an indefinitely small sphere; for any two parts of the 
sphere would exert very great forces on each other, and the 
sphere would fly to pieces. 
A finite quantity of magnetism can be distributed on a finite 

area. For if ¢ be the quantity of magnetism per unit area, 
or the surface density, on an infinite plate, this plate will 
exert a magnetic force 27am on a body P with a quantity of 
magnetism m. If P be a second plate on which the surface- 
density is o', the force exerted by the infinite plate on each 
unit of area of P will always have the finite value 2arao0’. 

If we break a magnet into any number of pieces, each 
piece is found to be a complete magnet. From this it is in- 
ferred that each atom or molecule is a complete magnet with 
equal quantities of positive and negative magnetism at its 
ends. The total quantity of magnetism on each atom or 
molecule is therefore zero, and the distribution on it may 
be supposed to be a surface distribution. To prevent any 
difficulty being felt with respect to surface distributions of 
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magnetism, we have only to mention that, according to the 
physical theories of magnetism, all that is meant is a finite 
pressure or tension per unit area on the surface. 

The reason why, in an ordinary bar-magnet, there is little 
manifestation of the magnetic properties except near the ends, 
is supposed to be that the positive end of one atom or mole- 
cule and the negative end of the next partially neutralize 
one another, 

COOOGeeeo OOO ODE eO 
as indicated by the figure. 

To calculate to what extent the magnetisms of successive 
molecules neutralize one another, we require some preliminary 
propositions. 

Suppose that a very short, thin, straight magnet of length / 
is placed with its centre at O and let the quantities of mag- 
netism at its two ends A, B, which may be treated as mere 

Fig. 6. 
Pi, 

B+m 

0 

A-m 

points, be —m and +m. Let a unit positive pole be situated 
at a point P whose distance from O is 7, and let @ be the 
angle between OP and the line AB, or the axis of the magnet. 

Then the magnet AB exerts on P a repulsive force ose 

: m m 
along BP and an attraction PA? along PA. Now Pp 

: f m OB m 
along BP is equivalent to PB? PB parallel to BA and Pp? 

mM 
2 

arallel to OP ; and PA? along PA is equivalent oo PO 
eee 
x ae parallel to BA and fe ae parallelto PO. Hence the 

action of the elementary magnet AB on P is equivalent to a 

force S (55 +e pat) acting at P parallel to BA and a force 

1 
PB: —pe) at along Ole mPO ( 
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But, if we retain only the most important terms, 

Bee (eg 
2 (pp: EWAN) Seine Cae COS @) (7 +5 cos é) 

mlr? 

(eS cos 0) | 
x 

il es Ee mPO (oR i PE) “arti (500s 0) aaa, 
2 

= Ba 200s cos 6. 

( = cos” @) 

e [2 ° e 

Thus if we can neglect —,, as we certainly can when AB is 
4f . 

comparable to the size of a molecule, the action on P reduces 

to a parallel to BA and ou ~ cos @ along OP. These forces 

are exactly the same as would have been produced by another 
short magnet similar to AB, placed along AB with its centre 
at O, provided that m'l!/=ml. Defining ml to be the magnetic 
moment of the elementary magnet AB, we see that two ele- 
mentary magnets placed at the same point O with their axes 
coincident are equivalent to each other if their moments are 
equal. 
“Tf we take three rectangular axes Ox, Oy, Oz through O 

and denote the coordinates of P by (a, y, z) and the angles 
AB makes with the axes by (a, 8, y), the forces exerted on P 
by three small magnets placed at O :— 

ml 
ml cosa along Ow, are ——, cos parallel to Ow and 

AP 

3mlecosa x 
a 5 along OP ; 

ml cos along Oy, are — ™ cos B parallel to Oy and 

aml cos By 
” ‘ye 

along OP ; 
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| 
mlcosy along Oz, are — “5008 9 parallel to Oz and 

3ml zZ 
ie Nl, ~ along OP. 

7 Uf 

These forces combined give Bs parallel to BA and 

3aml Lv U Za 
~cosa+“cos 8@+-cos 

r fe r B r 1): 

l 
or nos 0, along OP. We may therefore say that the 

action of a small magnet AB is equal to the sum of the actions 
of its components. 

A molecule may be supposed made up of several elementary 
magnets such as AB. As each of these constituent elemen- 
tary magnets is equivalent to three component magnets 
parallel respectively to the three rectangular axes, the whole 
molecule is equivalent to three elementary magnets parallel 
respectively to the axes, and therefore equivalent to a single | 
resultant elementary magnet. The magnetic moment and 
direction of this resultant magnet may be called the magnetic 
moment and axis of the molecule. 

As neighbouring molecules may be magnetized differently, 
we shall avoid the irregularities by considering a volume 
dv which, though very small, is still large enough to con- 
tain many molecules. Since each molecule in the volume 
is equivalent to three small component magnets parallel to 
the axes, the whole volume dv is equivalent to three small 
component magnets, and therefore to a single small magnet. 
If we denote the moment of this single magnet by Idv, 
I is defined to be the intensity of magnetization of the ele- 
ment, or at a point in the element, and the direction of I is 
defined to be the direction of magnetization. 

If A, B, C be the components of I parallel to the axes, it 
is evident that the external action of the element dv is equal 
to the sum of the actions of three equal volumes placed suc- 
cessively in the same position, whose magnetizations are 
respectively parallel to the axes and equal to A, B, and C. 

If we draw a curve such that the tangent at any point is 
the direction of magnetization at that point, the curve may be 
called a line of magnetization. It is generally continuous so 
long as we keep to the same body. If at any point two con- 
secutive tangents cut at a finite angle, we shall consider, that, 
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for magnetic purposes, we enter a new body when we travel 
along the line of magnetization past the point at which the 
discontinuity takes place. 

If the elementary volume dv be in the form of a cylinder, 
of small length and thickness, whose generators are lines of 
magnetization and whose ends are orthogonal sections, it is 
evident, from what has been shown, that the external mag - 
netic action of the volume is the same as that of layers of 
magnetism on the ends, of surface-densities I on the positive 
end and —I on the negative end. 
We shall now suppose the body divided into a vast number 

of elementary cylinders such as these, and we shall examine 
how far the magnetic layers on contiguous ends neutralize 
one another. Let O be a fixed point on a line of magnetiza- 
tion and P, Q two other points, such that the distance OP= s 
and OQ=s+ds. Round the line OPQ describe a small closed 
curve and let a line of magnetization travel round it so as to 
trace out a thin tube in the body. Through P and Q draw 

Bigs 

normal surfaces to the line OPQ, and let dz be the area of the 
section of the tube at P or Q. Then let the length PQ be 
divided into an infinite number of equal parts, each of which 
may be supposed considerable in comparison with the size of 
a molecule, and through each of the points of division draw 
surfaces normal to PQ, so as to divide the small cylinder PQ 
into an infinite number of infinitely thinner cylinders. Then, 
since each of these constituent cylinders of PQ is equivalent 
to equal surface-layers on its ends, the densities of which vary 

uniformly from I at P to +5 ds at Q, it is clear that the 

cylinder PQ is equivalent to layers on its ends, of surface- 

densities —I at P and +5 ds at Q, together with a 

quantity of magnetism _ dsda uniformly distributed 
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throughout its volume. The density of the volume distri- 
ma i] 

bution is therefore 5 , where the differential coefficient is 

found on a line of magnetization. 
Now let a finite body be divided into an infinite number of 

thin tubes such as that surrounding the curve OPQ. Let one 
of these tubes meet the surface of the body in the curves 
XY, X/Y', and draw two normal sections XZ, X’Z! to the 
tube, entirely within the tube and just touching the curves 
XY, X’Y' at the points X, X!. Then, when the section of the 
tube is indefinitely diminished, the external magnetic action - 

Fig. 8. 

of XYY’X! is ultimately the same as that of XZZ’X', and is 
therefore equivalent to a volume-density whose value p at any 

point is = and a layer of surface-density 1, on XZ and 

another layer —I,,on X’Z'. Consider the section XZ. The 

Jayer on this section is equivalent to an equal quantity of 
magnetism distributed uniformly on the neighbouring small 
area XY. But if 0, be the angle between the direction of 

magnetization and the outward drawn normal at X, the area 
XY=the area XZxsecO0,. The surface-density on XY 

is therefore I,cos@. Similarly the density on X'Y' is 
Ix cos 0, Hence we arrive at the simple result, generally 
obscured or made mysterious by formidable integrations, that 
a finite body is magnetically equivalent to a volume distribu- 

tion whose density p at any point is = together with a 

surface-layer whose value o at any point of the surface is 
I cos 6, where @ is the angle between the direction of magneti- 
zation and the outward drawn normal at the point. 

The expression for p can be put in a more convenient form. 
For if three equal bodies whose magnetizations are respec- 
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tively parallel to the axes and equal to A, B,C, be placed 
successively in the same position as the given body, the sum 
of their actions will be equal to that of the given body. 
Hence, since the body whose magnetization is parallel to Ox 
e es e e e dA 

is equivalent to a volume distribution —— and a surface- 
q dx 

layer whose density at a point P where the outward drawn 
normal makes angles (A, w, v) with the axes, is A cosa, we 
obtain 

many (izes ele og) 
fe Fs = dy dey? 

and 
o¢=A cos X+B cos w+ € cos », 

or, if the direction of magnetization make angles (e, 8, y) 
with the axes, 

o=I(cos e cos\+ cos 8 cos u+ cosy cos Vv) 

== ll crs) 
as before. 
We may now find the energy U and the entropy ¢ of any 

magnetized system at rest, with its magnetization in equili- 
brium, stable or unstable. For this purpose we shall first 
obtain the energy U’ and the entropy ¢’ of a magnetized 
system identical with the given system except that it is broken 
up into an infinite number of small pieces. 

Without altering the internal conditions or the magnetic 
distribution of any part of the system (U’, ¢’), let all its 
elementary portions be removed to infinite distances from 
one another, and left without velocity. Suppose that in thus 
preventing the forces acting between the various elements 
from producing velocities, the work obtained from the system 
is Y+W, where the part Y is due to the magnetization of 
the system and W to gravitation. Then, since the operation 
is clearly reversible and unattended by any thermal pheno- 
menon, the energy will now be U'’—Y—W, and the entropy 

', Also, since the values of the energy before and after the 
operation (U’, U'—Y—W) depend only on the two states, it 
is clear that Y + W, and therefore Y alone, is independent of 
the manner in which the change of state is effected. 

Let us now consider one of the elements after it has been 
removed to an infinite distance from all the other elements. 
Its energy will be proportional to its volume dv, if that 
volume is small enough; and, if the substance be homo- 
geneous (that is non-crystalline), will be independent of the 
angle the direction of magnetization makes with any line 



262 Mr. J. Parker on the Theory of Magnetism and 

fixed in the element. If, therefore, the element be homo- 
geneous, and we suppose, for simplicity, that its state depends 
only on the intensity cf magnetization I and the absolute 
temperature @, the energy of the element may be written 
F(I, @)dv. Calling C the value of F(I, 8) when I=0, which 
is clearly finite, we may put F(I, @)dv in the form Cdv+ 
{F (I, @\—Ctdv, or Cdv+f(1, 6)dv, where f(I, @)=0 when 
I=0. We have then 

U'-Y—W=|Cdv + [AC, Adv, 
or 

W=V+W+\Cdv+{f(L, Odo. 

Now if U,! be the value of U! when the system (in its original 
state) is deprived of its magnetization, but otherwise un- 
changed, we shall have, since both Y and Wie: ?)dv vanish 
when [=0 and W does not alter, 

Up =W + §Cav. 
Hence 

U=U/+Y4+\/ (, Adv. 

If, therefore, we assume that U’—U,’ is the same as if the 
system was not broken up, or equal to U— Up, we obtain 

UD=U,+ V4 fl, O)dv. i ea 

Similarly we may obtain 

$’ =\Ddv +) A(I, Ode, 

$y =\Ddr, 
_and therefore 

p'=h) +f All, Ode, 
from which we may infer 

= b)+\ AC) Ody. 2. 2 eae 

The very simple expressions (1) and (2) are due, I believe, 
to Duhem, by whom they were given in 1888. Before 
making use of them, I will show how the energy of a 
magnetized system is discussed in the ordinary text-books. 

The principle of the conservation of magnetism being taken 
for granted, it is first assumed that magnetization may be 
separated from material bodies ; in other words, that the pro- 
perty of matter of exerting actions at a distance may exist 
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apart from matter. It is next assumed that there is an in- 
finite store of positive and negative magnetism at infinity at 
which we can be supplied gratis with as much as we require. 
Lastly, it is assumed that the attraction or repulsion between 
any two small quantities of magnetism m, m’, dissevered from 
matter, is exactly the same as the attraction or repulsion 
between two small portions of matter at the same distance, 
magnetized with the same quantitiesof magnetism m,m’. Then, 
in order to find the energy U of any magnetized system, we sup- 
pose its magnetism made up of an infinite number of elements 
which were originally at an infinite distance from the given 
material system and from one another, and unassociated with 
matter. If, therefore, we denote by U) the energy that the 
given system would have if it were deprived of its magneti- 
zation, but otherwise unchanged, and imagine some agent 
capable of bringing the magnetic: elements from infinity up 
to the given system, and there placing them in the positions 
they are to occupy, without exerting more force than is just 
necessary to overcome the attractions and repulsions between 
them, we are supposed to get 

Uae 

The ordinary text-books make no attempt to find the en- 
tropy of a magnetized system. In fact, until the appearance 
of Duhem’s book in 1888, the rigid methods of thermodynamics 
do not seem to have been thought necessary. 

In order to find the condition of magnetic stability on a 
homogeneous body of uniform temperature 6, we suppose the 
body incapable of receiving or losing heat except at the con- 
stant temperature 0. Then we imagine the magnetization of 
a single volume element dv to change slightly in direction, 
and to increase from I to I[+61; and we suppose that when 
the temperature has again become equal to @, no other change 
has been made in the system. 

If 5Q be the heat absorbed in the process, the principles of 
thermodynamics require that 

dQ < 05¢, 

or, since no work has been done on the system during the 
operation, 

6U < @6¢. 
Hence 

dl dh SY + ie ~ 05 )ae Sih 0, 
or 

SY +W(I, O)dv 81<0, (say). 2 . . (3) 
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Let us now imagine a system identical with the given 
svstem before the change in dv, and let this particular element 
be removed to infinity without causing any other change in 
the system. Then if w be the work so obtained, we have 
clearly 

OY =ow. 

To find dw, we may take the volume dv of any form we 
please. Suppose it is a cylinder with its ends perpendicular 
to the axis, and the axis parallel to 1. Then, by the principles 
of the potential, if dw be the section of the cylinder and ds 
its length, we have 

w=Ida oe 
ds 

or 

w= ca dv, 
ds 

Mr pee aN : iy yf 
where, in finding 7. We travel on the line of magnetization. 

ds 
Now since the potential V at any point (#, y, 2) is a funetion 
only of the three coordinates of that point, we obtain, if 
(a, 8, y) be the angles the direction of magnetization at the 
point (a, y, z) makes with the axes, 

aN dVNdzx , dVdy , dV dz 

ds Af dx ds dy ds: dz ds 

He dV a5 ig Sec 
= a— 3 b> — — 

dx 2 dy ei dz’ 

and therefore 

1V_ dV pa ga 
Gs a ake dy dz 

Thus, since the potential at any point of the element dv, and 

therefore the values of ay dV av 
da’, dy a@aile 

magnetization of that particular element when it is small 
enough, we obtain 

bo= (8A + 3B ae oa. 
da dy dz 

If the element dv be to any extent magnetically “ rigid,” 
its magnetization will not be fully able to obey the directing 
causes, and there will be relations between 6A, 6B, and 6C ; 
but if the element be “perfectly soft,’ we may consider 
oA, 6B, 6C independent. In the latter case, if we put 6B 
and 6C both zero, equation (3) gives 

are independent of the 
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sat + (I, 981 <0. 

But since P=A?+ B+? we have, when B and C are 
constant, 

I6I=A 6A. 

Hence, for all values of 6A, we have 

dV A — +7 hd 0) 3A <0. 

If the quantity = + TY, within {... }, be positive, A can 

only decrease ; if it be negative, A can only increase ; if it 
be zero, A can neither increase nor decrease. We have, 
therefore, in stable equilibrium, at every point of a “‘ perfectly 
soft’ substance, 

mai hav. 1d ae Meat, Cee @ 

We must now explain the meaning of the differential co- 
efficients of V. We know that if at any external point 
P(a, y, z), a unit positive pole be placed without disturbing 
the magnetization of any part of the given material system, 

) (- = 7 | will be the magnetic forces (X, Y, Z), 

parallel to the axes, exerted on the unit pole at P by the 
given system. When the point P is within the given system, 
we cannot place a unit pole there without disturbing the 
system. We therefore imagine a small right circular cylinder, 
whose axis coincides with the direction of magnetization and 
whose ends are perpendicular to the axis, removed from about 
the point P ; and suppose that no change is made in the 
system beyond the removal of the contents of the cylinder. 
If the point P is in the midst of a liquid or gas, a thin sub- 
stance, the magnetization of which may be neglected, must 
be used asa lining for the cylinder, so that the interior of 
the cylinder is vacuous. Then if V’ be the potential at P of 
the new system obtained by removing the contents of the 

ON AON: 3 ONG 
de? Pody” «de ) 

will be the magnetic forces parallel to the axes, exerted by 
the new system on a unit positive pole placed at P without 
disturbing the system. But if V” was the potential at P of 

Phil. Mag. 8. 5. Vol. 32. No. 196. Sept. 1891. iy 

cylinder from the original system, ( 
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the contents of the cylinder before removal, and V the poten- 
tial of the whole of the given system, we should have 

VaVi4V, 
and therefore 

Now the contents of the small cylinder, before being cut 
away, were magnetically equivalent to layers on the ends, of 
densities +I on the positive end and —I on the negative 

TH 

end. Thus — a 
Ax 

of x, arising from these two layers. But if we take a cir- 
cular layer of uniform density I, the force it exerts on a 
unit pole in the axis of the layer at a point where the radius 
of the layer subtends an angle a, is 271(1— cosa), and may 
therefore be neglected when @ is small. Hence, if the radius 
of the right circular cylinder be infinitely small in comparison 
with the length, the differential coefficients of V" will be zero. 

Consequently, [= ee x ;— — are the magnetic forces 

is simply the force, parallel to the axis 

parallel to the axes, exerted by the new system V’ on a unit 
pole placed at P without disturbing that system. These 
forces are written (X, Y, Z), and are called the forces of the 
given system at P. 

If F be the resultant of (X, Y, Z), or the resultant force 
of the given system at P, equations (4) become 

ical | 
x B07 Sees 

Now it has been shown by Duhem (Des Corps Diamag- 
nétiques) that >(I, @) must always be positive. We must 

therefore always take the positive sign before : , and may 

write AB nica 

Yves pee): =o 

where (1, @) is always positive. 
The meaning of equations (5) is that, at any point of a 

“ nerfectly soft’ homogeneous substance, the magnetization, 
when in stable equilibrium, coincides in direction with the 
force at that point. If there is any magnetic “ rigidity” 
about the substance, the magnetization at a point may, of 
course, make a finite angle with the force at that point. 
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We can now explain Weber’s hypothesis of magnetism. 
He considers that a body which appears to be neutral is as 
much magnetized as when it exhibits active magnetic pro- 
perties, only that, in the former case, the magnetized mole- 
cules have their axes pointing in all directions so as exactly to 
neutralize one another. He then supposes that the act of 
magnetization merely consists in giving the axes of the mag- 
netized molecules a definite direction. In fact, if we suppose 
an elementary magnet suspended freely by the centre of mass, 
it is clear that it will set its axis in the direction of the external 
magnetic force which acts upon it. 

In the common theory of magnetism it is admitted that in 
a “perfectly soft”? homogeneous substance, the magnetiza- 
tion at any point is in the same straight line as the force ; 
but it is supposed that in the so-called diamagnetic homo- 
geneous “soft substances,’ yr, or y is negative, or that 
the magnetization is in the opposite direction to the 
force. ‘This gives rise to a difficulty in Weber’s theory ; 
for it appears to follow that when an elementary magnet 
is freely suspended by the centre of mass, it may perma- 
nently set its axis in the opposite direction to the external 
magnetic force. To escape from this difficulty it might be 
assumed that in every diamagnetic body a number of mole- 
cules form a kind of lock-work, similar to that of a gun, 
and that the first act of the external magnetizing force 
is to set the lock. In this way, it might be thought, we 
should have a means of setting the magnetized molecules in 
the opposite direction to the force and keeping them there ; 
but it would follow that a diamagnetic body could not be mag- 
netized until the external magnetizing force exceeded a certain 
value, and would not lose its magnetization when the force 
was withdrawn. As this appears to be contrary to experi- 
ment, we conclude that our explanation of the difficulty due to 
the common theory of diamagnetism must be insufficient. 

In the case of a quasi-homogeneous substance, like air or 
any gas, the mass-density will vary from point to point. 

Denoting the mass-density by p, and putting I= fae where 
0 

Po is a standard fixed value of p, the state of the air or gas at 
any point may be defined by the three variables (I’, p, @). 

If we put an A’, &. &e., it is easy to see that equations 
0 

(5), which hold for the stable distribution of magnetization, 
become 

T 2 
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AS Cael ; 
xy a Zt ae P, @), “tes, AD 

where y’ is always positive. | 
Now let the air be mapped out by equipotential surfaces 

and lines of force, just as in electrostatics, and imagine a 
smal] right circular cylinder described in the air with its ends 
at right angles to the axis and the radius of its normal section 
very small in comparison with the length of the axis. Then, 
by taking the axis of the cylinder tangential to an equi- 
potential surface, it is easily seen that the pressure and density 
of the air have constant values all over the same equipotential 
surface. If the axis coincide with a line of force, and we 
suppose ourselves to travel in the direction of the force, we 
obtain, since the force exerted at any point by the neigh- 
bouring molecules is zero, 

7 €or ek 
dp=1 as ds= i ae 5 

or, if we assume the simple law of gases, p= Rp, where R is 
a constant for the same gas, 

) pak d Ta Ws ds, 

OY © 

dp _ Vdi 
p Vpods 

Integrating this equation, we get 

1 es Ge 
loc? = Saas 
oD, ale de*” 

Now it is usually assumed that for the feebly magnetic 
substances, the positive quantity y is practically constant, 
and its.value is written k. We have then, in a homogeneous 

soft body (liquid or solid), A=kX= aa , &. &e., so that 

if p be the volume-density of the magnetism in the interior 
of the body, 

gd Ah, dB aC aia, 
Ral anh dv 7 Jae V. 

Hence, since V7V = —4z7p, we have 

p(1+42k)=0, 

and therefore p=0, or the body is magnetically equivalent to 
a layer of magnetism on the surface. 
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A similar result would follow for a gas, provided the mass- 
density be nearly uniform. 

In air or a gas, 
P= 

or 

I=kPF, 
Po 

and, therefore, along a line of force in air, 

k 
ipo = re 
Sy ipa 2 i) 

or 

k 

= ¢ 2p P2 
Pi 

or approximately, since & is very small, 

(F2?—F,?) 
; 

D>— k =e 7 ms Ge). 

that is, nearly, 
k 

1 ee oe 5 (2? F/). ee ee oe) 

In a liquid, L=£F’, and therefore, along a line of force, 

ey | ae iy 
dp=1—_ds=kF — ds, 

and therefore 
k; 2 po=s(E2-Fy), 

The important simplification effected by putting y constant 
makes it easy to determine the abrupt change which takes 
place in the force when we pass from 
one soft body to another. For let F, ie © 
be the force just inside a soft body A ; 
and FE’, the force just inside another A B 
soft body B, near any point P of 
their common surface ; and let @,, 9, _ FS 
be the angles F’, and F, make with Cal 

Fz the common normal at P, drawn from 
A to B. Then the density at P of 
the surface-layer of A will be I, cos 0, 
and of the layer of B, —I,cos@,. Hence, in passing from 
A to B, we have 

FP, cos 8, — F, cos 0,=47} —I, cos 0,+ I, cos 0,}. 



= 
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If both A and B be liquid or solid, we obtain 

(1+47k,)l, cos 0,=(1+47k,)F, cos 6,. 

If A be air or any gas, and p be the mass density at P, 

(1+47k,)F, cos 0,= (1 +4irk_, C F’ cos @.. 
Po 

If A be a perfect “ vacuum,” we put £,=0. 

This result, which is even more important in electricity 
than in magnetism, can be written ina very brief form. For 
if I’, F,,, be the normal components of I’, and F,, and if w, 

stand for 1+ 47k, or 1+ 47k, E and mw, for 1+47k,, we have 
0 

i eee a ee 

The foregoing is the usual method of stating the result; 
but if we keep to the convention of supposing every normal 
to be drawn outwards, we shall have 

En + Hels, = 0- 
a an 

Since for many substances & is very small (being less than 
maw) it follows from the preceding investigation that the 
abrupt change of the force in crossing the boundary of two 
soft bodies may generally be neglected. Hence, if a number 
of soft, feebly magnetic bodies be magnetized by permanent 
steel magnets, we may suppose, without sensible error, that 
the force at any point is entirely due to the permanent: 
magnets; in other words, we may neglect the force due to 
the magnetization induced in the soft bodies. This may also 
be shown as follows:—Let B be any soft, feebly magnetic body. 
Then the force at any point is the resultant of two forces—I, 
due to B and F’, due to the rest of the system. To make a 
rough comparison between F, and F,, we take the point 
close to the surtace of B, in which case it is evident that F, 
is comparable with 27I,, that is, with 27k,F, or with the 
resultant of 27k,F, along F, and 27k,F, along F,. Thus F, 

is comparable with 27k, , or if k,= Sea with the 60,000th 
of F.,; and we draw the same conclusion as before. 

Let us now suppose that a soft, feebly magnetic body B, 
which is either a solid or a liquid contained in a bag, is 
magnetized inductively by a permanent steel magnet situated 
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to the left; and let us imagine, for the sake of simplicity, 
that the magnetic force within the body B is everywhere 
parallel to the axis of 2, so that as we travel parallel to Oz in 
the positive direction, the force diminishes numerically, whether 
it be the positive or the negative pole of the permanent 
magnet which acts on B. Then if we consider a parallelopiped 
on the base dy dz, the force acting on it parallel to Ow will 
be 

dy dz (1 da, 

or r 
dk kgdy de | BS der, 

or 
2 

Lk dy dz ( oo dz, 

which is always negative, since F* diminishes as x increases, 
and k, is positive. Hence the soft body B is always attracted 
by the permanent magnet. The same result would have been 
obtained if B had been air or a gas contained in a bag. 

If the body B be immersed in air or in a gas, or in a soft 
liquid, the pressures on the two ends of the small parallelo- 
piped will, by equations (7) and (7’), give a force in the 
opposite direction to Ox of 

Lb dyde ‘ de, 

where F' has the same meaning as before. 
Hence if &, be greater than £,, or the body B more mag- 

netic than the gaseous or liquid, medium by which it is 
surrounded, the attraction of the permanent magnet will over- 
power the pressure on the surface and the body B will be 
drawn towards the pole of the magnet ; but if &, be less than 
k,, or B less magnetic than the surrounding medium, the 
attraction of the permanent magnet will be overpowered by 
the pressure on the surface, and the body B will appear to be 
repelled by the permanent magnet. 
We may now sum up the analogies we have found be- 

tween magnetism and gravitation in the case of homogeneous 
bodies. First of all, every soft substance is attracted when 
laced near one pole of a magnet; and every body is 

attracted to the earth. Secondly, if a number of soft 
bodies be magnetized by a steel magnet, we may neglect 
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the action of the magnetized soft bodies on one another ; 
and if a number of small bodies be placed near the earth, 
we may neglect their gravitational attraction on one another 
in comparison with that of the whole earth. Lastly, if a 
soft body be immersed in a gas or liquid, and then placed 
near the pole of a magnet, it will appear to be attracted or 
repelled according as it is more or less magnetic than the gas 
or liquid by which it is surrounded ; and if any body be 
immersed in a gas or liquid, it will appear to be attracted or 
repelled by the earth according as it is heavier or lighter than 
the gas or liquid in which it is placed. 

The theory we have given is beautifully illustrated and 
confirmed by the following experiments of Faraday’s, described 
in Tyndall’s ‘ Diamagnetism.’ Theory and experiment fit 
together so exquisitely that we cannot but wonder the true 
theory should not have been seen from the first. 

‘If a weak solution of protosulphate of iron, m, be put into a 
selected thin glass tube about an inch long, and one third or 
one fourth of an inch in diameter, and sealed up hermetically, 
and be then suspended horizontally between the magnetic 
poles in the air, it will point axially, and behave in other 
respects like iron ; if instead of air between the poles, a solu- 
tion of the same kind as m, but a little stronger, n, be sub- 
stituted, the solution in the tube will point equatorially, or as 
bismuth. A like solution somewhat weaker than m, to be 
called /, enclosed in a similar tube, will behave like bismuth 
in air but like iron in water.” 

It now remains to describe how it is generally attempted 
to gloss over the imaginary difficulties of diamagnetism. 

It is generally admitted that the apparent magnetic or dia- 
magnetic properties of a soft body B immersed in air or any 
other gas or a liquid, are merely differential—that is, depend 
on the algebraic excess of the coefficient &, of the body B 
over the coefficient £, of the substance A in which it is 
immersed. This result is thought to be “ proved” in the 
following way :—NSince every soft body is magnetically equiva- 
lent to a layer of magnetism on its surface, it follows that 
there are two layers on the common surface of A and B, one 
belonging to A, the other to B. It is then supposed that the 
layer on this surface which properly belongs to A, does not 
really belong to A at all, but to B. The body A being mag- 
netically equivalent to a layer on its surface, it is assumed 
that, as the layer on the common surface of A and B is 
supposed transterred to B, we may treat A as unmagnetized. 
With this assumption the pressure of A would be uniform, 



the Absurdity of Diamagnetic Polarity. 273 

and the behaviour of B would be entirely determined by the 
supposed compound layer on its surface. 
Now if @ be the angle at any point P Fig. 10. 
of the common surface of A and B 
between the normal at P, supposed 
drawn from A to B, and the force, 
which may be considered continuous in 
crossing the bounding surface, the super- 
ficial density of the layer at P which 
belongs to B will be —I, cos @, and of 
that which belongs to A, I, cos @. 
Hence the density at P of the com- 
pound layer is (1,—I,) cos 0. The ratio of this to the density 

I,-I 
at P of the layer which properly belongs to B, is ! I =, which 

oe a 
b 

Thus, since the attraction of the is equal to a constant 
b 

permanent magnet on B, due to the surface-layer which 
properly belongs to B, may be written £,G, where G would 
have the same value for any soft body of the same shape and 
size as B, when placed in the same position, the attraction of 
the permanent magnet on B, when immersed in A, will 
be (4,—£,) G, or equal to the force due to the layer which 
properly belongs to B, diminished by what this force would 
be for the gas or liquid, A, displaced by B. 3 

According to the remarkable caricature of reasoning just 
noticed, it follows that we do not need to know the absolute 
value of the coefficient & belonging to any soft substance, but 
merely the algebraic excess of the coefficient over that of 
some standard substance. ‘This standard “substance” is 
often chosen to be a “vacuum,” and its coefficient is put 
zero. Then, since many bodies are apparently repelled by a 
magnet pole in a comparatively slight “‘ vacuum” of 2 to 3 
millimetres of mercury, it is concluded that the coefficients of 
these bodies, or, rather, the excesses of their coefficients over 
that of a vacuum, are negative. 

Granting, for the present, the first part of this so-called 
reasoning, we must point out that a vacuum can only be 
obtained by removing the air completely from the interior of 
a closed vessel, and not by merely reducing the pressure to 2 
or 3 millimetres of mercury. If we were allowed to consider 
such a comparatively slight reduction of density as consti- 
tuting a vacuum, we could prove the existence of diagravita- 
tion; forif we could find a gas 100 times as light as hydrogen, 
a balloon could be made which would float in this so-called 
vacuum. 
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We must now consider the two layers on the common sur- 
face of two soft bodies A, B, A being a gas or liquid. If the 
surface-molecules of A were provided with sharp points and 
were caused by the smallest amount of magnetization to stick 
to B, it might be thought that both surface-layers would then 
belong to B; but a little consideration tells us that the 
molecules which stick to B would take with them two layers 
of opposite signs, and it is clear that the remainder of A 
would still have a surface-layer of its own, adjoining the 
modified surface of B. In order, therefore, to cause the two 
surface-layers both to belong to B, we must make the follow- 
ing assumptions:—It must be supposed that every molecule 
of A is provided with a sharp point, and that the act of 
magnetization causes each molecule to be broken into two 
halves, on.one of which is the positive magnetism, on the 
other the negative. Then it must be supposed that those 
half-molecules on which are the surface-layers of A stick to 
the bodies B..., with which they happen to be in contact, 
and lastly, that the other half-molecules stick together in 
pairs in such a way that their magnetisms neutralize one 
another. In this way, we should have both surface-layers 
belonging to B, and we might treat the free part of the gas 
or liquid A as unmagnetized. <A difficultv would, however, 
arise when the magnetizing force was withdrawn, unless we 
had ‘some means of reminding the half-molecules to take 
partners. We might avoid the difficulty by imagining the 
two halves of each molecule tied together by a piece of thread, 
but then we should introduce the absurdity that magnetiza- 
tion changed the gas or liquid A into a solid. Lastly, we 
should be obliged to conclude that when a system is once 
magnetized, it is impossible to increase the magnetization—a 
conclusion which, of course, is necessarily false. 

There is one other way of treating diamagnetism which 
requires to benoticed. ‘This is the method of induced electric 
currents used by Weber, by which it is thought to be proved 
that k is negative for bismuth and some other substances. 
To this I reply that I have already sufficiently disproved 
the common theory of diamagnetism; and secondly, it will be 
proved in a future paper that the common theory of induced 
currents generally involves an absurdity, and can seldom be 
correct. 

The rest of the paper will be occupied with a brief dis- 
cussion of a few important problems in the light of the new 
theory. 

I. If a body P, placed near a number of fixed bodies X, Y, 
Z,...., be subject to no actions at a distance, but those of 
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magnetism and gravitation arisimg from the fixed bodies 
X, Y,Z...., it can easily be shown that no state of equi- 
librium of the body P can be stable unless it be in material 
contact with one or more of the fixed bodies. This proposition 
is proved in Duhem’s L’aimantation per influence. When P 
is in material contact with one or more of the fixed bodies, 
its equilibrium may, of course, be stable. The most useful 
case to consider is the following :— 

Imagine a small bar of bismuth B, suspended from two 
small balloons by threads, as in the figure, and suppose that 
the mass of the system is slightly less than the mass of the 
air which it displaces 
when unmagnetized and 
near the ground. Then, Fig. 11. 
if the system be set free, ‘Ss 
it will ascend in the air, A 
and, of course, a state ren 
of stable equilibrium 
will be attained when it 
has risen high enough, 
if the weather be calm. B 
We may, however, ob- 
tain a state of stable equilibrium in a more convenient way. 
For if a permanent strong steel magnet M be fixed some 
distance from the ground, just over the bar B, the system of 
the bismuth and balloons, when let go, will ascend until the 
motion is checked by the increased density and pressure of 
the air about M, and will ultimately take up a state of stable 
equilibrium suspended in the air at a moderate distance from 
the ground. 

The problem just given was, we believe, first considered by 
Sir W. Thomson, to whom it was suggested by the story of 
the coffin of Mahomet. 

II. We will next consider the thermal phenomena due to the 
motion of a soft body B in presence of a permanent magnet 
M. For simplicity, let M be held at rest and suppose its 
magnetism “rigid.” Also let B be homogeneous, and let our 
magnetized system consist merely of the two bodies Band M, 
situated in a vacuum. Then if the temperature, in every 
state of equilibrium, is uniform and equal to @, and if no heat 
can be absorbed or given out except at the temperature 0, we 
shall have, in any small reversible operation, 

dQ =66¢. 

Now the formula for the entropy is 

oo Cl, latews sy... ess 
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We have, therefore, if no appreciable change takes place in 
the form or size of B, 

dh 
oo ar Nil 

where the integral refers only to the soft body B, since no 
change can take place in M. 

If the operation consist in moving B nearer to M, I will 

dI dv, 

increase or 61 be positive. Hence, if - be positive for all 

values of I, the operation will cause an absorption of heat, or 
would cool the body B, if heat was not supplied from without: 

ie be always negative, there will be an evolution of heat, 

or the operation would heat the body B. 
III. We will, last of all, examine, with Duhem, the method 

proposed by Jamin for the determination of the distribution 
of magnetism on a permanent magnet. 
A small piece of soft iron, B, being placed in contact with 

the permanent magnet at any point P, the smallest force 
required to detach it is measured, and it is supposed by Jamin 

2 
that this force is proportional tol F , where V is the poten- 

tial of the permanent magnet at P and dn an element of the 
outward drawn normal. 
We observe, in the first place, that the small piece of soft 

iron B is magnetically equivalent to a layer on its surface. 
Consequently, the magnetic force at any point is the resultant 
of that due to the surface-layer of B and of that due to the 
permanent magnet. Within the body B, the force due to the 
surface-layer of B is the greater of the two. This will com- 
plicate the problem, and so, for the sake of argument, we will 
agree toignore the surface-layer of B. With this assumption, 
it follows that the equipotential surfaces and lines of force 
will be due entirely to the permanent magnet, and that the 
total magnetic force exerted on B by the permanent magnet 

acts along the line of force at P, and is equal to I= de, 

where dv is the volume of B, and ds an element of the line of 
force in the positive direction of F. If, for simplicity, we put 

2 
I=kF, this result becomes ce dv. Now if the line of 

2 
force at P be directed outwards, oe will be negative, and if 

2 

it be directed inwards, will be positive. Thus in both 
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eases, the total magnetic force exerted by the permanent 
magnet on B is an attraction; and its component along the 

a de 
outward-drawn normal is gh dv. 

Thus even with all our assumptions, the force which Jamin 
2 

requires to be measured is proportional, not to (=) , that is 
2 

to EF’, but to ng 

The preceding three examples, and many others, are dis- 
cussed in Duhem’s L’aimantation par influence—o, book 
which seems to contain the first systematic application of the 
principles of thermodynamics to magnetism. 

XXXV. The Expansion of Chlorine by Light as applied to 
the Measurement of the Intensity of Rays of High Refran- 
gibility. By Dr. A. Ricnarpson, Lecturer on Chemistry, 
University College, Bristol*. 

{Plates Ii. & IV.] 

T has been shown by Budde (Phil. Mag. iv. 1871; Pogg. 
Ann. Eirgbd. vi. 1873) that when chlorine is exposed to 

the influence of sunlight, an expansion of the gas occurs 
which is independent of the direct heating-effects due to the 
light ; the volume to which the gas first expands is maintained 
during exposure provided that the intensity of the light 
remains constant, contraction to the original volume takin 
place when the gas is shaded. He further found that the 
rays of high refrangibility were influential in promoting this 
change, no expansion being occasioned by the rays at the red 
end of the spectrum. The application of this property of 
chlorine to the measurement of the “actinic” + intensity of 
light was suggested by Budde many years ago, but no further 
steps appear to have been taken in this direction. 

_ Some experiments on which I am at present engaged have 
rendered it necessary that the actinic intensity of light should 
be measured during periods of many months together, and it 
seemed possible that the expansion of chlorine by light might 
be applied to this purpose. As, however, the researches of 
Bunsen and Roscoe (Trans. Roy. Soc. 1887, p. 381) led them to 
the conclusion that no change in volume occurred in chlorine, 
when exposed to light, other than that due to direct heating- 
effects, it became necessary to repeat some of Budde’s experi- 
ments so as if possible to decide this point. In order to do this 

* Communicated by the Physical Society: read June 26, 1891. 
+ The term “actinic” is used for brevity to denote rays at the violet 

end of the spectrum. 
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a differential apparatus was taken, consisting of two bulbs of 
160 cubic centim. capacity each and connected by a capillary 
tube containing strong sulphuric acid ; any change in pressure 
of the gas in either bulb was indicated by the movement of an 
index of air contained in the capillary. 

The bulbs were first filled with dry air and placed in a glass 
tank through which a current of cold water circulated ; under 
these conditions it was found that no movement of the index 
took place on exposure to bright sunlight. The air in one of 
the bulbs was then replaced by dry chlorine, and both bulbs 
were again exposed under precisely similar conditions ; an 
immediate expansion of the chlorine took place, causing the 
index to move through a distance of from 20 to 30 centim., 
but on shading the bulbs the index returned to zero. On 
interposing variously coloured glasses between the bulbs and 
the source of light, it was found that with cobalt glass the 
index receded 15 to 20 centim. from the zero-point, whilst 
even faintly yellow glass as well as ruby glass caused it to 
return to zero. It was further found that the radiations from 
a cannon-ball at a temperature just below a red heat produced 
practically no movement of the index when the bulbs were 
exposed in the air at a distance of from 1 to ‘5 metre. 

Budde’s observations being thus confirmed, it was next 
necessary to determine how far the expansion of chlorine is 
proportional to the actinic intensity of the light to which it is 
exposed. In order to do this a series of measurements of the 
expansion of the gas were made, whilst at the same time the 
intensity of the light to which the gas was exposed was 
determined by means of an actinometer. 

The expansion of the gas was measured in a differential 
arrangement, consisting of two tubes of 55 cubic centim. 
capacity and 10 centim. in length; these were connected 
with a horizontal gauge graduated in ‘5 centim., provided 
with a small bulb at each end. These bulbs and also the 
gauge contained strong sulphuric acid, a short column of air 
being introduced to serve as index. 

The tubes to be exposed were suspended in a box, which 
could be placed at any required angle so as to face the sun, 
and when filled with dry air were found to be equally heated; 
the bulbs containing the acid were in all cases protected from 
the light. One tube was then filled with dry chlorine and the 
acid up to the index was saturated with the gas. 

The chlorine used in this and subsequent experiments was 
prepared by the action of hydrochloric acid on potassium bichro- 
mate ; traces of hydrochloric acid were removed by passing 
the gas through U-tubes containing solutions of chromic acid, 
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and subsequently dried by means of sulphuric acid. In 
order to determine the actinic intensity of the light, a modified 
form of Bunsen and Roscoe’s pendulum-actinometer was 
used (Trans. Roy. Soc. 1862, p. 139) ; in this method paper 
coated with silver chloride is exposed to light, and the time 
required to produce a degree of darkening equal to a standard 
tint is measured. The intensity of light necessary to pro- 
duce this tint in one second of time is taken as the unit of 
intensity. The measurements were made inthe open air, 
care being taken that the air- and chlorine-tubes were ex- 
posed to light in the same plane as the sensitive paper. 
When the maximum expansion of the chlorine was reached at 
any one time, as shown by the index remaining stationary, 
the intensity of the light was measured by exposing the sen- 
sitive paper. ‘Two series of observations were made under 
widely different conditions of light; one on June 8, which 
was a cloudy day, the other on June 9, on which the sun was 
shining. The results of these measurements are given in the 
following table :— 

First Series. 

I. II, If. IV. 

. : Recalculation 
Timp. Intensity of light Brae ne oe Ratio of intensities 

(unit =1). es ate ES II |from observed 
metres on scale. : 

expansion. 

m. s. 
2 50 0:0242 1:95 0:0124 0:0263 
2 55 00571 3°20 00178 0:0432 
3 0 0:0461 3°20 0:0144 0:0432 
3 5 0:0291 1°87 00155 0:0252 
3 15 0:0196 1:40 0:0140 00188 
4 0 0:0382 2:70 0:0141 0:0364 

Second Series. 

10 45 0°3758 28°15 0:0133 0°3799 
10 50 0:1022 7°95 0:0128 0°1073 
1-0 0-1693 12:2 0:0138 0°1647 
11 5 0°3240 27°95 0-0116 03773 
11 15 0°4881 26°20 ? 0:0167 0°3537 
11 30 0°3348 28:0 0:0119 0:3779 
11 35 0:3212 29°95 0:0107 0:4042 
11 36 0:-4457 30°80 0:0144 0:-4158 
12 20 0:0779 6:15 0:0126 0:0890 
12 30 0:1210 7°70 0:-01L57 0°1040 
12 32 0:1087 765 0:0142 0:1032 
12 35 | (ORIDIS 8} 9:25 0-:0122 0°1249 
4 0 0-1108 10°75 0:0103 01451 
4 5 071141 10:05 00113 01357 
4 15 0°1150 THD 0:0148 0:1046 
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In column I. the intensity of the light is given as measured 
by the actinometer. In column II. the expansion of the 
chlorine, as shown by the movement of the index from zero, 
is given in centimetres ; the zero-point, which was determined 
from time to time by shading the tubes, was found to remain 
nearly stationary throughout. The calculated intensity, in 
terms of the movement of the index through 1 centim., is 
given in column III., and from the mean value so obtained 
the intensity is recalculated in terms of the observed ex- 
pansion (column IV.). In making these observations great 
difficulty was experienced owing to the constant variation in 
the intensity of the light ; and as the maximum movement 
of the index was only reached after some time, these sudden 
variations, which were registered accurately by the actino- 
meter, did not produce a corresponding change in the position 
of the index. The close agreement between the results ob- 
tained directly by the actinometer and those calculated from 
the expansion of the gas lead, however, to the conclusion that 
the change in volume in chlorine gas is directly proportional 
to the actinic intensity of the light to which it is exposed, 
although the friction of the acid in the gauge tends to smooth 
out the more sudden variations. 

By the aid of such a differential apparatus as that above 
described, to which the name of ‘chlorine actinometer”’ may 
be applied, the intensity of the light can be read directly from 
the gauge, and it is thus found possible to study other light- 
effects under constant conditions of intensity by making 
exposures whenever the index stands at a given point. 

It was next necessary to inquire how far dilution with air 
influenced the amount of expansion of chlorine when exposed 
to light. To do this a differential apparatus, shown in fig. 1, 
Plate ILI., was used, in which the gas to be exposed was con- 
tained in the tubes A and B, 15 centim. in length and about 
3 centim. in diameter. Two glass stop-cocks, C and D, were 
sealed on to A, the lower one, D, being connected with a 
graduated pipette HE containing air and dipping under strong 
sulphuric acid contained in I’. The graduated capillary tube 
G was filled with strong sulphuric acid, as also the bulbs 
H and I, the movement of a short column of air serving to 
indicate any change in volume in either tube. The tube A 
was first filled with chlorine, whilst B contained dry air 
throughout the experiment. Both tubes were then exposed 
to light and the expansion of the chlorine determined, the 
intensity of the light being at the same time noted by means 
of the chlorine actinometer ; the tubes were then shaded and 
the zero-point found. The stop-cocks C and D were then 
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opened, and by blowing air in at the side tube J a measured 
volume of acid was caused to rise in H, thus forcing an equal 
volume of air into A. Chlorine being expelled at C ; Cand 
D were then closed, and, after the gas had thoroughly mixed, 
the tubes were again exposed to light of the same intensity 
as in the first case: this process was repeated until all the 
chlorine was replaced by air. Knowing the capacity of A 
and the proportion of air introduced at each operation, the 
amount of chlorine could be calculated. Two series of ex- 
periments were made under different conditions of light, the 
intensity for each series remaining nearly constant. The 
results are given in the next table. 

First Series. 

1 No. Expansion of Cl | Per cent. of | Expansion of Cl ae ath 
in centim. Cl in gas. In actinometer. (unit = 1) 

oe 26°5 100 80 “1107 
2. 14:5 Geno 79 1092 
3. 9°25 41:0 17-9 “1092 
4, 5°25 26:1 17-9 1092 
5. 4°75 wl 79 "1092 
6. 20 20 19 1092 
(@ 0°5 0°5 7:95 "1100 
8. 0G Ol 79 1092 

Second Series. 

No, | Expansion of Cl | Percent. of | Expansion of Cl ae eee k 
in centim. Cl in gas. in actinometer. (anit = 1) 

1 11-7 100 3:55 0491 
2. 6:25 63°7 35 0484 
3. 5°95 41:0 3°5 0484 
4 435 11:3 33 “0456 
5 1:0 30 2:2 0304 
6 0-15 0°38 34 0466 

It is seen from the double nature of the curve, fig. 5, Plate 
III., that the first effect of dilution is very marked, diminish- 
ing after a time, and finally increasing when only a small 
per cent. of chlorine remains in the tube. It was found, 
however, that chlorine was gradually given off (from the 
sulphuric acid which was saturated with the gas) to such an 
extent that, after complete expulsion of the chlorine by air, 

Phil. Mag. 8. 5. Vol. 32. No. 196. Sept. 1891. U 
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on again exposing the tube to light, after two days, an ex- 
pansion of 5 centim. occurred. This is a point of some im- 
portance where the expansion of chlorine as against air is 
made a measure of the actinic intensity of light, as the 
diffusion of chlorine from the sulphuric acid into the air-bulb 
would introduce a gradually increasing source of error*. 

As it seemed possible that the sensitiveness of chlorine to 
light might be influenced by the temperature of the gas 
during exposure, an experiment was made in which the two 
tubes A and B, fig. 2, Plate III., were filled with chlorine, 
these were connected together by a tube which could be 
closed by means of a stop-cock F ; changes in volume being 
measured as before by means of the gauge C containing sul- 
phuric acid and bubbles of air. The tube A was kept ata 
temperature of 14°C. by a current of water circulating 
through the outer tube D, whilst B was heated in the jacketing 
tube G G, by the vapour from chlorobenzene boiling in E ata 
temperature of 182°0. The pressure in the two tubes was at 
first equalized by opening the stop-cock F'; and when the 
temperature was constant in the two tubes (as shown by the 
index remaining stationary when F was closed), the tubes 
were alternately exposed to and shaded from the light. The 
following is the mean of a series of experiments made :— 

' Both tubes shaded, zero = 0. 
Heated tubes exposed = 6:0 centim. expansion. 
Both tubes shaded, zero = 0. 
Cooled tubes exposed = 6°7 centim. expansion. 
Both tubes shaded, zero = 0. 

In the heated tube the illumination of the gas was interfered 
with by the partial refraction of the light, due to the con- 
densation of the chlorobenzene on the sides of the jacketing 
tube, and further it is possible that the vapour of chlorobenzene 
may absorb a portion of the actinic rays. This probably 
accounted for the slight difference observed in the expansion 
of the gas in the two tubes. From this experiment it is 
concluded that the expansion of chlorine by light is practically 
unaffected within a range of temperature between 14° and 
138° C. 

Having made these preliminary experiments, an apparatus 
was next devised whereby the automatic registration of the 
actinic intensity of light was effected by the expansion of 
chlorine. This was done by suspending a differential appa- 

* In the chlorine actinometer it is found desirable to cut off com-- 
munication between the two bulbs, when not in use, by means of a 
stop-cock. 
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ratus on the beam of a balance in such a manner that the 
flow of acid from one arm to the other produced a movement 
of the beam, which was communicated by means of a lever to 
a pen and was recorded en a rotating drum. . 

As has already been stated, a differential actinometer, con- 
taining air in one bulb and chlorine in the other, gradually 
becomes inaccurate owing to the diffusion of chlorine into the 
air-bulb. This difficulty is avoided in the apparatus shown 
in fig. 3, Plate III., which consists of two differential arrange- 
ments ABCD and EF GH, suspended on the beam of the 
balance I; one is completely filled with dry chlorine, the tubes 
B and D being half filled with strong sulphuric acid saturated 
with the gas. The second contains dry air with sulphuric 
acid in F and H. One of the chlorine-bulbs A and one of 
the air-bulbs E are exposed to light, whilst the other chlorine- 
bulb C and air-bulb Gare protected from the light by a covering 
of tin-foil, and hang in the box J, in which the two bulbs 
can swing freely. It will be seen that when A and Hare 
exposed to the heating-effects of sunlight, the expansion of 
the gas in A causes acid to flow from B to D, whilst a 
corresponding expansion in E causes an equal weight of acid 
to flow from H to F. But the chlorine in A undergoes a 
further expansion, due to the actinic rays, causing an 
additional weight of acid to pass from B to D. A movement 
of the beam is thus produced which is communicated to the 
lever M, and is registered by means of a pen on a strip of 
curve-paper rotating on the drum N. The capacity of the 
bulbs A and E in this case is 273 cub. centim., that of G 
and C 819 cub. centim.; the tubes B and F and D and Hare 
15 centim. long and 1:25 centim. in diameter, the distance 
between the two sets of tubes being 35 centim. It is found 
desirable that the movement of the bulbs and beam should 
be as small as possible, and that the effect should be magnified 
by increasing the length of the lever. After the apparatus 
is blown together, care must be taken to remove all moisture 
by drawing dry air through the bulbs and tubes. The 
apparatus is exposed out of doors in a wooden box G, fig. 4, 
Plate III., the bulbs A and B passing through a hole in the 
lid; these are protected by a glass shade, C, 45 centim. high 
and 20 centim. in diameter; this is mounted in a block of 
wood, D, so that when the box is in its normal position, the 
axis of the cylindrical shade points to the pole star. The two 
bulbs occupy a position equidistant from the sides of the 
shade and about midway between the top and bottom. The 
tabe H serves as a ventilator and should be at least 2°5 
centim. in diameter ; the cap F protects the opening from 

U2 
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rain, &c. The bulbs were tested, when filled with dry air, by 
exposing them to intense sunlight : it was found that, although 
the temperature within the shade varied from 15° to 40°C., 
the compensation was so complete that practically no deviation 
from the straight line, described by the pen on the drum, 
was observed ; the bulbs were fixed to the beam (as nearly as 
possible over the point of support) by means of cylinders of 
thin sheet-brass, which were slipped over the acid tubes and 
screwed to the beam. The instrument was calibrated by 
means of the silver-chloride actinometer. The result of six 
series of observations gave the following values in intensity 
units corresponding to one division on the curve-paper :— 

1 series mean of 11 observations :021 

7 gales ss 14 s 029 

3 5, ” 10 ” "043 

a Dy 15 9 "025 

oO as “: DRE ys 033 
6, » 10 y) "029 

Mean = ‘030 

In the following table the observation from one of the 
series is given :— 

. Value of Recalculated : : 
ae | division in | intensity from | 7ime of dayin 
eat light units. curve. = 

0°3758 00385 0°2925 10-75 
071022 0:0328 0:1275 10°8 
0°1693 0:027 0°1875 11-0 
0°3240 0°035 0°2475 11-08 
0°3348 0-029 0°3375 11°5 
03210 0-030 0°3150 11°6 
0°4457 0-039 0°3375 11°65 
0:0779 0-017 0°1350 12:3 
0°1087 0-021 0°1500 126 

The curve from which the data are obtained is shown in 
fig. 1, Plate IV., the value of one division being equal to +5 
of a square therein represented. 

In fig. 2, Plate IV., the results obtained above are mul- 
tiplied by 100 and represented graphically. Fig. 3 repre- 
sents the curves registered by the recording apparatus under 
varying conditions of light trom June 13 to 16. It will be 
seen that such an instrument as this will record continuously 
the actinic intensity of the light under all conditions of 
weather throughout the year, and requires no attention 
further than winding the clock whereby the motion of the 
drum is maintained. 
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XXXVI. On the Electrification of Steel Needle-Points in Atr. 
By A. P. CHatrock *. 

[Plate V.] 

$1. A® Faraday long ago put it, the discharge of electricity 
from a point into a gas may be looked upon as a 

particular case of sparking between a conductor (the point) 
and a non-conductor (the surrounding gas). Itis, moreover, 
a particularly interesting form of discharge, as compared 
with that taking place between two conductors, from the fact 
that it seems more likely to throw light on the unsymmetrical 
behaviour of positive and negative electricity. For there is 
evidence which points to the surface of the electrode as the 
origin of that want of symmetry; and by experimenting 
with one electrode only, one is able to a certain extent to 
separate its effect on positive electricity from that on negative : 
such separation being impossible in the case of sparks be- 
tween two conductors, as both effects are there necessarily 
present together. 

The phenomena connected with discharge from points group 
themselves naturally under two heads :—Those occurring be- 
fore or at the beginning of discharge ; and those occurring 
during the passage of electricity from the point. What 
follows refers to the first of these divisions only. 

§ 2. When an earth-connected sewing-needle is placed 
with its end facing the centre of an insulated metal plate, 
and the latter is gradually electrified, there comes a point at 
which the needle begins to discharge onto the plate. This 
point, for given conditions, is very definite, and corresponds 
to a breaking down of some resistance between the needle and 
the plate. It seemed desirable to discover how much of the 
dielectric was concerned in this process. For this purpose 
measurements were made of the strength of the electrostatic 
field at the surface of the needle-point at the instant that dis- 
charge occurred, the distance of the plate from the needle 
being varied from 0-04 centim. to 5 centim., while the needle 
was suspended in such a manner (§ 8) that the attraction 
between it and the plate could be determined. 
Now the attraction is due of course to the tension in the 

lines of force which end at the surface of the needle; and 
since their direction is everywhere normal to the surtace, it 
follows that if the needle be a true cylinder placed sym- 
metrically with regard to the plate, the mechanical pulls of 

* Communicated by the Author. 



286 Mr. A. P. Chattock on the Electrification 

the lines of force upon its sides will balance, and the needle 
will be urged towards the plate with a force which depends 
only on the lines ending at its point (its other end being 
shielded from induction). Moreover, so long as the distance — 
from the point to the plate is greater than a few times the 
diameter of the point, the distribution of electricity on the 
latter will be practically independent of that distance ; and 
the strength of the electrostatic field just in front of the point 
will thus come to be proportional to the square root of the 
mechanical pull on the point. The needle becomes in fact its 
own electrometer, and measures the difference of potential 
between its point and the air a short distance from it. 

In Table I. the values of the square root of the pull (P) in 
dynes on the point of a fine * sewing-needle at the instant of 
discharge are given for various distances (d) in centimetres 
between its point and a metal plate. The constancy of /P 
speaks for itself, 

It is true that an ordinary sewing-needle is not a perfect 
cylinder, but tapers gradually to its point, so that part of P 
must be due to lines of force on its sides; but this must be 
very small, for the density of charge on the sides is small 
compared with that at the point, and the force per square 
centimetre is proportional to the square of the density ; and 
in addition to this, the force on the sides has to be resolved 
into a direction almost at right angles to itself before it can 
affect P. Indeed, the very constancy of P, when d is varied, 
may be regarded as evidence that this part of P is negligible. 
(Other reasons are given in § 38.) 

The two needles A and B on which the measurements were 
made were numbered alike by the makers, and the agreement 
in the values of 4/P for the two is fairly close. This is the 
more satisfactory as the readings were taken under somewhat 
different conditions. The needle A was suspended in the 
larger of the two instruments described in § 8. It discharged 
onto a disk of tin 13 centim. in diameter, with its edge pro- 
tected by a ring of thick wire. The disk and the inside of 
the instrument were covered with a thin film of vaseline. 
The readings on B were taken with the small instrument. 
The disk in this case was a penny with its surface ground and 
polished. No vaseline was used. 

The positive values of »/P for the two needles differ by 
about 3 per cent., whereas the negative values differ by 10 
per cent. This is worth pointing out, as it 1s in accordance 
with what appears to be a general rule, viz., that the positive 

* Sharp’s Ege-eyed needles, No. 10. 
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TABLE I. 

Nuepie A. NeEEvDLe B. 

VP. VP. 
+ = == = 

d. | Discharge. Discharge. d. | Discharge. Discharge. | VY. 

1°35 131 1:27 1-18 20°6 
1:33 1:19 20-7 
1:29 1°58 28°6 
1°31 1‘60 28-0 
1-28 1:15 20-4. 
1:27 117 20°4 
1:26 1:60 98:1 
1:27 1°59 98:0 

1°62 1-08 118 17-4 
1°65 118 18-0 
163 161 932 

1:26 1°62 935 
127, 0-76 1:17 12-4 
1-26 114 12°6 
1:26 1:60 17°3 

1-64 1-59 17°3 
1-64 0-45). 161 12°3 
1-63 1:60 11:8 
1-64 1:15 8:47 

1:28 1:18 8°89 
1-28 0-28 1:16 7:10 
1:27 1°12 6°73 
1:29 1:53 9:08 

30 1-27 Near 9-51 
1:27 O15 1°59 7-18 
1:28 1:59 7-18 

1°64 LISTS) 5:36 
165 115 5°41 
1:65 0-10 1:13 4-63 

5:0 1:64 Lag 4:63 
1-66 1:56 6-05 
1°66 1:59 6-27 

1:27 0:04 1°58 5:14 
1:28 
1:30 
1:29 

1:64 1:28 1°59 1:16 

discharge is more constant and stable than the negative, and 
far less dependent on the condition of the discharging point. 

§ 3. One may, however, go further than simply showing 
the constancy of the discharge field at the point. In terms 
of the attraction of the needle and the radius of curvature of 
the point, it is possible to calculate its value. 
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Let da represent an element of area of the point’s surface, 

and @ the angle between the direction of the lines of force at 

da and the axis of the needle. Then if the pull on the needle 

towards the plate be P, 

ok dee P=5, (7 cos 0 da 

over the surface of the point, 7 being the field-strength at da. 
Take now the case of a needle with its point ground to a 

hemisphere ; and assume (what will not be strictly true) that 
the value of f is uniform all over it (see below). Then the 
above equation becomes 

me beh Ge P= 3 or f= ay 

where 7 is the radius of curvature of the point. The average 
value of /P for positive discharge from needle B (Table 1.) 
is 1°59. That for negative is 1°16. The value of r for so 
fine a needle is rather uncertain, as it tapers towards the 
point. Measured under a microscope it seems to lie between 
1:9x 10-8 and 2-3 x 10-* centim. Taking the mean of these 
numbers, one obtains the value of the field of force f close in 
front of the point 

js _8P _ 9140 ELS. units for + discharge. 
Lr 

= 1560 = 7) 7 99 

The highest measured value of f for discharge im air is, 1 
believe, that obtained by Dr. Liebig for sparks between plates 
(Phil. Mag. July 1887, p. 106), viz. 400 H.S. units for a 
spark-length of 0:0066 centim. This is much less than 
either of the above numbers, but the length of discharge at 
the point is probably much less than 0°0066 centim. The 
fn may, moreover, be verified by caleulation from potential 
ata. 
Although the value of f is so large at the surface of the 

needle-point, the lines of force diverge rapidly, and at a very 
short distance from the point the field becomes inappreciable. 
In other words, there occurs within this short distance a step 
of potential (v) which, if the point is hemispherical and small, 

may be taken as equal to > , where Q is twice the charge on 

the hemisphere (Q, as already assumed, being uniformly dis- 
tributed over the point). 
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In the same way, f= ah whence 

the value of v being thus independent of the somewhat un 
certain quantity r. 

For needle B, 

v =4°5 ES. units for + discharge 

= 3°3 Dy ” ae ” 

In order to verify the above values of f it will be convenient 
and sufficient to show that these values of v calculated from P 
are in agreement with those calculated from potential mea- 
surements. 

The column headed V in Table I. gives the difference of 
potential in H.S. units between the needle and the plate. 
Now, except for the presence of the needle itself, the field of 
force in which it was placed would have consisted of parallel 
lines ; for the point of the needle was arranged in this experi- 
ment to project 3 or 4 millim. beyond a flat screen of tin-foil 
through a small hole in it, and the distance from the tin-foil 
to the disk (a penny) onto which the needle discharged was 
small compared with the diameter of the disk, so long as the 
value of d was less, say, than a centimetre. Even with the 
needle in position, the field would be disturbed for a very 
small distance only round about the point, on account of the 
extreme smallness of the latter. Hence V may be regarded 
as consisting of two parts—one constant (viz. v) and occurring 
in a small space close to the point ; the other proportional to 
d for small values of d. 

Taking the mean of the values of V for each value of d, 
we obtain the numbers plotted with d in Curves I. The 
upper curve is for positive discharge, the lower for negative. 
Up to adistance of something less than a centimetre from 
point to plate, the values of V lie very fairly on the straight 
lines ruled through them. V —aconstant is thus proportional to 
d; and the values of the constants are of course to be found 
where the ruled lines cut the axis of V. These points are 
hardly distinguishable from the, values (which are marked by 
crosses) of the step of potential at the point calculated above 
from P (viz. 4°5 and 3°3). They show indeed a slight 
tendency to exceed these values; but the agreement is 
certainly striking, considering the complete independence of 
the two methods of measurement. 
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The small amount (3 to 6 per cent.) by which the potential 
step calculated from V_ exceeds that calculated from P 
may be accounted for, I think, by the fact that the lines 
of force from the needle-point do not diverge quite as 
rapidly as calculation supposed. ‘The parallel lines of the 
rest of the field keep them together and so increase the real 
step of potential at the point without altering P in pro- 
portion. To test this point I measured P for a needle of 
about the same size as B, first suspending it in a parallel field, 
and then with its point at the centre of curvature of a spherical 
cup. In the first case, 4/P was about 3 or 4 per cent. less 
than in the second; showing, as it seems to me in the light 
of what follows, that, in the parallel field, 7 at the point was 
nearer the average value of the field through a small distance 
from the point surface than in the radial field of the second 
case ; and to about the same amount that the above dis- 
crepancy requires. 

This accounts, moreover, for the fact that needle B is the 
only one which does not agree with the results of Table I. 
Its constant (f x r°°) being 15°5 at a pressure of 76 centim. 

As regards the measurement of potential in the above, the 
electrometer described in § 5 was used ; its constant being 
determined by comparison with short sparks between brass 
knobs of 5:3 centim. diameter. 

The following are the readings taken :— 

Spark-length. 

lead cau Electrometer- || Constant of 
@arectaditor units). ve reading. electrometer. 

Observed. | “9.4 plates. 

0°127 0°125 17:8 6°63 2°69 

” 9 9 6°63 2°69 

0-190 0:186 24:8 9°23 2°68 

» ” » 9°30 2°67 

The values of V were taken from Dr. Liebig’s paper al- 
ready referred to. . 

I think, then, it may be safely concluded that the attraction 
of a plate on a needle-point is practically due only to the lines 
of force ending at its point—even when the needle is not a 
perfect cylinder ; for a conical point could only have the effect 
of increasing P and so making the step of potential calculated 
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from it bigger than that from V, whereas the reverse is the 
case. It is true that the density must be greater at the centre 
of the point than at the sides of the hemisphere. But this is 
what P chiefly depends upon, and it is also precisely here that 
discharge occurs and the value of fis required. Hence the 
connexion established above between P and f seems to be 
practically true, although the assumption that f is uniform 
over the point-surface is not. 

In what follows, therefore, the values of f have in every 
case been determined from P and 7. 

Liffect of Curvature of Discharging Surface. 

§ 4. Two conclusions appear, then, to result from the fore- 
going. In the first place, the absence of discharge below a 
certain definite potential, which is constant for given con- 
ditions, implies the breaking down of some resistance before 
electricity can pass off at a point ; and, secondly, the fact that 
j is independent of d points to the near neighbourhood or 
actual surface of the point as the seat of this resistance. 

All this is in accordance with what is known regarding the 
discharge of electricity in gases, and is indeed only what one 
would naturally have expected. It still remains to consider 
whether the resistance to discharge is to be sought in the gas 
itself, in the surface of the point, or in both. 

The possible ways in which resistance may arise are, I 
think, all to be included under three heads :— 

(a) It may exist in the gas itself, to a greater than mole- 
cular distance from the point. Jor this the gas must become 
possessed of something in the nature of structure round about 
the point (2. e. cease to be gas in the ordinary sense of the 
word), and the only kind of structure that suggests itself as 
likely is that of the polarized Grotthuss chains which Prof. 
J.J. Thomson has used with sucheffect in his beautiful theory 
of strize. 

(6) It may exist at the surface of the metal only, and con- 
sist in the tearing away from the point by electrical force of 
electrified particles which are clinging to it (a special case of 
which is the forcing of charged particles through a non- 
conducting layer on the point). 

(c) Or it may mean the pulling off of something in the 
nature of a film possessing surface-tension. 

As a matter of fact (b) and (c) are two opposite extremes 
of the same phenomenon. In both, particles adhering to the 
point are pulled off—but the adhesion of (0) is normal to the 
surface only, z.¢. between the particles and the metal ; 
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while in (c) it is tangential to the surface only ; 7. ¢. between 
the particles themselves. An actual case would lie some- 
where between the two; and probably much nearer to (0) 
than to (¢). 

Now in the case (a) of Grotthuss chains the field fat the 
point, as measured by the pull upon it, should increase as the 
sharpness of the point increases; and for two reasons. In 
the first place, for chains of given length there will be some 
average strength of field required to break them, the value 
of which will always be less than that measured at the 
surface of the point on account of the divergence of the lines 
of force there ; and the difference between the measured and 
the average field will be more marked as the divergence (2. e. 
the sharpness of the point) increases. Secondly, the chains 
will be shorter at a sharp point than at a blunt one on ac- 
count of this same divergence ; and this again will necessitate - 
a stronger field to break them, for much the same reason that 
a short piece of iron is harder to magnetize than a long one. 

The same sort of variation of f with sharpness of point will 
occur in the case of (c), if the mechanical pull of the field on 
the point surface be looked on as having to tear off a film 
stretched over it. 

But to pull small particles off a point whose radius of 
curvature is large compared with their diameters will always 
require the same value of f. Hence (d) differs from (a) and 
(c) in requiring that 7 shall be independent of 7. 

The effect on f of altering r was therefore investigated. 
Steel needles were ground by a watchmaker to hemispherical 
points of different diameters and burnished with a hard steel 
tool. The values of fin air were then determined for each at 
various pressures ; the instrument used being the smaller of 
the two described in § 8. Curves connecting air-pressure (p) 
and f were then plotted, and from these the numbers given in 
Table II. were taken. The values of ffor positive discharge 
are given for three pressures :—76, 40, and 20 centim. of 
mercury. Those for negative discharge are only given at 
20 centim. ‘The reason being that the latter show a good 
deal of irregularity at higher pressures, seeming (as will be 
seen later) to depend largely on the condition of the point- 
surface, which the positive values do not. ‘The values of f 
for needle C are inserted with queries, as they are almost 
certainly too high. The extreme fineness of its point necessi- 
tated a very rapid tapering to the sharpest part, so that a good 
deal of the measured pull must have been due to lines of force’ 
starting from its sides, This is borne out by the numbers in 
the four last columns. 
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Now these columns show that below a point-radius of 
millim. f varies in close proportion with 7—°*, and they con- 
sequently negative hypothesis (6). But they also negative 
(c), for the pull per square centim. normal to a film of sur- 
face-tension T and radius of curvature r necessary to break it 
is proportional to T/r, and if this pull is to be supplied by f 
it follows that /? must be proportional to T/r, which gives 
—0°5 instead of —0°8 as the power of r with which / varies. 
Hven —0°5 is higher than can be assumed, for it is calculated on 
the supposition that there is no cohesion between the film and 
the point, and the existence of cohesion would still further 
reduce the power of r, as tending to bring the film nearer to 
class (b). 

Resistance to discharge at a point is thus to be found in 
the surrounding gas, and is therefore practically reduced to 
the breaking down of Grotthuss chains, the lengths of which 
are not negligible compared with the radius of curvature of 
the point. I do not mean by this to exclude surface-resistance 
as a possible factor in discharge—indeed what follows shows 
that it may be very appreciable ; but it is not the whole, nor 
I believe an important part, of the resistance at a clean point. 

§ 5. After a point has been used for discharge for some 
time its resistance greatly increases, and when discharge 
occurs it begins with a suddenness and violence which is very 
suggestive of the bursting of a film. The effect is increased 
if the point be now reburnished (without regrinding), though 
this process makes it look as if it had never been used. For 
instance, Curves II. are those connecting the pressures of 
the air with f for needle H. The continuous curve A B re- 
presents f at the commencement of positive discharge, C D 
being for negative. The readings for these two curves were 
taken alternately, two at a time, the pressure being gradually 
increased. They correspond to an unused clean needle. The 
cloud of points (© for positive and x for negative discharge) 
was obtained on attempting to repeat the curves, and it was 
noticeable that each repetition increased the values of /, 
though the needle was well polished on dry wash-leather and 
rouge each time. Afterwards the needle was reburnished, 
and the dotted curves E F (+) and G H (—) obtained, show- 
ing a still further increase of f and no less irregularity in its 
values than before. 

The above, therefore, furnishes evidence of the growth of 
resistance at a point when it is used. That the current does 
not permanently clear the formation away in getting through 
is obvious from the readings; but if a reading be taken 
quickly after another with a point in this condition, the 
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second value of 7 is often slightly lower than the first; as if 
the film had not had time to finish forming again after the 
first discharge. Now if this were so it would follow that the 
value of 7, when the current stops, should be less than when 
it starts (for a used point only ; the two values agree closely 
for a clean one). To test this needle H was again taken and 
the values of f determined for various air-pressures at the 
point when the current just stopped, the potential of the 
needle being gradually diminished until a high-resistance 
(7000 ») Elliot galvanometer between the needle and the 
earth stood at zero. The results are given in Curves III. ; 
A B and C D for the unused point are repeated from Curves II. 
for comparison. JK and LM are the new curves. They 
are marked by circles. The agreement between J K and A B 
could not be closer, and points unmistakably to a temporary 
cleaning of the point while current is flowing. LM, for 
negative discharge, is very curious—coinciding as it does 
with CD at low pressures, while it leaves it so completely 
higher up. It was noticeable that just in proportion as the 
two curves diverged, the stoppage of the current was marked 
by increasing suddenness. At high pressures it was impossible 
to get the needle to discharge at all with a small current ; 
either the flow was strong or it stopped altogether with a 
jerk—the same effect, though almost microscopic, being just 
perceptible at the cessation of positive discharge also. This 
being so, it follows that the values of f on the negative curve 
really correspond to a strong current and not to the point 
where the current stops. Hence their greater values. The 
sudden cutting off of the negative current was very striking, 
and suggested rather forcibly the covering over of the point 
by some sort of film that had been perforated by it. It is 
true that the positive discharge was hardly affected, but this 
is only an example of what has been already alluded to—the 
relatively greater instability of negative than of positive dis- 
charge. 

Although the silent discharge from a point does not appear 
to have the power of permanently clearing away surtace- 
resistance, sparks do so readily enough—though under suitable 
circumstances they will also form it again. In making the 
measurements on needle B (Table I.), the discharge at the 
last recorded (+) reading took the form of a spark. WP 
was here 1°59. On repeating the reading it had risen to 1°95. 
A third discharge brought it back to 1°62, and after that it 
continued to oscillate between these two values for some 20 or 
30 times with hardly a break in the regularity. Obviously 
one spark formed a resistance and the next blew it away 



296 Mr. A. P. Chattock on the Electrification 

again. The character of the sparks was quite different too. 
The one which formed the resistance was thin and sharply 
defined, and spread out for a considerable distance over the 
plate like a splash. The other was much brighter, straight, 
and without any signs of a defined edge. 

While, however, the above is evidence of the existence of 
surface-resistance at used points, the fact that the values of f 
at beginning and end of discharge are practically identical 
for aclean point for both positive and negative electricity, 
may be regarded as showing that such resistance is either 
a small or non-existent on points which have not been used 
efore. 

Atomic Charge. 

§ 6. Assuming, then, provisionally that cohesion in Grotthuss 
chains is the sole cause of the resistance offered to discharge 
at a clean point, and that gas atoms are consequently con- 
cerned in carrying the electricity when it does go”, there 
arises the interesting question as to the amount of charge 
carried by each atom; and one is tempted to see whether 
the above measurements throw any light on it. With- 
out in any way pretending to settle the point, the following 
considerations seem to me to render it probable that the 
electrochemical equivalent of gas atoms is of the same order 
of magnitude as that of the same atoms in electrolytes. 

The essence of a Grotthuss chain is that it shall consist of 
molecules capable of being split into two parts, one of which 
is charged after the split with positive electricity and the 
other with negative. These charges may exist separately in 
the molecules to start with, or they may be induced by an 
electrostatic field—but in either case it is the field which 
subsequently arranges them in chains; and the breaking 
down of the chains occurs when the mechanical pull of the 
field on the charged parts is sufficient to overcome their 
mutual affinity. This affinity may be due to one of two causes 
or their combination. Hither it is (a) the electrical attraction 
of two initial charges, or it is (6) a cohesive attraction without 
any previously existing charges, or it is (c) both. One of 
these three it must be, if by cohesive attraction is understood 
the sum of all nonelectrical forces between the two parts of 
the molecule. 

Consider the first (a) of these cases. If the molecules hold 

* This does not preclude the possibility of metal dust in the discharge 
after tt has once started. 
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together by internal charges, they may be represented thus in 
their free state :— 

A B C.D Ey tb Gaga 

the lines between the pairs of atoms signifying lines of 
electrostatic force. A chain of such molecules will give way 
when it is put in a field of force just strong enough to redis- 
tribute the charges by induction so that half as many lines 
pass between A and B, C and D, &c. as before ; and the 
remainder pass between Band C, Dand EH, &c. This state 
of things may be represented thus :— 

Put in another way, the strength of the field which will do 
this is rather greater than that which would induce on each 
of the two end atoms of the chain half their assumed initial 
charges, supposing them to be connected by a fine conducting 
wire. It depends thus on the length of the chain, being 
greater as the chain is shorter. 

In the case (6), a constant cohesive affinity between the 
two parts of the molecule, it is necessary to suppose that elec- 
tricity can pass from one to the other under the influence of 
induction when they are put in a field of force, in order that 
after separation they may be oppositely charged. The fol- 
lowing figure shows a chain of such molecules on the point of 

a 2=6 QE ]Qww A) SQ) 

breaking down, the break occurring when the cohesive forces 

(www) are Just overcome by the electrical forces (==) set 

up by the field. Here, again, the longer the chain the weaker 
the field required to break it ; and as the cohesive forces are 
constant, and the electrical forces are dependent, for given 
molecular arrangement, only on the charges induced in the 
molecules, it follows that these charges will also be practically 
constant, no matter what the length of the chain may be. 

In both these cases, therefore, for all lengths of chain, the 
atomic charges at the breaking-point are constant; in case (0) 
being rather less than such as would be induced by the field 
on the end atoms, supposing the latter to be connected by a 
conductor ; and in case (a) less than twice that amount (less, 
because the chain is not a continuous conductor). Their 

Phil. Mag. 8. 5. Vol. 82. No. 196. Sept. 1891. Xx 
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values might thus be calculated in terms of / if the geome- 
trical conditions were known. This, however, is not the case 
under the conditions of actual experiment ; but by arranging 
that the chains shall consist of single molecules only, it is 
possible to get an idea of the magnitude of the charge in 
question. Reduce in imagination the discharging-point to 
molecular dimensions ; and find, by what is rather violent 
extrapolation, the corresponding value of f at discharge from 
the constant in Table Il. The Grotthuss chains will have 
been reduced to single molecules by the reduction of the 
point, and by supposing them to be spheres the + and — 
charges induced on their opposite sides may be calculated. 
These charges will then represent in the case of (a) half, and 
in the case of (b) the whole of the atomic charge. 

Taking the diameter of a molecule as ; x 10-® centim., the 

value of f at the centre of a molecule opposite the point is 
(from Table II.) 

4 —0°3 

f= eet x G 10-8 =] 80} 10° ES. units, 

which will induce on a conducting sphere of the same dimen- 

sions equal an« opposite charges of 

2 
(5 10-* ) f=6x10-» Ess unite 

This number is greater than the atomic charge (or than half 
the atomic charge) because it is calculated from measurements 
on chains of many molecules, which, as was pointed out above, 
are not conductors, but only lines of high 8.I.C. Now the 
most probable value of the ionic charge of oxygen is 107", 
which, considering the extent of the extrapolation and the fact 
that the above number is too great, is in sufficiently striking 
agreement with it. It isat any rate satisfactory that the ex- 
perimental number is the larger of the two. 

It is interesting to see whether a similar result is to be got 
from measurements of sparks between plates. Taking Dr. 
Liebig’s numbers above referred to, I find, following Prof. 

J. J. Thomson, that the formula f= 7 +150 expresses the 

results for the smallest spark-lengths in air fairly well, con- 
sidering that the numbers for that part of the curve are rather 
irregular. The values of a lie between 1'9 and 1:4 for the 
five smallest spark-lengths (J =0:0066 to 0°0245 centim.). 



ay 

of Steel Needle-Points in Air... 299 

Eixtrapolating for a distance between the plates of 4x 10-8, 
the field between them comes to be 4x 10°. This would induce 
a still higher charge (8 x 10-°) on a spherical molecule ; but 
it must be remembered that these data are much further 
removed from molecular dimensions than mine. 

On the other hand, shere is a case accessible of what may 
perhaps be called discharge between plates, which takes place 
actually within molecular dimensions: I mean the passage of 
electricity at the cathode of a voltameter. Here, if a step 
of potential of, say, 1 volt be assumed, and if f stand for the 
corresponding field between the liquid and the metal of the 
cathode, 

1 il 
os —8 —— 

ig OS 300 
This is capable of inducing on a spherical molecule charges 
of 15x 10-!' E.S., a number which cannot be distinguished 
from the ionic charge. Moreover, no reduction is necessary 
here as the data of calculation are from measurements made 
direct on single molecules. 

Taking, then, these three calculations together, and having 
regard to the fact that the nearer the conditions of experiment 
approach molecular arrangement the closer are the results to 
the value of the ionic charge, [ cannot help thinking that they 
furnish strong grounds for supposing that electrified atoms in 

Oo : 10° E.S. units. 

gases are associated with the same quantity of electricity as | 
in electrolysis. 

As regards the third possibility of molecular cohesion (c) 
mentioned above, that it is due to a combination of (a) and 
(6), it is impossible, without knowing the relative values of 
the two forces at work, to get any idea of the atomic charge 
from the value of f. All that can be said is that it will be less 
than the value calculated for atoms held together by electrical 
attraction only. Hven in this case, therefore, there is nothing 
to negative the presence of ionic charges in gaseous conduction. 

Hifect of Pressure. 

§ 7. If the conclusions arrived at above be correct, one 
may picture a metal point on the verge of discharging as a 
smooth curved conducting surface studded all over with 
Grotthuss chains standing up on it like bristles. The density 
of charge upon it will thus be far from uniform. It will reach 
a maximum at the root of each chain, the quantity collected 
there being constant for a given gas, independent of the length 
of the chain, and equal perhaps to the ionic charge of the gas 
atoms. In between the chains the density will be much less. 

X2 

: 
: 

: 
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Now the field (/) measured by the attraction of a plate ona 
needle-point is the average number of lines of force per square 
centimetre of the point-surface, and takes no account of the 
manner in which they are distributed over it. (This is because 
the point is so small that the lines have room to become uniformly 
spread out before they reach the plate.) Hence it follows 
that, for different dispositions of the chains, the measured 
values of / may be very different, and yet the number of lines 
of force running through each chain be the constant number 
corresponding to ionic charge on its atoms. /, in fact, for a 
given amount of induction per chain, depends both on the 
length and on the closeness of the chains. Great length or 
ereat closeness, or both, means that the greater part of the 
lines proceeding from the point have been absorbed by the 
chains, hardly any passing in between tltem. In this case 
j is practically proportional to the number of chains per square 
centimetre and is independent of their lengths. On the other 
hand, very short chains, or very few to the square centimetre, 
or both, mean that / is sensibly independent of their closeness, 
but is now dependent on their length; being inversely pro- 
portional thereto so long as it is not very great compared with 
the radius of curvature of the point. Between these two 
extremes f depends both on length and on closeness of the 
chains—varying in an inverse manner with the former, and in 
a direct manner with the latter. 

Now both length and closeness of the chains increase with 
increase of gas-pressure. Hence there must be some pressure 
A above which / is sensibly proportional to the closeness of 
the chains only, and some lower pressure B below which it 
is inversely proportional to the chain-lengths only. In the 
neighbourhood of A increase of pressure will affect / chiefly 
by the resulting alteration of the closeness, and will therefore 
increase f. Near B it will have the opposite effect, as increase 
in the length of the chains means a decrease of f. Hence 
between A and B there must be some pressure for which 7 is 
a minimum. This point is of course well known to exist*, 
though I was unable to obtain a sufficiently good vacuum 
with my apparatus to reach it. If, however, / be expressed 
in terms of some power (n) of the pressure, n will be O at the 
minimum point, and positiveand increasing as the pressure rises 
from there. This increase is shown well in Table ILI. (calculated 
from Table II. for positive discharge only—the negative is 
too uncertain). Here , is calculated from the values of / 
corresponding to 76 and 40 centim. of mercury, and ng for 
40 and 20 centim. mz is in every case less than n,. 

* Rontgen, Wiedemann’s Electricitat, vol. iv. § 582. 
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TABLE III. 

Needle. j Ny 1, 

Cae 0-7x10° 0:31 0:20 
7 See IkGnor, 0-42 0:36 
Bene. 1-33)... 0:39 0-34 
ee 4-03 048 0°35 
Ce haa | 484 0:48 0-44 
lal oes same Vebiod 0°50 coo) 
eae Rolle. 0:53 0°42 
ieee resale 0-49 0:38 
TENA Se lesan; 0-52 0:40 
fice |. bedO:9) <,, 0-52 0:46 
Nie ESS Y 0-61 0°58 
Nee apr (aa 0-69 0-61 
Onn [58:07 ,, 0:69 0-56 
Nee | 4600 <~,;'- | ROS 0-72 

The needle marked X was in reality a steel ball used 
for bicycle-bearings. This was put opposite a tin disk of 
6 centim. diameter at a distance of 3°6 centim. was calcu- 
lated from measurements of the difference of potential] between 
ball and plate, as f could not be measured. The values of n 
fit in well with the rest. (mn, was calculated in this case from 
f at 40 and 60 centim. mercury.) 

Now pressure alters the length and closeness of the chains 
at the same time; but, for a given field-strength at a point- 
surface, alteration in curvature gives rise to alteration of 
chain-length only, the length being less as the point gets 
sharper. Hence at a sharp point fis more dependent on the 
length of the chains than at a blunt one; it is in fact nearer 
its minimum value, and n is consequently less. This, too, is 
shown very clearly in Table ILI. 
A pretty illustration of the influence of point curvature on 2 

was accidentally met with in the case of needle C. In getting 
it into the apparatus for repetition of the curves obtained with 
it, its point came against the metal box and was flattened 
slightly to a width of about 3°6 x 10-3 centim. The values of 
n, and nz obtained from it after this were respectively 0°42 
and 0°30, instead of 0°31 and 0-2 for the finer point. 

Grotthuss chains, coupled with constant atomic charge, are 
thus well able to explain most of the phenomena described in 
this paper. There still remains one which is perhaps the most 
important of all—the difference in the behaviour of positive 
and negative discharge. ‘This I hope to discuss in connexion 
with experiments now in progress, but it may perhaps be well 
to place on record the results so far obtained. 
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TABLE LV. 

7 E 

oe ee 07x10 ° 1:36 
Dts. Ae oan be 1-42 
Pile 4-03, 1:40 
Gon a 4-84 ,, 1:26 
Le ee ek 2 ad 652 ,, 1:28 
1: eee ee realy ei. 1:23 
J. ee eee Vierotamees 1°24 
Ko ter teer essences 871 95 1:32 

pte deere de IOS) 1:13 
Mii ntheolendieke Ss ae 1:08 
Nee ee. Tey, 0-94 
Oe 58-0, 0:94 
> eee 400:0__,, 0:83 

These are given in Table IV., where £ is the ratio at a pres- 
sure of 20 centim. of 7 for positive discharge to / for negative. 
The ratio shows a distinct tendency to decrease as 7 increases. 
It is almost useless to give values at higher pressures on 
account of the uncertainty as to the condition of the point, 
and the great effect this may have on the negative discharge 
(Curves III.); but the ratio is distinctly less at higher 
pressures for points which seemed quite clean: the decrease 
of k at 70 centim. mercury varying from 3 to 8 per cent. as 
compared with & at 20 centim. For dirty points the decrease 
may reach 90 per cent. 

Description of Apparatus. 

§ 8. The electrometer used for potential measurements was 
constructed on the principle of the one designed some years 
ago, for absolute measurement of much smaller quantities, by 
Prof. Minchin. The attracted disk is suspended, and the force 
of attraction measured by tilting the whole mstrument until 
the disk falls back by its weight to a fixed point. The disk 
is a sheet of mica, covered on one side with tin-foil and metal- 
lically connected with the case of the instrument, which is a 
tin cylindrical box 30 centim. long by 30 centim. diameter. 
The disk hangs just outside a 3-inch hole in a tin screen at 
one end of the case, and opposite the hole inside the case is 
an adjustable disk of tin which forms the attracting plate. 
The sensitiveness of the instrument may be varied very greatly 
by altering the distance between this plate and the suspended 
disk. This arrangement does not of course permit of absolute 
measurement, but it was thought that calibration in terms of 
spark-lengths was sufficiently accurate for the work in hand. 
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The same principle of tilting was used in measuring the 
attractions on the needle-points ; the needle in this case taking 
the place of the suspended disk. The zero-position was deter- 
mined by a hair in the eyepiece of a microscope through 
which the point of the needle was observed ; the latter being 
at the centre of curvature of C D (fig. 1) when it coincided 
with the hair. The needle was illuminated by small windows 
in T (not shown). L was connected to the Wimshurst ; T to 

Fig. 1. 

& | 
WLLL, WLLL, 

T, brass tube forming body of instrument; length 10 centim., diameter 
6 centim. 

H, tube for suspension-wire G._ F’, ebonite plug. 
M, mica disk suspended from G, carrying light metal clip B holding 

needle N, 
S, tin sereen soldered into T. 
K, metal cover. E, ebonite cover. 
A A, ground air-tight joints, greased. 
C D, spherical metal cup to be electrified; C D = 3-35 centim., radius 

of curvature = 1:76 centim. 
P, short brass tube on S; length = 0°5 centim., diameter =1‘2 centim. 
Point of N at centre of curvature of CD. Length of needle projecting 

beyond P = 2 centim. 
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earths and G (i. e. N) through a high-resistance galvanometer 
to earth, the indications of the galvanometer being therefore 
due only to current discharged from N. A much larger 
instrument constructed on the same lines was used for needle 
A and other measurements. The body of this instrument is 
a tin cylinder 43 centim. long (horizontally) and 23 centim. 
in diameter. The needle is suspended in a small metal box 
at the centre, and the electrified plate is supported like C D 
(fig. 1) from one end. 

The tilting is effected in each of the above instruments by 
fixing them to a brass base, provided with pivots at one end 
and a vertical micrometer-screw with large divided head at 
the other. This method works admirably. 

In conclusion I wish to express my thanks to my friend 
Mr. F. B. Fawcett, a former student of University College, 
Bristol, and to my assistant Mr. J. Quick, for much careful 
help in carrying out the measurements described in this paper. 
To Prof. Lodge my thanks are so numerous that I cannot 
express them. His kindness, both by word and by deed, has 
been unceasing. Indeed but for him this paper would pro- 
bably never have been written. 

University College, Bristol. 

XXXVII. On the Relation between the Density and Composition 
of Dilute Sulphuric Acid. By A. W. Rocxer, /.RS* 

Sone time ago I had occasion to examine closely Mr. 
Pickering’s method of detecting breaks in curves re- 

presenting the results of experiments, and in consequence of 
the recent controversy on the subject I have lately reconsidered 
the matter. 

Mr. Pickering’s work covers a wide area, and he cannot 
complain if those who study his method devote themselves 
particularly to some one application of it. 

I have specially investigated the curve which expresses 
between 46 per cent. and 80 per cent. the relation at 18° 
between the percentage strength of the solution and the 
“ first differential’ of the densities. 

This was chosen on two grounds. First, because it in- 
cludes within its range the percentage corresponding to the 
hydrate which Mr. Pickering has isolated. Secondly, because, 
although Mr. Pickering estimates the magnitude of the 
possible error of observation to be greater at 18° than at 
other temperatures, the agreement between his curves and 

* Communicated by the Author. 
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the results of observation appears in this case to be freer 
from exceptional, and possibly accidental, causes of disturbance 
than in others. 

I have therefore tried to find an equation which will express 
a considerable portion of this curve to within the limits of the 
error of experiment. 

If a curve, determined from isolated points, is discontinuous, 
it is nevertheless often possible—though perhaps difficult—to 
express it by a moderately simple continuous equation. To 
do this, however, terms would have to be introduced which 
express the rapid change of curvature in the neighbourhood 
of the point of discontinuity. 
My equation, however, consists of three parts, which are 

not suited to turning awkward corners. 
The lower part of the curve is nearly a straight line. The 

differences between the ordinates of the upper part of the 
curve and those of this line are very accurately in geometrical 
progression. 

If this were all, the equation would be of the form 

0. 0t On. 

As a matter of fact, for the middle region this curve lies 
a little below that given by experiment. ‘The difference 
gradually increases, reaches a maximum, and dies out; but 
the change is very gradual, extends over a considerable range, 
and does not in the least suggest discontinuity. 

To make the two curves, given by observation and calcula- 
tion, fit, I have introduced a term which makes the form of 
the equation 

m 

nt+n-> 
y=at be—cd* + 

A curve of this kind has in all seven arbitrary constants, 
for if we change the origin to xy it may be written 

ae pe erat TL 
y=a' +ba—e sd? + ne na 

where 
k=n?o. 

In the following Table I give the values of the three 
terms, a+bx, cd", and m/(nt+n~*), so that the fact that no 
term introduces violent and sudden changes may be obvious. 

I have carried out the calculations to one place further than 
the results of the observations are given, as Mr. Pickering 
uses that place in the readings from his smoothed curve, 
given in Table III. of his paper (Trans. Chem. Soc., March 
1890, p. 145). 
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The values of the constants are as follows when z=p—61 
( p==percentage) :— 

a=0°010957, 

b=0-0001119, 

c=0:00006458, 

d=1°1925, 
m=0°00011, 

k=l, 
n= /6=1°348. 

TABLE I. 

(e=p—61.) 

: ete ie 6 | m/(nt+n—-Z) ds/d 
| p. (a+bx)x10°.| cd®x 108. ( 10°. coileeay 

80°54 13144 —2014 11150 
80:04 13088 — 1845 11248 
79°48 13025 — 1671 11354 
79-12 12985 — 1569 11416 
78°62 12929 — 1489 11490 
ek 12760 —1101 1 11660 
74:98 12521 — 757 2 11766 
73°01 12301 — 535 3 11769 
71-06 12083 — 3880 5 11708 
69°10 11863 — 269 10 11604 
67°12 11642 — 190 17 11469 
65°51 11462 — 148 27 11346 
65°12 11418 — 1338 30) 11315 
64:50 11849 — 120 34 11263 
63°08 11190 — 93 46 11148 
61:01 10958 — 65 55 10948 
58°94 10726 | — 45 46 10727 
57:94 10615...) .- = ~38 38 10615 
56°89 10497 — 3i 30 10496 
54-89 10273 — 22 Ly 10268 
52°91 10052 — 15 10 10047 

| 50-91 9828 Sati 5 9822 
| 48-91 9604 =e 3 9599 
| 46-94. 9384 pas 2 9381 
| 

Before comparing these numbers with Mr. Pickering’s 
experimental results it is convenient to deduce from hig 
Table II. the values of ds/dp given by his own smoothed 
curve. ‘his can be done with fair accuracy for the greater 
number of points. 

The following Table proves that for a large part of the 
curve the “second differential” at any point is to within 5 
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in the last place the arithmetical mean of the corresponding 
quantities given for two other points of which the abscissze (p) 
differ by equal amounts from that of the point in question. 

Thus the value of d’s/dp? at 80°5 per cent. is the mean of 
the values at 81°5 per cent. and 79°5 per cent. 

Tas.E IT. 

z qi | 25 : 
ip: 7 xOe Mean. || — p. ie x 10°. Mean. 

81:5 —370 61:0 102 99 
80°5 — 290 — 290 59°5 105 102* 
79°5 —210 —215 58:5 102 105 
78°5 —140 —135 575 105 102 
175 — 60 56°5 102 107 
765 — 80 555 110 105 
755 — 50 — 45 54:5 108 1 
74:5 — 10 53°5 112 109 
735 — 10 RS) 110 
72°5 + 2 51°5 
71:0 53 50°5 
69-0 61 62 49:0 111 
67:0 72 70 47-O 105 104 
65:0 80 83 45-0 98 96 
63:0 94 91 43-0 88 

* The difference of the two values of ds/dp, from which this number is ob- 
tained, is 127. I am not sure whether this discrepancy is due to a mistake or 
to the supposed existence of a point of discontinuity. 

The intervals from which these mean values are calculated 
are at least twice as great as those which have to be used in 
deducing values of ds/dp at points intermediate to those given. 
Hence the errors introduced are not likely to exceed 2 or 3 
in the last place. 

I have therefore deduced from the numbers in Mr. Picker- 
ing’s Table II. the readings on his curves at the points 
corresponding to his experiments. 

In the following Table III., yy and a) are the values of 
0 

these quantities given in Mr. Pickering’s Table III. The 
percentage at the experimental points is p, and p,,= (p+) /2. 

The second differential at p,, is calculated from my Table II. 
2. 

above and indicated by i) » and by means of this the value 

ds 
of ap at p is deduced. 

2 
Thus, to give an example. If the values of wat 80° per 



308 ——~Prof. A. W. Riicker on the Density and 

cent. and 79°5 per cent. are —290 and —210 respectively, at 
80°27 per cent. 

(3). = —210—80 x0°77= — 272. 
dp” 

: ds 
ais c t 80 } Ge a, — L12350: Since a per cen ( a). ; 

ds at 80°54 per cent. ( 7) 11230 —272 x 0°54 

= 111230147 nasa: 

TABLE III. 

| ) ) 

= | (=) | ds 
Po: | ‘2 of | Pm: | dp? us Dp. dp 

—_—_ —— == SS | —_—— —————_ —— 

SO “eae 30) ie 802% SOD | 8054 | 10s3 
ae | i: 80:02 — Ry | 80°04 | 11290 
79 11440 | 79-24 1G) | 7948 | isd 
f ie | 79:06. | £179 7912 | aig 
78) 1 hy Wala S0 78:31 | aNIO5 7862 | 11503 
70> a) ates 70:59 |) deen 7-06 fa aia 
68 11523 | 68°55 63 69:10 | 11592 
66 11380 66°56 74 6712 | 11463 
64 11220 64:75 82 65:51, | ayaeneAe 
a is 64:56 83 Go12 | eal aie 
a iB 64-25 85 6450 | 11262 
2 11033 62:54 96 63:08) 5 shite 

60 10830 60-50 108 61:01 | 10934 
58 10602 58-47 | 102 5894 10698 
57 10497 57-47 105 5794 | 10596 
56 10395 56°44 102 56°89 | 10488 
54. 10177 54:44 108 5489 | 10273 
52 9955 52°45 110 |; 5291 10055 
48 9503 48°45 109 48-91 | 9602 
46 9293 46:47 103 46°94. 9390 

It remains to compare the two sets of values given by my 
single curve and Mr. Pickering’s five curves respectively with 
his experimental numbers. . 

In doing so we must remember what the estimated experi- 
mental error is. Mr. Pickering regards the possible error in 
the determination of a density as =0-000008 =e say. Hence 
the possible error of ds/dp is 2e/6, where 6 is the difference 
between the percentages of the two points from which it is 
determined. In general 6=2, so that the error of ds/dp is 
+0:000008. The experiments at 18° (which are alone treated 
of in this paper) are supposed to be less accurate than the 
others, but Mr. Pickering does not think that the error of expe- 
riment reaches twice the above value*. He admits that the 

* It must, however, be remembered that the 18° curve was chosen 
as the abnormal errors appear to be fewer and less than in other cases. 
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curves prove that errors do exist of larger amounts than these, 
especially where the two points used in calculating ds/dp were 
found from different solutions. I:think, therefore, that I shall 
be expressing his views if I say that he regards the normal 

limit of error in the present set of experiments as <16 x 10° 
and >8 x 10-°, when the interval between the points used in 
finding ds/dp is 2 per cent. The estimated maximum error 
calculated on this basis is shown in the following Table :— 

Trios 

ds 5 
ee LOR: | 
dp _ Deduced | Maximum error 
ee S|, from, estimated 

10 | Calculated | Pickers s| B—# | y—«@. numerically 

Observed from mee: | 
: eater 

a. | formula. ue less than oa 
an 

p. 

80°54} 11117 11130 11083 13 | —34 30 15 
80:04} 11251 11243 11220 = 5) 2 15 38 
79°48 11400 11354 113849 =a || il 32 16 
79:12 11412 11416 11419 = |} 4b 7 19 10 
78'°62| 11426 11490 | 11503 +64 ig 43 22, 

Til 11673 PUG GOR? iii waht —13 sod ier yelce 7 
facoiemetl 73. 2) ALI766> te. s....: +13 Re eno 8 
73:01 11767 GOR le scot =e toe leer, 8 

71:06 11708 11708 11703 Oy SS 15 8 
69°10 11595 11604 11592 -—- 9] — 8 iar | 8 
Biel 467 ~ |. 11469" | 11463 +2|)—A4 16 8 
65°51 SE Se ee PS46 7 > 11843 +3) | +3838 26 13 
65°12} 11320 HiSljow we Visits =ty | — 7 16 8 
POO bliss: oi Ll263 , | 11262 —72 | —73 41 20 
Ga05e— 01197 =| 111438 Tgiisiyy +16 | +10 15 8 
61:01 10936 | 10948 10934 +12|/— 2 15 8 
58°94, 10731 | 10727 | 10698 — 4) 33}: 15 8, 

57-94| 10602 | 10615 10596 | 4 18") "6 7 4 
56°89} 10466 10496 10488 +30 | +22 16 8 
54°89 10275. 10268 10273 — 7|/—-—2 16 8 
52°91 10054 10047 10055 — 7|+1 | 16 8 

50°91 9811t | OS DA AY Wale. a Pet rl 8 
48°91 9999) || 9599 | 9602 0; +3 16 8 
46°94 9382 | 9381 | 9390 —j1/+8 16 | 8 

| 

d’s 
* This error may be due to the uncertainty as to the value of Gp? at 

this point. = 
+ This is given in Mr. Pickering’s Table I. as 982. 

In studying this Table one fact must be borne in mind. 
The last figure in all the columns is doubtful. In order to 
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obtain it I have had to carry Mr. Pickering’s own calculation 
of the value of ds/dp from his experiments to a place beyond 
that at which he—very properly in my opinion—stopped. 

In the third column (@) the last figure is affected—in the 
case of the higher percentages—by the third decimal in the 
percentages, which I have ignored. The error thus committed 
is, however, small. 

As regards the fourth column (y), small errors may be 
introduced into the last place by the methed of calculation. 

If, then, we discard the last place and express each value of 
8—« and y—ein terms of the number of units in the last 
place but one to which it most nearly approximates, we get 
the following Table, in which, for brevity, the values of p 
and signs are omitted :— 

TABLE V. 

| 
B—e. y-4% B-—«. y-4@ Ba y-% 

l 3 0 0 0 (?) 
i 33 1 ) 1 il 
5x 5) 0 0) 3x 2, 
0) i 3% 3 1 0 
6* 8 0) 1 if 0) 
il 7% 7 1 
1 2 1 ®) 0) 
0 il @) 0 1 

It is evident from this Table that, taking a broad view of 
the relative claims of one continuous or five discontinuous 
curves to represent the results, there is not much to choose 
between them. 
.There are five points (marked with asterisks) at which 

both systems indicate large errors. These are partly accounted 
for by the fact that at most of them the differences between 
the values of p by means of which ds/dp was calculated were 
unusually small. At all of them also the two points required 
were obtained by means of different solutions, so that sources 
of error not included in Mr. Pickering’s estimate of the 
maximum affected the results. 

These points Mr. Pickering regards as abnormal. I will 
therefore neglect them, only remarking that if sources of error 
of such magnitude are introduced by a change in the funda- 
mental solution from which the mixtures are made up, similar 
unreckoned errors may be introduced in the process of form- 
ing the individual mixtures. An inspection of the curves at 
8°, 28°, and 30° confirms this suspicion. 
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Omitting these points, however, the next most striking tact 
is that the values of y—e are large for the two largest per- 
centages, viz. 80°54 per cent. and 80°04 per cent. This is not 

ds 

dp 
Mr. Pickering’s Table ILI. as 11230, and the numerical value 
of ds/dp diminishes as p increases. The observed value at 
80°04 per cent., 11251, must therefore necessarily be a great 
deal too large. 

If, then, we omit the abnormal points (marked with aste- 
risks) and confine ourselves to those for which I have been 
able to calculate y—«, we find that, out of 14 points, errors of 
appreciable magnitude (to this order of approximation) occur 
eight times when my curve is used and seven times when 
Mr. Pickering’s five curves are employed; the sum of the 
errors in the first case is 9 and in the second 11. 

For my own part I think this result is sufficient to show 
that, in attempting to discriminate between representations of 
the experiments under consideration, Mr. Pickering is dealing 
with quantities less than the error of experiment. 

The same conclusion is supported by a study of Table IV., 
if we admit that figures in the last place are trustworthy. 

It is evident that my own results in the column 6—e could 
be a little improved. Positive errors are the more numerous, 
and to make positive and negative errors balance we should have 
to subtract 2 from all the figures in that column. Hence it 
would have been better to choose for the constant a the value 
0:010955 instead of 0:010957. I have not thought it worth 
while to rewrite the Tables to introduce this small correction. 

The only point that I can see in Mr. Pickering’s favour is 
that, if we omit the points at 80°54 per cent. and 80-04 per cent., 
and if we omit the points which I have called abnormal at 
which the errors are large, the errors obtained from his curves 
are kept more nearly within the limit 0:000008 than in the 
case of those obtained by myself. 

I do not press the point that the maximum error in this 
case is admittedly larger than 0°000008, but I must insist that 
it is extremely unlikely that errors so large as those at the 
abnormal points exist, and that there are none larger than the 
estimated amount elsewhere. 

Why, for instance, are we to admit an error of 22, or three 
times the lower limit to the maximum error, at 56°89 per 
cent., and insist that an error of 16, which is only twice the 
same limit, is impossible at 63°08 per cent.? If we do make 
this extremely improbable assumption, it is of course possible 
to reduce the errors thus arbitrarily picked out by making the 
curve discontinuous. 

a mistake. The value of — x 10° at 80 per cent. is given in 
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Thus, if between 53 and 58 we suppose the terms 

§12—5(p—53)? x 10-® 
to be added to the equation, the calculated values from 53 to 
58 become 

10059, 10270, 10488, and 10602, 
which make the values of B—« 

5, —o9, +22, and 0. 

These are about of the same magnitude as the corresponding 
values of y—«a, and, except at the abnormal™* point, are less 
than 0:000008. — 
Why the large difference matters so little and the small 

differences are so important I do not know, but it appears to 
me that Mr. Pickering has been performing with a ruler an 
operation analogous to that I have here performed by modi- 
fying a formula. 

It is, however, possible to perform the same operation over 
other ranges. Thus, taking the percentages in round num- 
bers, and subtracting from the part of the curve between 65 
and 54 terms given by 

pelt. 2:0,(G0R= pig aliens 

we get the numbers in the following Table :— 

. Correction ds 
p- term. dp Pion 

63 —24 11119 —8 

61 — 4 10944 +8 

59 — 4 10723 —8 

58 —ll 10604 +2 

57 — 24 10472 +6 

The tenths of a per cent. omitted might affect the last 
figures to the extent of one unit ; but the Table proves that it 
is possible by such devices to bring even the point at 56°89 
per cent. into line with those near to it to within limits which 
are admittedly less than the error of experiment. A group 
of points from 64 to 74 per cent. shows errors no larger than 
Mr. Pickering’s from 59 to 71 per cent. Such a method of 
treating the results, whether the instrument be a ruler or a 
formula, appears to me unjustifiable. 

There is no doubt that the larger differences between obser- 
* It must be remembered that Mr. Pickering does not apply this term 

to these points, though he appears to regard them as exceptional. 
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vation and calculation are really due to errors. They occur 
in two instances, at all events, in pairs having opposite signs. 
One of these is near 79 per cent., the other near 65 per cent. 
They are precisely what might be expected if from any cause 
one density was more than usually erroneous. is it not likely 
that ether minor errors are to be explained in a similar way ? 

Mr. Pickering appears to me to be on the horns of a dilemma. 
If we assume the larger values of the maximum error to be 
correct, then the values of 8—« are for the most part (except 
at the abnormal points) so well within the limits of the error 
of experiment that the whole discussion resolves itself (even 
from his point of view) into a controversy about matters less 
than the error of experiment. If the lower limit is adopted, 
then he must explain why, when at 64°50 per cent. the value 
of y—« is some three and a half times greater than the esti- 
mated maximum error, the theory of discontinuity is required 
to account for the much smaller discrepancies found elsewhere. 

Horizontal lines are drawn in Table LV. at the points where 
Mr. Pickering believes that there are breaks in the continuity 
of the curve. The differences 8—« shew no sign of regularity 
in these intervals, they are for the most part of the same order 
of magnitude as the estimated error of experiment ; and any 
argument which could be drawn from the fact that they 
exceed the lewer values which may be assigned to it is neu- 
tralized by the fact that in some cases they unquestionably 
exceed the largest limits Mr. Pickering has specifically men- 
tioned. Finally, te obtain the last place it has been necessary 
to strain the calculations, and to carry them in some instances 
to a place further than Mr. Pickering himself has done. If 
therefore we adopt the safer course of neglecting figures 
<10-*, the continuous equation expresses the facts at least 
as well as the five discontinuous curves. 

It is of course logically open to Mr. Pickering to claim that 
his case is not disproved until a process similar to that which 
I have adopted has been successfully applied in a much larger 
number of instances. So far as I am concerned I can only 
reply that I] think my result places him in the position of 
having to prove a negative, and that I certainly cannot under- 
take to devote myself to the multiplication of such evidence. 

I have before stated that I think that the curves in some 
parts—if not discontinuous—have peculiar features which 
suggest special physical causes. Thus between 84 and 
94 per cent. they are obviously nearly straight lines. My 
doubts have always had reference to the minor changes of 
curvature and to the use of the ruler in detecting them. They 
are confirmed by the above investigation. 

Phil. Mag. 8. 5. Vol. 32. No. 196. Sept. 1891. Y 
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XXXVIIL. Note on the Theory of the Solitary Wave. 

By Sir G. G. Sroxss*. 

| fe a paper on the Solitary Wave by Mr. J. McCowan, 
printed in the July number of the Philesephical Magazine, 

for a copy of which I am indebted to the kindness of the author, 
he refers to a conclusion which I advanced in a paper written 
long since, and reprinted full ten years ago, according to which 
a solitary wave could not be propagated without change 
of form. As I have known for the last ten years that this 
conclusion was erroneous, and have published a paper in 
which the motion of a uniformly propagated solitary wave 
was considered, f am not concerned to defend it; but it may 
be well to point out the true source of. the error, respecting 
which I cannot agree with Mr. McCowan. 

While the first volume of my Collected Papers was gomg 
through the press, I was led to the conclusion (see p. 227) 
that the highest possible waves of the oscillatory kind (the 
motion being irretational) presented a form in which the 
crests came to wedges of 120°. On reflecting on the applica- 
tion of this to very long waves propagated in water of which 
the depth is small compared with the length of wave, I was 
led to perceive that the conclusion above mentioned was 
erroneous, and also that the source of the error was that it 
was not sufficient, even though a solitary wave were very 
long, to treat it as indefinitely long, and consequently to take 
the horizontal velocity as the same from the surface to the 
bottom. On speaking on the subject to Lord Rayleigh, he 
referred me to the previous papers on the solitary wave by 
M. Boussinesg and himself, with which I was not at the time 
acquainted. The conclusion of a supplement to my paper on 
oscillatory waves, which forms the last article in vol. 1., shows 
that I was then fully alive to the possibility of the propagation 
of a solitary wave without change ; and in a short paper en- 
titled “On the highest wave of uniform propagation (Pre- 
liminary notice),” read before the Cambridge Philosophical 
Society in 1883, and printed in the Proceedings (vol. iv. 
p- 361), I have indicated a new method, depending on a 
process of trial and error, for determining numerically the 
circumstances of uniform propagation of waves, whether of 
the oscillatory or solitary class, more especially in the extreme 
case in which the crest comes to a wedge of 120°, so that the 
wave is on the point of beginning to break. 

I cannot agree with Mr. McCowan either that the form of 
expansion which I used is inadmissible, or that the form which 
he proposes at p. 58 to substitute, that of a series involving 
exponentials in which the coefficient of # in the index is 

* Communicated by the Author. 
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real, is (at least for my purpose) admissible. It is not true 
that a non-periodic function of 2 cannet be expressed by 
means of periodic functions; fer example, the non-periodic 
functien e~* may be expanded in the definite integral 

[> 2) 

pu daleall 
Vim) o 

each element of which is periodic. On the other hand, the 
ferm ef expansion proposed by Mr. McCowan is (at least for 
my purpose) inadmissible, on account of the discontinuity of 
the expression. 

I will now mention more particularly the step which led 
me tu a wrong conclusion. It is easily shown that in a very 
long wave propagated in water the depth of which is small 
compared with the length of the wave, the herizontal velocity 
is nearly the same from the bottem to the surface for any 
vertical section of the wave made by a plane perpendicular te 
the direction of propagation. For a given depth of water and 
maximum height of wave, this is so much the more nearly 
true as the length of the wave is greater. The horizontal 
velocity tends indefinitely tewards constancy from top to 
bottom as the length of the wave increases indefinitely. Now 
Sir George Airy has shown that for a wave in which we may 
suppose the particles in a vertical plane to remain always in a 
vertical plane, as they must do if the horizontal velocity is the 
same from top to bettom, the ferm of the wave must gradually 
change as it progresses. It might seem theretore that, how- 
ever small we take the height of a wave at the highest peint, 
we have only to make the wave long enough and Airy’s inves- 
tigation will apply, and the wave will change its form in time 
as it travels along. Now in the solitary wave of [tussell, the 
lower the wave, the longer it is; and therefore it might seem 
as if we had only to make the wave low enough and long 
enough and the Jength would be so great that Aury’s investi- 
gation would apply, and the form would change, though 
slowly. 

The answer te this is that, however small we take the 
height, we are not at liberty to increase the length indetinitely. 
There is in fact a relation between the height and the length 
in a solitary wave which can be prepagated uniformly, which, 
though it is of such a nature that the length becomes infinite 
when the height becomes infinitely small, nevertheless forbids 
us for a given height, however small, to increase the length 
indefinitely. . , 

The possibility of the existence of a solitary wave of uniform 
propagation is so far established by my investigation relating 
to oscillatory waves, as that it is made to depend on the prin- 
ciple that the infinite series by which the circumstances of the 

e~* cos 2ex.de, 
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motion of oscillatory waves is expressed must remain con- 
vergent until the height is so far increased that the outline 
presents a singular point, namely the wedge of 120°. If this 
be conceded, we have only to make the wave-length (in the 
sense of the distance from crest to crest, not in that of the 
distance from the point where one of the swells begins to 
where it ceases to be sensible) infinite, in order to pass to the 
case of a solitary wave uniformly propagated. 

XXXIX. Notices respecting New Books. 

G.) A Treatise on Trigonometry. (Fifth edition, pp. vin+160.) 

Gi.) A Treatise on Algebra. (Second edition, pp. viii+412.) 

(iii.) Logarithmic Tables. (Third edition, pp. 96.) 

pe are three works, (i.) and (11.) written by Profs. Oliver, 
Wait, and Jones, of Cornell University, and (11.) arranged by 

the last-named gentleman, who has recently been on a visit to this 
country with a view, we believe, to the preparation of a new 
edition of the Tables. (1.) is an excellent practical treatise on both 
Plane and Spherical Trigonometry. “ After eight years’ use in the 
class-rooms the book has been wholly rewritten.” The aim in the 
revision has been to make the book “simpler and more attractive 
as a text-book, and to make it more thorough and exhaustive as a 
treatise.” The new matter is thus noticed:—(1) Applications of 
Trigonometry to surveying, astronomy, and navigation. (2) The 
extension of the notion of directed lines, and the introduction of 
such other conventions, particularly of directed surfaces, as help 
to interpret algebraic symbols by geometric magnitudes, and thus 
to lay the foundation for the study of mathematical physics. 
(3) The discussion of the general triangle, plane and spherical. 
There is no lack of admirably drawn figures, and often the same 
principle is illustrated by several figures: when this is the case, 
“the first figure is easiest followed; the others help the reader to 
see the generality of the principle and of the proof.” The text is 
concise without being obscure. ‘Only the main hnes of the sub- 
ject are developed; collateral matters are outlined in the examples 
and left for the student to work out for himself.” The authors 
have freely used English text-books as well as American ones, and 
largely drawn upon Senate-House Examination-papers. It is a 
work especially adapted for practical students. There is a copious 
Index of reference. 

(ii.) This edition appears to be almost, if not quite, identical 
with the first edition, which we commended some few years since 
in our Magazine. 

(ili.) is a very handy collection of most useful Tables. There is 
an explanation of the Tables at the end of the work, and on the 
title-page there is the promise of a dollar for the first notice of 
every error in the Tables. 

The same three writers promise a text-book in Algebra whose de- 
finitions and statements of principles are clear and precise, and whose 
proofs are rigorous and so simple that any diligent pupil can read it 



Notices respecting New Books. 317 

easily. The title is “ A Drill-book in Algebra.” The authors are the 
publishers of their works, which are well printed and sold at a low 
price. Those we have noticed above are excellent of their kind, 
and are evidently written by men who are experienced in teaching 
young men of ordinary ability. 

The Number-System of Algebra treated Theoretically and Historically. 
By Henry B. Finn, Ph.D. (Boston and New York: Leach, 
Shewell, and Sanborn; pp. x+131.) 

WE simply call attention to this small work, which presents in a 
readable form much of what is given in the larger works of Hankel 
(Complexe Zahlensystemen), M. Cantor (Vorlesungen uber die 
Geschichte der Mathematik), Weierstrass, Thome, and other Conti- 
nental writers on the nature of the number-concept and the 
number-system of Algebra. The discussion follows the same lines, 
in the main, as the author’s previous pamphlet ‘On the Forms of 
Numbers arising in Common Algebra.’ 

A Treatise on Plane Trigonometry. By E.W. Hoxsson. (Cam- 
bridge: University Press, 1891; pp. xvi+ 356.) 

THH gratification we have derived from a perusal of this work is 
akin to that we felt on reading Chrystal’s ‘Algebra.’ The thorough- 
ness and yet withal the freshness with which our author has 
treated his subject puts his book in the first rank of Mathematical 
publications lately issued by the University Press. The theory of 
the circular functions is treated from the modern point of view, 
and yet the elementary parts are worked out in suttcient detail 
for students “‘ whose range of reading is to be more limited” than 
that of those readers to whom the work is primarily addressed. 
It is pre-eminently a strong book, and will be of prime value to 
advauced University men, who will find the principles of the theory 
of Complex Quantities clearly discussed in a manner similar to that 
of the ‘Algebra’ above referred to. Even in the most recent works 
Analytical Trigonometry “‘has been too frequently presented to 
the student in the state in which it was left by Euler, before the 
researches of Cauchy, Abel, Gauss, and others had placed the use 
of imaginary quantities, and especially the theory of infinite series 
and products, where real or complex quantities are involved, on a 
firm scientific basis.” There are eighteen chapters in all. 

In a short chapter (11.) the method of projections is introduced, 
and this method is subsequently effectively used in conjunction 
with the definitions of the circular functions employed by 
De Morgan (see ‘ Doubie Algebra’). These definitions appear to 
the author to be ‘those from which the fundamental properties of 
the functions may be most easily deduced in such a way that the 
proofs may be quite general, in that they apply to angles of all 
magnitudes. It will be seen that this method exhibits the formule 
for the sine and cosine of the sum of two angles, in the simplest 
light, merely as the expression of the fact that the projection of 
the hypothenuse of a right-angled triangle on any straight line in 
its plane is equal to the sum of the projections of the sides on the 
same line.” The periodicity of these functions is clearly shown, 
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and some space is given to their graphical representation. We 
then have (1v.) the addition and subtraction formule for func- 
tions of two or more angles, and (v.) the functions of sub- 
multiple angles. The next chapter (VI.) is to our mind the most 
valuable of the elementary chapters for readers for Scholarship 
papers. The collection of worked-out examples will be of material 
use to such readers on account of the many beautiful artifices used 
in their solution. At a somewhat earlier stage than is usual, Mr. 
Hobson discusses (viI.) the expansion of functions of multiple 
angles. He does so because “they are merely algebraical conse- 
quences of the addition theorems.” In vit. and Ix. the reader is 
introduced to the relations between the circular functions and 
circular measure of an angle and the formation of Trigonometrical 
Tables, it being assumed at this latter stage that the student has 
acquired a knowledge of logarithms from some work on Algebra. 

Properties of triangles and quadrilaterals occupy chapters X., XI., 
x11. These are treated in some detail, references to the modern 
geometry of the triangles being in the main purposely excluded. 

The Analytical side of the subject occupies chapters x1II. to the 
end. In XIII. is an account, with applications, of complex quan- 
tities, which is preliminary to the (perhaps) distinctive feature of 
Mr. Hobson’s book—the rigorous discussion of the theory of infinite 
series. The corresponding portion in Mr. Hobson’s Encyc. Brit. 
article has recently elicited commendation from Prof. Chrystal, and 
the work before us, we believe, presents the proofsineven fuller detail. 

The exponential function, and what the author calls the 
“generalized logarithm” (‘‘the doubly infinite series of values of 
the logarithm of a quantity”), form the subject-matter of Xv. ; 
hyperbolic functions of xv1.; infinite products of xvi1.; and the 
closing chapter gives a proof of the irrationality of x, with other 
applications of continued fractions to the subject. We have noted 
few errors: p. 83, line 4, for h read 6; p. 103, line 4, for (29) 
read 40 which depends on (29) of § 49; p. 128, line 15, for second 
sin read tan@; p. 132, line 7 up, for (7) read (11); p. 311, 
line 10 up, for sin (w—.y) in denonunator read cos(a—vy). There 
is a beautiful and numerous collection of exercises which will 
interest any one who has a taste for the subject. The figures and 
the “ get up” are all that one could wish for. 

XL. Intelligence and Miscellaneous Articles. 

EDITORIAL NOTE ON MR. PARKER'S PAPER ON THE ABSURDITY 

OF DIAMAGNETISM. 

F I had seen Mr. Parker’s paper in last month’s Philo- 
sophical Magazine before publication, I would have 

referred it back to him for some important alterations. I 
could hardly, however, have foreseen, when publishing a paper 
by a Fellow of St. John’s College, Cambridge, that it was 
likely to contain such statements as, Ist, that there is anything 
new in the theory that diamagnetic action is really due to the 
paramagnetism of the air; and, 2nd, that no theory of dia- 
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magnetic action has been propounded. This “ new theory” 
is at least as old as Becquerel (1850), and has been investi- 
gated by almost everybody who has worked at diamagnetism, 
and they are practically unanimous in the conclusion that 
diamagnetic actions cannot be explained by the paramagnetism 
of the air. 

These undisputed experiments prove that such a theory as 
Becquerel’s would require a vacuum to be paramagnetic. 
This is a new nomenclature, and does not make the old one 
absurd ; it involves practically what Mr. Parker says is non- 
existent, namely one of the theories of diamagnetism. But 
all this is too well known to be worth wasting words on. 

As to the second curious statement of Mr. Parker’s, 
namely that no theory of diamagnetism exists, that is equally 
extraordinary. Chapter xxii. of Maxwell’s pretty generally 
known Treatise is headed “ Ferromagnetism and Diamag- 
netism explained by Molecular Currents,” and gives an in- 
teresting description of Weber’s theory of Diamagnetism in 
§ 838. If Mr. Parker had exercised his ingenuity in explain- 
ing how Weber’s theory, which, being a possible theory can be 
reconciled with Thomson’s difficulty, 1t would have been more 
instructive than a dissertation on the absurdity of what undis- 
puted experiments show to be real. If the opportunity had 
arisen, it would have been only kind to Mr. Parker to have 
referred the paper back to him for reconsideration before 
publishing it. Gro. I’. FirzGeraLp. 

ON HOMOLOGOUS SPECTRA. 

To the Editors of the Philosophical Magazine and Journal. 

GENTLEMEN, Cardiff, August 20, 1891. 
Will you kindly allow me to say a few words in reply to the 

recent article by Professor Hartley in your Magazine (April 1891), 
which referred almost entirely to a previous paper of mine. 

I regret that, in reading Professor Hartley’s papers on Homo- 
logous Spectra, I failed to see his statement concerning the 
importance of noticing the physical properties of the lines of the 
various spectra. In comparing, however, the lines of magnesium and 
zinc, which he considers to be homologous, I saw at the most only the 
faintest resemblance. This may be due to the fact that the photo- 
graphs which I used were of the arc-spectra, while his were of the 
spark-spectra. I had sets of both at my disposal; but the arc- 
spectra ones were so superior in every way that I selected them. 
As I said in my previous paper, I think the arc-spectrum photo- 
graphs are preferable in looking for homologous lines; not because 
the spark-spectrum is variable, as Professor Hartley thinks I meant, 
but because of uniformity of conditions, sharpness of lines, freedom 
from haziness, &c. It may be that the difference between the arc- 
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and the spark-spectrum is merely one of temperature; but so far 
surely the arc-spectra photographs have been more suitable for the 
comparison of spectra. Regarding magnesium and zine, I must 
still say that the resemblance is much less marked than between 
zinc and cadmium; and it is well to note that the recent work of 
Kayser and Runge shows conclusively that magnesium is not 
related so closely to zinc and cadmium as it is to barium and the 
elements on the other side of the second column of Mendelejeff’s 
table. 

Very respectfully yours, 
JOSEPH SWEETMAN AMES. 

- Johns Hopkins University. 

MAGNETO-OPTIC PHENOMENON. 

To the Editors of the Philosophical Magazine and Journal. 

GENTLEMEN, Delft, June 23, 1891. 

Having read in the Philosophical Magazine for April 1891 a 
translation, by Mr. James L. Howard, of a paper of mine in Wiede- 
mann’s Annalen, I venture to make some remarks on this trans- 
lation, the exactness of which is highly to be admired. I hope 
that you will find occasion to correct these small errors in a fol- 
lowing Number in order to prevent misapprehension. The first 
and seventh apply to misprints which have also crept into the 
German translation and which are corrected in Wiedemann’s 
Annalen, vol. xiii. p. 680. 

I am, Gentlemen, 
Your obedient servant, 

R. SISsINGH, 
Lecturer on Physics at the Polytechnic 

Institute at Delft. 

Page 294, line 2 from top, for does not pass read passes. 
— 296, end of footnote, for perpendicular to the plane of inci- 

dence read perpendicular to the polarizer. 
— 298, last line of text, for round the edge of a circular ae 

form read longitudinally upon an iron frame. 
— 299, lines 17 and 18 from top, for these two lines read in- 

serted, just as in the case of the polarizer, on a pillar, 
which can be moved on a cross-piece along the frame. 

— 300, line 14 from top, for inclined to each other read inclined 
to its length. 

— 302, line 5 from top, read whose mean value was approach- 
ing to zero. 

— 308, line 11 from foot, for square centimetres read square 
millimetres. 

— 308, line 5 from foot, for the differences were 4 wave-lengths 
read the differences were reduced to one half from one 
angle to the next. 

— 311, line 5 from foot, for derived from read assumed in the 
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XLI. On the Discharge of Electricity through Exhausted 
Tubes without Hlectrodes. By J. J. Tuomson, J.4., 
PRS. Cavendish Professor of Experimental Physics, 
Cambridge.* 

4 tae following experiments, of which a short account was 
read before the Cambridge Philosophical Society last 

February, were originally undertaken to investigate the phe- 
nomena attending the discharge of Electricity through Gases 
when the conditions are simplified by confining the discharge 
throughout the whole of its course to the gas, instead of, as 
in ordinary discharge-tubes, making it pass from metallic or 
glass electrodes into the gas, and then out again from the gas 
into the electrodes. 

In order to get a closed discharge of this kind we must 
produce a finite electromotive force round a closed circuit, 
and since we cannot do this by the forces arising from a 
distribution of electricity at rest, we must make use of the 
electromotive forces produced by induction. To break down 
the electric strength of the gas such forces must be very 
intense while they last, though they need not last for more 
than a short time. Forces satisfying these conditions occur 
in the neighbourhood of a wire through which a Leyden jar 
is discharged. During the short time during which the oscil- 
lations of the jar are maintained enormous currents pass 
through the wire, and as with a moderate-sized jar these 
currents change their direction millions of times in a second, 

* Communicated by the Author. 

Phil. Mag. 8. 5. Vol. 32. No. 197. Oct..1891. Z, 
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the electromotive force in the neighbourhood of the wire is 
exceedingly large. ‘To make these forces available for pro- 
ducing an electrodeless discharge, all we have to do is to 
make the wire connecting the coatings of the jar the 
primary of an induction-coil of which the discharge-tube 
itself forms the secondary. The arrangements which I have 
employed for this purpose are represented in the accompanying 
diagram. 

Fig. 1. 
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In (@) A is the inside coating of a Leyden jar: this is con- 
nected to H, one of the poles of a Wimshurst electrical machine, 
or an induction-coil, the other pole F of the machine being 
connected to B the outer coating of thejar. ACD is a wire 
connected to the inner coating of the jar, a few turns C 
(which we shall call the primary coil) are made in this wire ; 
these turns are square if the discharge-tube is square, circular 
if the discharge-tube is a spherical bulb. The wire at D is 
attached to an air-break, the other side of which is connected 
with the outer coating of the Leyden jar. The knobs of this 
air-break ought to be kept brightly polished. The loop C is 
connected to earth. The discharge-tubes, which were in 
general either rectangular tubes or spherical bulbs, were 
placed close to the turns of C. When the difference of poten- 
tial between A and B is sufficiently large, a spark passes 
across the air-break, and the electrical oscillations set up 
produce a large electromotive force in the neighbourhood of 
the coil, sufficient under favourable circumstances to cause 
a bright discharge to pass through the vacuum-tubes. In some 
experiments the jars, at the suggestion of Prof. Oliver Lodge, 

co) . 

were connected up differently, and are represented by (@) in 
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fig. 1. Two jars were used, the outside coatings of which, A and 
B, were connected by the wire containing the primary coil C, 
the inside coating of the first jar was connected to one pole 
of the Wimshurst, that of the second to the other. With this 
method of arranging the jars no air-space is required, as the 
sparks pass between the terminals of the machine, and the 
polishing of these terminals is not nearly so important as that 
of the knobs of the air-break in the arrangement (). 

Before proceeding to describe the appearance presented by 
the discharge, I will mention one or two points which may 
prove useful to any one who wishes to repeat the experiments. 
According to my experience the discharge is more easily 
obtained in bulbs than in square tubes, and witha Wimshurst 
machine than with an induction-coil. If an induction-coil is 
used a break which will transmit a large current ought to 
be substituted for the ordinary vibrating one supplied with 
such instruments. It is essential to success that the gas 
in the bulbs or tubes should be quite dry and at a suitable 
pressure; there is a pressure at which the brilliancy of 
the discharge is a maximum, and as in endeavouring to 
get at this pressure the exhaustion may be carried too far, 
it is convenient to use a form of mercury pump which will 
allow of ihe easy admission of a little gas; the pattern 
which I have used and found to answer very well is called 
the Lane-Fox pattern. When any gas is introduced it 
should be sent through sulphuric acid to get rid of any 
moisture that may be in it. Owing, I think, to the pressure 
in ordinary incandescent lamps being very different from that 
at which the discharge has its maximum brilliancy, I have 
met with very poor success in attempts to produce these 
discharges in already exhausted tubes such as incandescent 
lamps, though I have tried a considerable number by different 
makers ; on the other hand, the radiometers which I have 
tried allow the discharge to pass pretty readily, though it 
is interfered with by the vanes, and is not comparable in 
brilhaney with that obtained in home-made tubes and bulbs. 
I have obtained sparks easily with apparatus of the following 
dimensions : two gallon jars, the outside coatings connected 
by a wire about 2 yards long, the coil consisting of three or 
four turns, each about 3 inches in diameter. Ihave some bulbs 
which with this apparatus will give a bright discharge when 
the distance between the terminals of the Wimshurst is only 
+ inch; these are, however, exceptionally good ; it more 
frequently takes a spark an inch or an inch and a half long 
to produce the discharge. 

I find that Hittorf in Wiedemann’s Annalen, xxi. p. 138, 
L2 
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describes the light produced in a tube round which the wire 
connecting the coatings of a Leyden jar is twisted ; the lumi- 
nosity in Hittorf’s experiments seems to have filled the tube, 
and not, as in the experiments described in this paper, been 
confined to a ring. It seems possible that the difference in 
the appearance in the tubes may have been due to the exist- 
ence of an electrostatic action in Hittorf’s experiments, the 
primary coil getting raised to a high potential before the 
discharge of the jar, and inducing a distribution of electricity 
over the inside of the glass of the tube ; on the passage of the 
spark the potential of the primary coil will fall, and the 
electricity on the glass redistribute itself; to effect this re- 
distribution it may pass through the rarefied gas in the 
discharge-tube and produce luminosity. 

In my experiments I took two precautions against this 
effect : in the first place I connected the primary coil to earth, 
so that its potential before discharge took place was unaltered, 
and as an additional precaution I separated the discharge- 
tube from the primary by a cage made of blotting-paper 
moistened with dilute acid ; the wet blotting-paper is a suffi- 
ciently good conductor to screen off any purely electrostatic 
effects, but not a good enough one to interfere to an appre- 
ciable extent with the electromotive forces arising from 
rapidly alternating currents. In this way we can screen off 
any electrostatic effects due to causes which operate before 
the electrical oscillations in the jars begin ; when once these 
have commenced, there ought not, I think, to be any separa- 
tion of the electromotive for Ces "into. two parts, one being 
called electrostatic, the other electrodynamic. As this is a 
point on which it is desirable to avoid any misunderstanding, 
I hope to be excused if I treat it at some length. 

In the mathematical treatment of the phenomena of the 
“ Hlectromagnetic Field,” it is customary and not incon- 
venient to regard the electromotive force as derived from two 
sources, or rather as consisting of two parts, one part being 
calculated by the ordinary rules of electrostatics from the 
distribution of electricity in the field, the other part being the 
differential coefficient of the vector potential with respect to the 
time. From a mathematical point of view, there is a good 
deal to be said for this division ; the two forces have very 
distinct and sharply contrasted analytical properties. Thus the 
electrostatic force possesses the property that its line-integral 
taken round any closed curve vanishes, while the surface- 
integral of its normal Component) taken over a closed surtace 
does not in general vanish. The “ vector potential force,” on 
the other hand, does not in general vanish when integrated 
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round a closed curve, the surface-integral of its normal com- 
ponent taken over any closedsurface, however, vanishes. When, 
however, our object is not so much mathematical calculation 
as the formation of a mental picture of the processes going 
on in the field, this division does not seem nearly so satis- 
factory, as the fundamental quantities concerned, the electro- 
static and vector potentials, are both of considerable com- 
plexity from a physical point of view. We might judge that 
this division of the electromotive force into two parts, the one 
derivable from an electrostatic, the other from a vector, poten- 
tial, is rather a mathematical device than a physical reality, 
from the fact which I pointed out in a report on Electrical 
Theories (B. A. Report, 1886), that though the electrostatic 
potential satisfies the mathematical condition of being pro- 
pagated with an infinite velocity, the total electromotive force 
in the electromagnetic field travels with the velocity of light, 
and nothing physical is propagated at a greater velocity. 

In an experimental investigation such as that described in 
this paper it is not so important that our method of regarding 
the phenomena should lead to the shortest analysis as that it 
should enable us to picture to ourselves the processes at work 
in the field, and to decide without much calculation how to 
arrange the experiments so as to bring any effect which may 
have been observed into greater prominence. 

The method which I have adopted for this purpose is the 
one described by me in the Philosophical Magazine, March 
1891, and which consists in referring everything to the 
disposition and motion of the tubes of electrostatic induction 
in the field. These tubes are either endless, or have their 
ends on places where free electricity exists, every unit of 
positive electricity (the unit being the quantity of electricity 
on the atom of a univalent element) being connected by a 
unit tube to a unit of negative electricity, the tube starting 
from the positive electricity and ending on the negative. At 
any point in the field the electromotive intensity varies as the 
density of the tubes of electrostatic Induction at that point. 
When the electricity and the tubes in the field are at rest, 
the tubes distribute themselves so that the electromotive 
intensity at any point is derivable from a potential function ; 
as soon, however, as the equilibrium is disturbed, the tubes 
move about and get displaced from their original positions, 
the disposition of tubes and therefore the electromotive 
intensity are changed, and the latter will no longer be deriv- 
able from a potential function, and according to the mathe- 
matical theory would be said to include forces due to electro- 
static and electromagnetic induction. According to our view. 
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however, the cause of the electromotive intensity is the 
same in both cases, viz. the presence of tubes of electro- 
static induction, and the electromotive intensity ceases to be 
derived from a potential, merely because the distribution of 
these tubes is not necessarily the same when they are moving 
about as when they are in equilibrium. It is shown, in the 
paper already referred to, that these tubes when in motion 
produce a magnetic force at right angles, both to their own 
direction and to that in which they are moving, the magnitude 
of the force being 47 times the product of the strength of the 
tube, the velocity with which it is moving, and the sine of the 
angle between the direction of the tube and its direction 
of motion. In an electric field in which the matter is at 
rest, these tubes when in motion move at right angles to 
themselves with the velocity “v,’ that at which electro- 
dynamic disturbances are propagated through the medium. 
We can easily show that, K being the specific inductive 
capacity of the medium, the line-integral of 47/K times the 
density of these tubes taken round a closed circuit is equal to 
the rate of diminution of the number of lines of magnetic 
induction passing through the circuit. Thus, since the funda- 
mental laws of electrodynamic action, viz. Faraday’s law of in- 
duction and Ampere’s law of magnetic force, follow from this 
conception of the field as produced by tubes of electrostatic 
induction moving at right angles to themselves with the 
velocity “‘v,” and producing a magnetic force at right angles 
both to their own direction and to that in which they are 
moving, and proportional to the product of the strength of 
the tube and its velocity, it is a conception which will 
account for all the known phenomena of the field. It fur- 
nishes in fine a geometrical instead of an analytical theory of 
the field. It will also be seen that from this point of view 
the magnetic force, when introduced to calculate the electro- 
motive forces arising from induction, logically comes in as an 
intellectual middle-man wasting mental effort. 
We may thus regard the distinction between electrostatic 

and electromagnetic electromotive forces as one introduced 
for convenience of analysis rather than as having any physical 
reality. The only difference which I think could be made 
from a physical point of view would be to define those effects 
as electrostatic which are due to tubes of electrostatic induc- 
tion having free ends, and to confine the term electromagnetic 
to the effects produced by closed endless tubes. It is only, 
however, when the electromotive forces are produced ex- 
clusively by the motion of magnets that all the tubes are 
closed ; whenever batteries or condensers are used, open tubes 
are present in the field. 
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It will be useful to consider here the disposition and 
motion of the tubes of electrostatic induction in the arrange- 
ment used to produce these electrodeless discharges. We shal] 
take the case where two jars are used, as in @, fig. 1, as being 
the more symmetrical. 

Just before the discharge of the jar, the tubes of electro- 
static induction will be arranged somewhat as follows :— 
There will be some tubes stretching from one terminal of the 
electric machine to the other; others will go from the ter- 
minals to neighbouring conductors, the table on which the 
machine is placed, the floor and walls of the room, &. The 
great majority of the tubes will, however, be short tubes 
passing through the glass between the coatings of the jars. 
Let us now consider the behaviour of two of these tubes, one 
from the jar A, the other from B, when a spark passes between 
the terminals of the machine. Whilst the spark is passing 
these may be regarded as connected by a conductor; the tubes 
which originally stretched between them now contract, the 
repulsion they exerted on the surrounding tubes is destroyed 
so that these now crowd into the space between the terminals, 
the two short tubes under consideration now taking somewhat 
the form shown in fig. 2. These tubes being of opposite sign 

Fig. 2. Fig. 3. 
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tend to run together; they do so until they meet as in fig. 3, 
when the tubes break up as in fig. 4, the upper portion run- 
ning into the spark-gap, where it contracts, while the lower 
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portion rushes through the dielectric to discharge itself into 
the wire connecting the coatings of the jars, an intermediate 
position being shown in fig. 5. These tubes while rushing 
through the dielectric produce, as already stated, magnetic 
forces ; some of them on their way to the discharging wire 
will pass through the discharge-tube; if they congregate there 
in sufficient density, discharge will take place through the 
rarefied gas. 

The discharge of the jar is oscillatory, and we have only 
followed the motion of the tubes during a part of the oscilla- 
tion; when, however, this tube enters the wire between the 
jars a tube of opposite kind emerges from it ; the same thing 
happens when the other portion enters the spark-gap. These 
go through the same processes as the tubes we have followed, 
but in the reverse order, until we get again two short tubes 
in the jars, but opposite in sign to the original ones; the 
process is then repeated and so on as long as the vibrations 
last. 

In order to see what are the most advantageous di- 
mensions to give to our apparatus, let us consider on what 
the maximum electromotive force in the secondary depends. 
Let us take the case of a condenser of capacity C discharging 
through a circuit whose coefficient of self-induction is L ; 
then, if the potential difference between the plates of the con- 
denser is initially V,, the current y at the time ¢ is (sup- 
posing as a very rough approximation that there is no decay 
in the vibrations) given by the equation 

CV t 
/ LC sin. Viel: 

The rate of variation of this, y, is therefore 

Ne t 

LL aes 

So that if M is the coefficient of self-induction between the 
primary and a secondary circuit, the maximum electromotive 
force round the secondar yis MV o/L, which for a given spark- 
length is independent of the capacity of the condenser. In 
practice it is advisable, however, to have as much energy in the 
jars to start with as possible, and better results are got with 
large jars than with small ones. Using a six-plate Wimshurst 
machine I got very good results with two “ gallon jars;” with 
a large induction-coil the best results were got with two 
“int and a half jars.” 

The best number of turns to use in the primary coil C 
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depends upon the size of the leads; if all the circuit were 
available for this coil one turn would give the largest electro- 
motive force, because though for a given rate of change of the 
current in the primary the effect on the secondary increases with 
the number of turns, the rate of change of the current varies 
inversely as the self-induction of the primary, so that if all the 
circuit isin the coil C, since an increase in the number of turns 
will increase the self-induction of the circuit faster than the 
mutual induction, it will diminish the electromotive force 
round the secondary. In practice, however, it is not possible 
to have the whole of the wire connecting the coatings of the 
jar in the coil C; and in this case an increase in the number 
of turns may increase the mutual induction more than the self- 
induction, and so be advantageous. The best result will be 
obtained when the self-induction in the coil C is equal to that 
of the remainder of the circuit. It is very easy to find by 
actual trial whether the addition of an extra turn of wire is 
beneficial or the reverse. The brightness of the discharge 
depends upon the time of the electrical oscillations as well as 
upon the magnitude of the electromotive force. Thus, in an 
experiment to be described later, the brilliancy of the dis- 
charge was increased by putting self-induction in the leads 
which, though it diminished the intensity of the electromotive 
force, increased the time-constant of the system. When the 
discharge-tube was square and the coil C had also to be square, 
it was found most convenient to make it of glass tubing bent 
into the required form and filled with mercury. When, how- 
ever, the discharge was required in a bulb, the primary coil was 
made of thick gutta-percha-covered copper wire wound round 
a beaker just large enough to receive the exhausted bulb. 
There is sometimes considerable difficulty in getting the first 
discharge to pass through the bulb, though when it has once 
been started other discharges follow with much less difficulty. 
The same effect occurs with ordinary sparks. It seems to be 
due to the splitting up of the molecules by the first discharge; 
some of the atoms are left uncombined and so ready to con- 
duct the discharge, or else when they recombine they form 
compounds of smaller electric strength than the original gas. 
When the discharge was loath to start, 1 found the most 
effectual way of inducing it to do so was to pull the terminals 
of the Wimshurst far apart and then, after the jars had got 
fully charged, to push the terminals suddenly together. In 
this way a long spark is obtained, which, if the pressure of 
the gas is such that any discharge is possible, with the means 
at our disposal will generally start the discharge. 
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Appearance of the Discharge. 

Let us suppose that we have either a square tube placed 
outside a square primary or a bulb placed inside a circular 
coil of wire, and that we gradually exhaust the discharge- 
tube, the jars sparking all the time. At first nothing at all is 
to be seen in the secondary, but when the exhaustion has 
proceeded until the pressure has fallen to a millimetre or 
thereabouts, a thin thread of reddish light is seen to go round 
the tube situated near to but not touching the side of the 
tube turned towards the primary. As the exhaustion pro- 
ceeds still further, the brightness of this thread rapidly in- 
creases, as well as its thickness; it also changes its colour, 
losing its red tinge and becoming white. On continuing the 
exhaustion the luminosity attains a maximum, and the dis- 
charge passes as an exceedingly bright and well-defined ring. 
On continuing the exhaustion, the luminosity begins to di- 
minish until, when an exceedingly good vacuum is reached, 
no discharge at all passes. The pressure at which the lumi- 
nosity is a maximum is very much less than that at which 
the electric strength of the gas is a minimum in a tube pro- 
vided with electrodes and comparable in size to the bulb. 
The pressure at which the discharge stops is exceedingly low, 
and it requires long continued pumping to reach this stage. 
We see from these results that the difficulty which is ex- 
perienced in getting the discharge to pass through an ordi- 
nary vacuum-tube when the pressure is very low is not 
altogether due to the difficulty of getting the electricity from 
the electrodes into the gas, but that it also occurs in tubes 
without electrodes, though in this case the critical pressure is 
very much lower than when there are electrodes. In other 
words, we see that as the state of the bulb approaches that of 
a perfect vacuum its insulating power becomes stronger and 
stronger. This result is confirmed by several other experi- 
ments of a different kind which will be described later. 

The discharge presents a perfectly continuous appearance, 
with no sign of striation, of which I have never observed any 
trace on any of these discharges, though I must have ob- 
served many thousands of them under widely different con- 
ditions. 

Action of a Magnet on the Discharge. 

The discharges which take place in these tubes and bulbs 
are produced by periodic currents, so that the discharges 
themselves are periodic, and the luminosity is produced by 
currents passing in opposite directions. As this is the case, 
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it seemed possible that the uniformity of the luminosity seen 
in the discharge was due to the superposition of two stratified 
discharges in opposite directions, the places of maximum 
luminosity in the one fitting into those of minimum lumi- 
nosity in the other. Since these discharges are in opposite 
directions, they will be pushed opposite ways when a magnetic 
force acts at right angles to them, the discharges in opposite 
directions can thus be separated by the application of a magnetic 
force and examined separately. In the experiment which was 
tried with this object, a square tube was used placed outside 
the primary, the tube at one or two places being blown out 
into a bulb so as to allow of the wider separation of the con- 
stituent discharges. When one of these bulbs was placed ina 
magnetic field where the force was at right angles to the dis- 
charge, the luminous discharge through the bulb was divided 
into two portions which were driven to opposite sides of the 
bulb ; each of these portions was of uniform luminosity and 
exhibited no trace of striation. It was noticed, however, in 
making this experiment that the discharge seemed to have 
much greater difficulty in pzssing through the tube when 
the electromagnet was on than when it was off. This obser- 
vation was followed up by several other experiments, and it 
was found that the discharge is retarded in a most remarkable 
way by a magnetic force acting at right angles to the line of 
discharge. This effect is most strikingly shown when the 
discharge passes as a ring through a spherical bulb. If sucha 
bulb is placed near a strong electromagnet, it is easy to adjust 
the length of spark so that when the magnet is off a brilliant 
discharge passes through the bulb, while when the magnet is 
en no discharge at all can be detected. The action is very 
striking, and the explanation of it which seems to fit in best 
with the phenomena I have observed is that the discharge 
through the rarefied gas does not rise to its full intensity 
suddenly, but as it were feels its way. The gas first breaks 
down along the line where the electromotive intensity is a 
maximum, and a small discharge takes place along this line. 
This discharge produces a supply of dissociated molecules 
along which subsequent discharges can pass with greater 
ease. Thus under the action of these electric forces the gas 
is in a state of unstable equilibrium, since as soon as any 
small discharge passes through it the gas becomes electrically 
weaker and less able to resist subsequent discharges. When 
the gas is in a magnetic field, the magnetic force acting on 
the discharge produces a mechanical force which displaces 
the molecules taking part in the discharge from the line of 
maximum electric intensity, and thus subsequent discharges 
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do not find it any easier to pass along this line in consequence 
of the passage of the previous one. ‘There will not, therefore, 
be the same instability in this case as in the one where no 
magnetic force acted upon the gas. <A confirmation of this 
view is, I think, afforded by the appearance presented by the 
discharge when the intensity of the magnetic field is reduced, 
so that the discharge just, but only just, passes when the 
magnetic field is on. In this case the discharge, instead of 
passing as a steady fixed ring, flickers about the tube ina very 
undecided way. 

If the strength of the magnetic field is reduced still further, 
so that the discharge passes with some ease, the bright ring 
which, when no magnetic force is acting, is in one plane, is 
changed into a luminous band situated between two planes 
which intersect along a diameter of the bulb at right angles 
to the magnetic force. These planes are inclined at a con- 
siderable angle, one being above and the other below the 
plane of the undisturbed ring. This displacement of the ring 
by the magnetic force shows that it consists of currents cir- 
culating tangentially round the ring. 

This action of a magnet on a discharge flowing at right 
angles to its lines of force is not, however, the only remarkable 
effect. produced by a magnet on the discharge. When the 
lines of magnetic force are along the line of discharge, the 
action of the magnet is to facilitate the discharge and not to 
retard it asin the former case. ‘The first indication of this 
was observed when the jars were connected, as in (a) in fig. 1. 
The earth-connexion being removed, in this case there is a 
glow from the glass into the bulb, due to the redistribution of 
the electricity induced on the glass by the primary when it is 
at a high potential before the spark passes. If the primary 
is connected to earth by a circuit with an air-break in it, the 
intensity of the glow may be altered at will by adjusting the 
length of the air-break; when the air-space is very small 
there is no glow; when it is long the glow is bright. The 
bulb in which the discharge was to take place was placed on 
a piece of ebonite over the pole of an electromagnet, and the 
air-space in the earth-connexion of the primary was adjusted 
so that when the magnet was off no glow was observed in the 
tube. When the magnet was on, however, a glow radiating in 
the direction of the lines of magnetic force was produced, 
which lasted as long as the magnet was on, and died away 
rapidly, but not instantaneously, when the magnet was taken 
off. In this case the discharge seems to be much easier along 
the lines of magnetic force. . 

The following experiment shows that this effect is not 
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confined to the glow-discharge, but is also operative when the 
discharge passes. entirely through the gas. A square tube 
ABCD (fig. 6) is placed outside the primary EFGH, the 
lower part of the discharge-tube CD being situated between 
the poles L M of anelectromagnet. By altering the length of 
spark of the Wimshurst machine, the electromotive intensity 

Fig. 6. 

acting on the secondary can be so adjusted that no discharge 
passes round the tube ABCD when the magnet is off, whilst 
a bright discharge occurs as long as the magnet is on. The 
two effects of the magnet on the discharge, viz. the stoppage 
of the discharge across the lines of magnetic force, and its 
acceleration along them, may be prettily illustrated by placing 
inthis experiment an exhausted bulb N inside the primary ; 
then the spark-length can be adjusted so that when the 
magnet is off the discharge passes in the bulb, and not in the 
square tube, while when the magnet is on the discharge 
passes in the square tube, and not in the bulb. 

The experiments on the effect of the magnetic field on the 
discharge were tried with air, carbonic acid, and oxygen, but 
I could not detect any difference in the behaviour of the 
gases. 

The explanation of the longitudinal effect of magnetic force 
seems more obscure than that of the transverse effect ; it is 
possible, however, that both may be due to the same cause, 
for if the feeble discharge which we suppose precedes the 
main discharge branches away at all from the line of main 
discharge, the action of the magnetic force when it is along 
the discharge will tend to bring these branches into the main 
line of discharge ; and thus there will be a greater supply of 
dissociated molecules along the main line of discharge, and 
therefore an easier path for the subsequent discharges when 
the magnetic force is acting than when it is absent. 

It is perhaps not necessary to assume that the mechanical 
action of the magnetic force is on a small discharge preceding 
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the main one ; the action of the magnetic force on the chain 
of polarized molecules which are formed before the discharge 
passes might produce an effect equivalent to that which we 
have supposed was produced on an actual discharge. 

The chain of polarized molecules would be affected in the 
following way :—The magnetic field due to the electromagnet 
consists of tubes of electrostatic induction moving about ; 
these tubes, as well as the direction in which they are moving, 
are at right angles to the lines of magnetic force. The short 
tubes of electrostatic induction which join the atoms in the 
molecules of the gas will, under the influence of the electric 
forces, set themselves parallel to the direction of the electro- 
motive intensity at each point. 

Thus, when the magnetic force is at right angles to the 
line of discharge, tubes of electrostatic induction parallel to 
those in the molecules will be moving about in the field ; and 
since parallel tubes exert attraction and repulsion on each 
other, the molecular tubes will be knocked about and their 
efforts to form closed chains made much more difficult by 
the action of the magnet. On the other hand, when,the lines 
of magnetic force are parallel to the discharge, the moving 
tubes are at right angles to those in the molecules, and will 
not disturb them in the attempt to form chains along the line 
of magnetic force, they will in fact assist them in doing so by 
preventing all attempts in directions across the lines of force. 

Prof. G. F. Fitzgerald has suggested to me in conversation 
that this action of a magnet on the discharge might be the 
cause of the ‘‘ streamers ” which are observed in the aurora; 
the rare air being electrically weaker along the lines of mag- 
netic force than at right angles to them will cause the 
discharge in the direction of those lines to be the brightest. 

Discharge through different Gases. 

I have examined the discharge through air, carbonic 
acid, hydrogen, oxygen, coal-gas, and acetylene. As I have 
already mentioned, at the highest pressures at which the 
discharge passes through air, the discharge is reddish, and 
gets brighter and whiter at lower pressures. If the discharge 
is examined through a spectroscope, the lines in the spectrum 
coincide with those obtained by sparking through air in the 
ordinary way with a jar in the circuit. The relative bright- 
ness of the lines in the spectrum of the discharge without 
electrodes varies very much with the pressure of the gas and 
the length of spark in the jar circuit. With a long spark in 
this circuit, and the pressure such as to give a bright white 
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discharge, the spectrum is very much like that of the 
ordinary jar-discharge in air. When, however, the pressure is 
so low that the discharge passes with difficulty, a few lines in 
the spectrum shine out very brightly, whilst others become 
faint, so faint indeed sometimes that if the air-spectrum were 
not thrown into the field of view of the spectroscope at the 
same time, they might pass unnoticed. Three lines which are 
very persistent, the first a citron-green, the second a more 
refrangible green, and the third a blue, I am inclined to 
think must be due to mercury vapour from the pump. 

I am indebted to Prof. Liveing for the loan of a very fine 
direct-vision spectroscope, and to him and Mr. Robinson, of 
the Cambridge Chemical Laboratory, for valuable advice in 
the attempts which I made to photograph the spectra of 
some phosphorescent glows mentioned below. 

I should like to call attention to the advantages for spectro- 
scopic purposes which attend this method of producing the 
discharge ; it is easily done either by an ordinary electrical 
machine or an induction-coil. An intensely bright discharge 
is got, and there is no danger of complication arising from 
the spectrum of the gas getting mixed with that of the 
electrodes. 

Discharge in Oxygen. 

By far the most remarkable appearance is presented when 
the discharge passes through oxygen, for in this gas the 
bright discharge is succeeded by a phosphorescent glow 
which lasts for a considerable time; indeed, with a strong 
discharge it may remain visible for more than 2 minute. 
When the discharges succeed one another pretty rapidly, the 
phosphorescence is so strong that it hides the successive 
bright discharges, and the tube seems permanently full of a 
bright yellow tog. We can thus by the use of this gas con- 
vert the intermittent light given by the bright discharge into 
a continuous one. 

Perhaps the most striking way of showing this phosphor- 
escence is to use a long tube, about a metre long and 6 or 
7 centimetres in diameter, with a bulb blown in the middie, 
the primary coil being twisted round this bulb. Then, when 
the sparks pass between the jars, a bright ring-discharge 
passes through the bulb, from which, as if shot out from the 
ring, the phosphorescent glow travels in both directions along 
the tube, moving slowly enough for its motion to be followed 
by the eye. It cannot, therefore, be produced by the direct 
action of the light from the spark on the gas in the tube, for 
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if it were, the glow would travel with the velocity of light. 
It is necessary to mention this point, for the light from these 
discharges has great powers of producing phosphorescence. 

The slow seems to consist of gas which has been in the path 
of the discharge, and whose molecules have been split up by 
it and projected from the line of discharge. This gas which, 
when projected, is in a peculiar state, by a process of chemical 
combination gradually returns to its original condition, and 
it is while it is in this state of transition from its new condi- 
tion to the old that it phosphoresces. If this is the case we 
should expect that the period of phosphorescence would be 
shortened by raising the temperature. On trying the experi- 
ment I found that this took place to a very marked extent. 
A discharge-bulb filled with oxygen at a low pressure was 
placed over a Bunsen burner ; before the bulb got hot each 
bright discharge was succeeded by a bright afterglow, but 
as the bulb got hotter and hotter the glow became fainter 
and fainter, and at last ceased to be visible, though the bright 
ring was still produced at each discharge of the jar. When 
the Bunsen was taken away and the bulb allowed to cool, 
the glow reappeared. 

The spectrum of the afterglow is a continuous spectrum, 
in which I could not detect the superposition of any bright 
lines. The only gas besides oxygen in which I have been 
able to detect any after glow is air, though in this case the 
range of pressure within “which it is exhibited is exceedingly 
small ; indeed it is often by no means an easy matter to get 
a bulb filled with air into the state in which it shows the 
glow. The spectrum of the air-glow showed bright lines ; I 
thought myself that I could see a very faint continuous 
spectr um as well. Some friends, however, who were kind 
encugh to examine the spectrum, though they could see the 
bright lines clearly enough, were of opinion that there was 
nothing else visible. I endeavoured to photograph it, but 
without success, so that the existence of a continuous spectrum 
for this glow must be considered doubtful. 
When the discharge passes through acetylene, the first two 

or three discharges are a bright apple-green, the subsequent 
ones, however, are white, and as the green discharge does 
not reappear, we must conclude that the acetylene is decom- 
posed by the discharge. 

[To be continued. | 



XLII. Notes on Allotropic Silver. By M. Canny Lra*, 

Re TIONS of the Yellow to the Blue Forms.—The gold 
and copper-coloured forms on the one hand, and the 

blue, bluish-green, and steel-grey on the other hand, stand 
in close relations to each other. In previous papers there has 
been described a crystalline state intermediate between these 
active forms and ordinary silver, which intermediate condition, 
whilst retaining the bright yellow colour of the active form, is 
nearly as indifferent to reagents as ordinary silver. Into this 
intermediate state both the yellow and blue forms are capable 
of passing, and apparently the intermediate states of both 
kinds of allotropic silver are identical: the intermediate form 
of blue silver is yellow. ‘Thus, when lumps of blue silver are 
heated in a test-tube to about 180° C., they assume a gold 
colour and lustre. The same change takes place at the same 
temperature when films of blue silver are placed in a hot-air 
bathe, ) 

But relations much closer than these exist. Blue silver can 
be converted into yellow at ordinary temperatures and con- 
sequently with retention of its active properties. This is 
accomplished through the agency of sulphuric acid. Whena 
solution of silver is obtained by the action of sodium hydroxide 
and dextrine on silver nitrate t, it appears to contain the blue 
variety ; for if allowed to precipitate spontaneously by long 
standing, or if precipitated by acetic acid, dilute nitric acid, 
or by many neutral substances, it gives a form of silver which 
is dark red whilst moist and dries with a blue surface-colour. 
(It is always a little difficult to characterize these substances by 
their colours, since the surface-colour which they show when 
dry, either in mass or in films, is mostly complementary to 
their colour when wet. As the surface-colour is much the 
more characteristic, | have adopted the course of naming 
them by that.) 

The behaviour of the red solution obtained by soda and 
dextrine with dilute sulphuric acid is very interesting and 

* From an adyance proof communicated by the Author. 
+ Forty grams each of sodium hydroxide and of yellow or brown dex- 

trine (not white) are dissolved in two litres of water, and twetny-eight 
grams of silver nitrate in solution are added in small quantities at a time, 
with frequent stirring, so that several hours shall elapse before the last 
portion is added. The solution is always slightly turbid when viewed by 
reflected light, by which it shows a beautiful deep green colour. By trans- 
mitted light it is deep red, and, when diluted, absolutely transparent. 
By diminishing the proportion of silver nitrate to one half, a solution 
nearly or quite clear by reflected as well as by transmitted light is obtained, 

Pim Vageis d. Vol, o2. No. 19%. Océ. 1891. 7 J 
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instructive. When 100 cubic centim. of solution are poured 
into 100 cubic. centim. of water to which 3 cubic centim. of 
sulphuric acid have been previously added, a dark red precipi- 
tate falls, which, when dry, especially in films, is blue. The 
mixed liquid from which the precipitate is formed is acid. 
Increasing the proportion of acid to 4, 5, and 6 cubic centim. 
successively, the substance obtained has a green surface-colour, 
becoming more yellowish green in proportion as the acid is 
increased in quantity. With 74 cubic centim. the substance 
no longer dries green, but yellow. Increased proportions of 
acid produce substances drying with a coppery shade. 

It will be seen that from a single solution, and using one 
substance only as a precipitant, we can obtain the whole range 
of different forms of allotropic silver by simply varying the 
proportions of the precipitant. 

That these forms of silver should subsist in the presence of 
sulphuric acid in excess is remarkable. For the most part 
the presence of this acid tends to quickly convert allotropic 
to ordinary silver. For example, bright yellow allotropic 
silver obtained with ferrous tartrate was washed on a filter 
with water containing 54, its volume cf sulphuric acid: in 
two or three hours the entire mass was converted into grey 
ordinary silver. 

It is observable that the substances precipitated with the 
least acid have a very splendid lustre, and that this lustre 
diminishes steadily as the proportion of acid is increased. 
Up to 6 to 100 cubic centim. the effect is hardly noticeable, 
after that it becomes more marked. 

But we can also obtain the converse of this reaction. Just 
as the solution which naturally would yield the blue product 
can be made to yield the yellow by the presence of excess of 
strong acid, so the solution which normally yields the yellow 
substance may be made to produce blue (or rather green) 
silver by adding alkali. Thus a mixture of dilute solutions of 
ferrous sulphate and of Rochelle salt added to mixed solutions 
of silver nitrate and‘ of Rochelle salt results in the formation 
of gold-coloured silver. But if we add a little sodium hy- 
droxide, either to the iron solution or the silver mixture, we 
shall get a bluish-green product, whose properties show that 
it belongs to the blue class and not to the yellow. Even if a 
solution of the hydroxide is added immediately after the iron 
solution has been poured into the silver, the result is the same. 

There is, therefore, a well-marked tendency of acids to give 
rise to the formation of the yellow product and of alkalies to 
the blue. But this is a tendency only. Both substances can 
be produced from neutral solutions, and slight changes are 
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sufficient to alter the product formed. Thus, ferrous tartrate 
in dilute solution acting on silver tartrate gives rise to the 
formation of the gold-coloured substance, but when citrates 
are substituted the blue substance is obtained. 

Production of Allotropee Silver by Inorganic Substances.— 
For reasons which will be mentioned presently the reduction 
of silver must take place gradually to produce the allotropic 
form, and for a time it seemed an invariable condition that 
an organic substance of some sort should be present. This, 
however, proves not to be essential. In a paper presented to 
the American Academy, and kindly read for me by Prof. 
Remsen at the meeting in April last, I alluded briefly to 
having fonnd a reaction depending upon inorganic agents 
only. It is as follows:—Sodium hypophosphite added to 
silver nitrate does not effect reduction ; but when hypophos- 
phorous acid is set free by the addition of phosphoric acid, a 
red coloration appears, indicating the presence of allotropic 
silver. The coloration is transitory, no doubt because of the 
strong tendency of free mineral acids to convert allotropic 
to normal silver; but red and blue stains form on the sides of 
the vessel. 

Phosphorous acid gives similar results, though perhaps less 
well marked. 

Action of Light on Blue Stlver.—This action differs with 
different varieties : it was more especially examined with the 
form that is obtained from the soda-dextrine silver solution 
already described, by pouring the solution into an equal bulk 
of water to which sulphuric acid had been added in the pro- 
portion of 4 cubic centim. to each 100 cubic centim. of water. 
This form was selected because it is easy to obtain with great 
constancy of result, and because it is one of the forms of 
blue silver most sensitive to light. 

Exposed to light this substance first becomes more distinctly 
blue, losing a slight greenish shade. With continued expo- 
sure it passes to a yellow-brown shade, and finally to a per- 
fectly pure golden yellow of great brilliancy and lustre. ‘This 
last 1s the intermediate or crystalline form. 

The action of light on this form of silver is remarkable in 
this respect, that its first effect is to increase the sensitiveness 
to reagents. 

This result was so unexpected, and & priori so improbable, 
that it was subjected to the most careful verification before 
being accepted. The action is very easily shown by exposing 
a film of the substance to light, covering part of the surface 
with an opaque screen. Atter twenty or thirty minutes of 
exposure to strong summer sunshine the film may be plunged 

2A2 
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into a 1-per-cent. solution of potassinm ferrideyanide, when 
the part exposed colours much sooner and more strongly than 
that which was covered. The effect is shown still better by 
placing the film in a frame, covering part with paper rendered - 
absolutely opaque by coating it with thick tin-foil, part with 
translucent paper (thick white writing-paper or very thin 
brown paper), and leaving part wholly exposed. After four 
or five hours’ action of strong summer sunshine, the film is to 
be treated with weak ferridcyanide. The part wholly exposed 
having passed into the gold-coloured crystalline condition (if 
the exposure has been sufficient) is wholly unacted upon ; the 
part covered by the translucent paper is rapidlv attacked, that 
wholly protected is attacked slowly. So that the portion 
moderately acted on by light has very markedly increased in 
sensitiveness thereby. 

It follows that upon this form of silver light has a reversing. 
action, first exalting its sensitiveness, then completely de- 
stroying it. 

It is impossible to overlook the analogy which exists between 
this action of light and that which light exerts on silver, 
bromide. The latter substance, though incomparably more 
sensitive to light, is subject to the same reversing action ; 
first gaining in sensitiveness to reducing agents, and then, by 
continued exposure, becoming less sensitive than originally, a 
change commonly known as solarization. 

Causes determining whether, in the reduction of Silver, the 
Allotropie or the Normal form shall be produced.—I have 
examined the phenomena connected with the reduction of 
silver under a great variety of conditions. These for the 
most part do not deserve particular mention, but seem to lead 
up to this generalization : that the reduction of silver may be 
direct or indirect ; direct when it passes from the condition 
of the normal salt or oxide to that of the metal, indirect when 
the change is first to suboxide or to a corresponding subsalt. 
So far as my observation has gone, when the reduction is 
direct the reduced silver always appears in its ordinary form ; 
but when the reduction is zndirect the silver presents itself in 
one of its allotropic states. 

The following reactions support this view. 
Three of the principal modes of formation of allotropic 

silver are:—(1) Reduction of silver citrate or tartrate by 
ferrous citrate or tartrate; (2) acting on silver nitrate or 
oxide by dextrine and fixed alkaline hydroxide ; (8) acting on 
silver nitrate or carbonate by tannin and fixed alkaline car- 
bonate. Now if, in either of these three cases, we interrupt 
the action before it is complete by adding an excess of dilute 
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hydrochloric acid, we shall obtain a dark chestnut-brown or 
sometimes purple-brown substance, which on examination 
proves to be a mixture of silver subchloride and protochloride. 

_ When, after complete removal of the excess of hydrochloric 
acid by thorough washing or, better, by boiling with distilled 
water, the substance is treated with cold dilute nitric acid, 
that portion of the subchloride which is not combined with 
the normal chloride is broken up, and there remains proto- 
chloride of a very rich and intense rose-colour*. 

The production of silver subchloride in all these cases would 
seem to indicate that the reduction when the acid was added 
was incomplete ; and that in case (1) a subsalt, and in cases 
(2) and (3) a suboxide was first formed as an intermediate 
step before complete reduction. Hither of these substances 
would of course give rise to the formation of subchloride when 
treated with hydrochloric acid. It is important to observe 
that this result is to be obtained only by interrupting the 
reaction before it is complete. When, for example, allotropic 
silver in solution is produced by the action of sodic hydroxide 
and dextrine, and after complete reduction hydrochloric acid 
is added, the liquid becomes filled with grey normal silver 
which presently collects to a cake. When this cake is well 
washed and boiled with water and then treated with dilute 
nitric acid, solution takes place: a trace of protochloride is 
left behind. Jt has been mentioned elsewhere that hydro- 
ehloric acid, though without action on ordinary silver, is 
capable of forming a variable quantity of protochloride when 
placed in contact with allotropic silver. 

I have not met with any exception to this general principle, 
that when a reaction leading to the formation of allotropic 
silver is interrupted by the addition of hydrochloric acid, 
subchloride is abundantly formed as one of the products. 

In all such eases the reduction is evidently indirect. The 
silver does not lose at once the whole of its oxygen, but appa- 
rently passes through an intermediate form, probably Ag,O, 
the reduction of which tends to the formation of allotropic 
silver. 

These facts lead directly up to the question, Does silver 
exist in its subsalts in the allotropic form? There are some 
facts that would support this view, especially the very rich 
and varied coloration of the subsalts corresponding to the 

* This is a very beautiful reaction and deserves more particular mention 
than can be given here. It is perhaps the best means for obtaining silver 
protochloride, for which purpose I have often employed it, both on 
cae of its facility and certainty, and the very beautiful colour of the 
product. 
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almost infinite variety of colour of allotropic silver, whilst 
normal salts of silver when formed with colourless acids are 
mostly colourless. On the other hand, the greater activity 
of allotropic silver and its less specific gravity would seem to 
indicate a simpler molecular constitution than that of normal 
silver. 

XLII. Some Applications of Physics and Mathematics to 
Geology. By ©. Caren, M.A., Fellow of King’s College, 
Cambridge. 

[Continued from p. 252. ] 

Part II. Some Geological Theories. 

FENHE belief that the present spheroidal form of the earth 
necessarily betokens a previous liquid, or at least plastic, 

condition seems amongst Geologists almost as universal as 
the belief that the earth but for the development of retation 
must have been a spherical body. Whether this latter con- 
clusion has any satisfactory basis apart from philosophical 
speculations, it is not my present object to inquire. But 
supposing, for the sake of argument, that the natural form of 
the earth as undisturbed by rotation is spherical, the con- 
clusion that it ever was in a liquid or even in a plastic state 
throughoutis, according tothe preceding results, not established 
by its present spheroidal form. Yet even in such a standard 
work as Geikie’s ‘Text-book of Geology,’ after reading the 
discussion on p. 12 and the footnote attached, I fail to detect 
a trace of the idea that the polar flattening might be called 
forth by rotation in a truly solid body. 

Various geological writers, it is true, speak of a solid earth 
as capable of changing its form, but they seem in reality to 
regard the change as due to rupture or to the development of 
a plastic condition. This appears, for instance, to be the view 
actually held by Mr. Herbert Spencer in a short paper* 
entitled “The Form of the Harth no proof of Original 
Fluidity.” This paper has been referred to with a somewhat 
inaccurate conception of its value and results by two recent 
geological writers, so it claims some notice at our hands. 
The first of the two writers referred to, Mr. W. B. Taylor f, 
says :—‘‘ It is now nearly forty years since Herbert Spencer, 
with a juster physical insight [than Sir W. Thomson and 
Professor Tait|, contended “and satisfactorily showed that a 
solid earth (of any shape) would assume the oblate spheroidal 

* Phil. Mag. [3] vol. xxx. 1847, pp. 194-196. 
t+ American Journal of Science, vol. xxx. 1885, pp. 258, 259. 
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form due to its rate of rotation, as certainly and promptly as 
if it were liquid.” The other writer, Mr. A. Blytt*, amongst 
other references to the paper says, “‘ I believe that Spencer is 
the first who expressed the opinion that even a solid earth can 
change its form.” 

Mr. Spencer, after some statements as to the relative 
strength and agility of large and small animals, such as 
elephants and fleas, formulates the general result that the 
strength—called also “resistance to fracture ’—of a solid 
structure varies as the square of its linear dimensions, while 
the ‘agencies antagonistic to cohesive attraction,” 7. e, gravi- 
tational and “centrifugal” forces, &., vary as the cube. 
ixcepting a statement that this is obviously true of simple 
longitudinal and torsional stress, the following is the sole 
proof of his very general law supplied by Mr. Spencer :— 
“The strength of a bar of iron, timber, or other material sub- 
jected to the transverse strain varies as BD?/L ; B being the 
breadth, D the depth, and L the length. Suppose the size of 
this bar to be changed, whilst the ratios of its dimensions 
continue the same ; then... the strength will vary as D?...” 
(p. 195). The following is the conclusion drawn by Mr. 
Spencer :—“‘ Viewed by the light of this principle, the fact 
that the earth is an oblate spheroid does not seem to afford 
any support to the hypothesis of original fluidity as commonly 
understood. We must consider that, in respect of its obedience 
to the geo-dynamic laws, the earth is fluid now and must 
always remain so; for the most tenacious substance with 
which we are acquainted, when subjected to the same forces 
that are acting upon the earth’s crust, would exceed the limit 
of self-support determined by the above law, before it attained 
snoamaptt of the earth’s bulk ” (p. 196). 1,000,000,00U0 

Perhaps if one knew what Mr. Spencer means by “the 
limit of self-support,” and what is the exact distinction he 
draws between “ fluidity as commonly understood” and 
“fluidity in respect of obedience to geo-dynamic laws,” ene 
might be in a position to form some estimate of his degree of 
physical insight ; but so far as Lcan see all he satisfactorily 
shows is an extraordinary agility in jumping to conclusions. 
It his meaning is that deformation must accompany the 
action of gravitational and centrifugal forces, he might, if 
Maxwell’s view be correct, have added to the denominator 
of his estimate as many O’sas the printer could spare; but if it 
is the rupture of an elastic solid or its transformation into a 

* Phil. Mag. May 1889, p. 415. Translated from Nyt Magazin for 
Naturvidenskaberne, Bd. xxxi. 1889. 
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plastic state to which he refers, as seems almost certain from 
the context, he must have formed an extremely low estimate 
of what strains a solid can stand. 

In the same passage Mr. Blytt refers to Mr. Peirce*, Sir 
J. W. Dawsonf, and Professor J. H. Todd t as holding chat 
a solid earth will alter its shape if the rate of rotation vary. 
The views of Mr. Peirce I have not seen, but the other two 
writers mentioned regard the solid earth itself as changing 
shape only by means of a succession of what we may term 
catastrophes. ‘Their views seem identical with those which 
Mr. Blytt’s translator ascribes to him in the following words : 
—‘ The sea adjusts itself in accordance with the smallest 
change in the length of the day.... But the solid earth 
offers resistance to change of form, and begins to give way 
only when the tension reaches a certain amount” (p. 418). 
Mr. Blytt makes several distinct references to the subject, 
and his remarks are not perhaps always strictly consistent. 
This, however, is hardly to be wondered at since he gives as 
the result of his investigations :—“ As has been stated, there 
prevails ...a disagreement as to how far the earth will 
change its form, in case the centrifugal force varies. Thomson 
is most inclined to believe that it will not; Darwin is of 
opinion that it wil. And among other physicists whom 
I have consulted a similar divergence prevails upon this point. 
One thinks that a lengthening of the day even by several 
hours will be incapable of altering the form of the solid 
earth; another believes that the solid earth will probably 
change its form just as easily as the sea”’ (p. 421). 

If Mr. Blytt should ever have further occasion to consult 
physicists on this or any allied point, he would find an exact 
definition of such terms as sol¢d a certain amount of protection 
from @ priort speculations. Mr. Blytt’s own principal view 
seems due in part to an erroneous interpretation of Tresca’s 
experiments on the flow of metals under pressure. They do 
not in reality justify his statement “‘ By reason of the 
enormous pressure which prevails in the interior of the earth, 
it must be supposed that masses from a certain depth are 
more or less in a plastic state”’ (p.417). It was in fact pointed 
out some years ago by the Rev. Osmond Fisher § that the 
existence of an orifice from which the metal can flow con- 
stitutes a complete difference between the conditions of 

* Proc, Amer. Acad. Arts and Science, vol. vii. 1873, p. 106 
+ ‘Story of the Earth and Man,’ ninth edition, pp. 291, 292. 
t American Naturalist, vol. xvii. 1883 15-26, specially pp. 

12 
18, 

§ ‘ Physics of the Earth’s Crust,’ Ist edition, 1881, footnote p. ay 
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Tresca’s experiments and the state of a body subjected to 
nearly uniform pressure all round. 

Mr. Blytt apparently does not stand alone in believing 
Sir W. Thomson to hold that the solid earth is incapable 
of altering its form as the rotation alters, and that it possesses 
the same eccentricity as when it solidified. Professor Darwin 
in ‘ Nature,’ vol. xxxiv. (1880), pp. 420-3, seems also to put 
this interpretation upon a passage he quotes from § 830 of 
Thomson and Tait’s ‘ Natural Philosophy.’ Supposing this 
interpretation correct, Professor Darwin’s opinion that Sir 
W. Thomson does not allow ‘a sufficient margin for un- 
certainties ’’? expresses only a part of the objections I should 
entertain. I find it difficult, however, to believe that Sir W. 
Thomson, who elsewhere gives data for the eccentricity pro- 
duced by rotation in solid spheres of steel, can actually 
suppose no change at all in the eccentricity to follow an 
alteration in the angular velocity. Still it must be confessed 
that though the passage contains the statement, “ It must 
necessarily remain uncertain whether the earth would from 
time to time adjust itself completely to a figure of equilibrium 
adapted to the rotation,” its most natural interpretation is that 
given by Professor Darwin. I need hardly say that the con- 
clusion that the earth, however solid, would retain a constant 
eccentricity while the rate of rotation varied, seems to me 
directly opposed to the conclusions to which the elastic solid 
theory leads. 

Professor Darwin himself, in his paper in ‘ Nature,’ refers 
to Tresca’s experiments and thinks it probable there would 
be from time to time a flow of material as the angular velocity 
altered. One of the “ uncertainties”’ he refers to is the possi- 
bility that, in accordance with Dr. Croll’s* views, a greater 
rapidity of denudation in equatorial than in polar regions may 
have reduced the eccentricity markedly below the value it pos- 
sessed when the earth solidified. He does not seem, however, 
to refer to the considerable change of eccentricity that might 
occur in a solid through mere variation of elastic strain. 

As regards the present state of the earth’s interior there 
are, according to Geikie’s ‘Text-book,’ p. £9, only three theories 
which merit serious consideration, viz. : 

(1) That there is a solid crust and a molten interior. 
(2) That with the exception of local vesicular spaces the 

earth is perfectly solid. Re 
(3) That the earth consists of a solid crust and nucleus 

with an intervening liquid layer. 

* ‘Climate and Time’ (1885), p. 336. 
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According to the ‘Text-book,’ the theory of a then crust con- 
taining liquid or viscous matter is exposed to ‘ weighty and 
indeed insuperable objections,” p. 18, and “is now abandoned 
by most geologists,” p. 43. 

According to Dr. Croll* the “ general opinion among 
geologists’ is that the earth “ consists of a fluid interior sur- 
rounded by a thick and rigid [really solid] crust.” 

Professor Prestwich f believes that ‘the crust rests on a 
yielding substratum, and that of no great thickness.” In 
fact he advocates the third of the above-mentioned theories, 
and believes 30 miles to be probably in excess of the crust’s 
thickness. Most writers on the subject appear to have sub- 
sidiary theories of their own. 

Whether the assurance that the question is beyond the reach 
of experiment accounts for the multitude of theories and the 
confidence with which they are proposed, is a question for 
philosophers not mathematicians to censider, but it seems a 
priort a possible explanation of such a declaration of faith as 
that of Mr. W. B. Taylor t :—‘ The liquidity of our globe, and 
the relative thinness of its encrusted envelope,—as attested by 
all legitimate geological induction,—will be assumed without 
misgiving or hesitancy ; and the supposed mathematical argu- 
ments for its solidity ignored as essentially fallacious and 
wholly inconclusive.” 

Of course, if the geological evidence were conclusive, it 
would be mere waste of time further to consider the matter, 
but the evidence that satisfies Mr. Taylor does not seem to 
carry conviction to all geologists even in America. Mr. G. F. 
Becker §, for instance, who appears to have some practical 
experience, says :—‘‘ For a considerable number of years I 
have constantly had the theory of the earth’s solidity in mind 
while making field observations on upheaval and subsidence, 
with the result that to my thinking, the phenomena are capable 
of much more satisfactory explanation on a solid globe than 
on an encrusted fluid one.” 

It may thus be not wholly unprofitable to glance briefly at 
some of the arguments which some of the advocates of the 
several theories base on their ideas of the properties of solid 
bodies. 

Mr. Taylor’s object is to get an equatorial circumference 
some 10 per cent. in excess of its present value, so as to 
account for the lateral compression at the surface observed in 

* ‘Climate and Time,’ p. 395. 
t ‘Geology,’ vol. ii. p. 540. 
¢ American Journal of Science, vol. xxx. (1885), p. 250. 
§ American Journal of Science, vol. xxxix. (1890), pp. 351, 352. 



Physics and Mathematics to Geology. 347 

mountain-chains. Thus, following Professor Darwin*, he 
supposes the earth to have once possessed a much greater 
angular velocity than at present, and speaks of a “ consistent 
crust (of some few miles thickness)” as having formed “ when 
the rotation of our planet was at four times its present rate ” 
(l.c. p. 257). The equatorial radius would then have been, he 
says, some 4359 miles, and the polar some 3291. The change 
of shape, as the rotation fell off, would account, he thinks, for 
observed phenomena. He considers his conclusions opposed 
by Sir W. Thomson’s theory that the earth solidified through- 
out and retains at least approximately its original eccentricity. 
It is on this point that he refers to the data supplied by Mr. 
Herbert Spencer’s ‘‘ juster physical insight ;” and he adds, 
apparently as his own contribution to the argument,—‘*‘ The 
supposition that a granite mountain or equatorial protuberance 
AQO miles high or i00 miles high could for a moment support 
itself, would hardly be entertained by a practical engineer ;” 
and in a footnote, ‘The limiting modulus of height of a 
granite pyramid (equalling one side of its square base) is 
somewhat less than eleven miles” (/. c. p. 258). Lam quite 
ready to agree with Mr. Taylor that if solidification occurred 
under the conditions he supposes the eccentricity must have 
altered enormously and that in a non-elastic way, and I 
hardly suppose that Sir W. Thomson would oppose this view. 
No one, however, so far as I know, has propounded the theory 
of an elastic solid spheroidal earth of eccentricity °65 rotating 
completely in six hours, so that the investigation of the strains 
and stresses required by such a theory is unnecessary. I can 
quite imagine that on any probable theory of density the 
magnitude of the strains is hardly likely to be consistent with 
the application of the mathematical theory of elasticity. The 
force of Mr. Taylor’s remarks as to the pyramid I, however, 
fail to see. Such an isolated mass exists under totally ditfer- 
ent conditions from any portion of a solid sphere or spheroid, 
and one might as well argue as to the impossibility of a liquid 
interior from the fact that an isolated liquid column 100 miles 
high has not yet been observed on the earth’s surface. If 
Mr. Taylor were, however, to calculate the strains and stresses 
in such a thin shell as he supposes, of material showing any- 
thing resembling the structure of ordinary rock, with a rate 
of rotation such as he mentions, [ very much doubt whether 
he would find it in an essentially better position than his 
imaginary pyramid. 

Atter this criticism Mr. Taylor considers the question of the 
probable degree of rigidity of our planet quite irrelevant, but 

* Phil. Trans. (1879), p. 582. 
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the “ temptation is strong to waste upon it a collateral glance ” 
(/.c. p. 2459). Accordingly he crushes Sir W. Thomson’s 
argument* from the tides by the remark—“ That a siliceous 
crust of 20 miles average thickness, and an overlying aqueous 
ocean of three miles average depth, should have (as required 
by the argument) so equal a coefticient of mobility, that sea 
and land could thus together ‘rise and fall,’ might well be 
pronounced incredible ” (/. ¢. p. 260). 

He regards Sir W. Thomson as very seriously damaging 
his own argument by the admission that tides comparable in 
magnitude with those observed would oecur even in a solid 
earth of steel. It does not seem to have occurred to him that 
the existence of a difference between the motions of the land 
and water may constitute an argument for solidity f. 

Mr. Taylor admits one difficulty in his theory, viz. the 
nature and local characteristics of the plications actually 
observed ; and remarks:—‘‘ While the force at the command of 
the rotating planet is abundantly sufficient . . . evidently some 
supplementary considerations are requisite to give the observed 
direction to this force,” ... ‘ The mere mechanical difficulty, 
however, of transmitting stresses through comparatively un- 
disturbed areas of hundreds of miles of a flexible, friable, and 
practically plastic crust—with a large coefficient of viscous 
friction beneath—is not so formidable as might at first appear. 
It must be borne in mind that the pressures derived from an 
action so slow as from century to century to be scarcely 
sensible, are of an order of very great intensity, but of very 
small quantity” (/. c. p. 265). Mr. Taylor also infers from 
‘‘ various considerations ” that “ in all ages mountain building 
has been at a maximum ; that is, the uplifted heights have 
been the greatest which the average thickness of the crust at 
the time was capable of supporting ; so that the former has 
been a constant function of the latter, the ratio being probably 
not far from one-fifth” (d.¢. p. 265). Mr. Taylor does not 
state that this law of the uplifted heights is true of all lands 
as well as of all time, but the possibility that such may be the 
case is rather alarming. He enters in fact into no unnecessary 
details as to how he reached his conclusions, so that all one 
can say is that measured by his own standard he is certainly 
not inferior in physical insight even to Mr. Herbert Spencer. 
Perhaps when he comes to deal with the “supplementary 
considerations”? he may supply sufficient data for the mathe- 
matician to follow him. | 

Professor Prestwich, in his ‘ Geology,’ vol. ii., regards the 

* Natural Philosophy, vol. i. part 11. § 833. 
+ See his remarks, @. c. p. 260 and footnote. 
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“resent very great rigidity of the carth”’ as proved by mathe- 
matical and physical investigations, but complains of a “ want 
of elasticity ” in the methods of the mathematicians (p. 538). 
According to him, ‘ The hypothesis most compatible with the 
geological phenomena is that of a central solid nucleus with 
a molten yielding envelope—not fluid, but viscid or plastic; nor 
is it necessary that this magma should he of any great thick- 
ness; but a thin crust is, it seems to me, an essential con- 
dition” (p. 543). Professor Prestwich adduces in support of 
his views various arguments from geological phenomena which 
seem of much weight, He has also various arguments of a 
more or less physical character, but they seem to take a good 
deal for granted. Thus, on p. 540, referring to plications in 
the surface rocks, he says, “if the earth were solid through- 
out, the tangential pressure would result not in distorting or 
crumpling, but in crushing and breaking. As arule no such 
results are to be seen, and the strata have... yielded, as only 
a free surface-plate could, to-the deformation caused by lateral 
pressure ...a ylelding bed, on which the crust could move 
as a separate body, was necessary.” It seems to me that as 
the phenomena of rupture are as yet very imperfectly ascer- 
tained, except perhaps for a few simple standard conditions, 
Professor Prestwich has very little to go on but a priori ideas. 
I fail to see, for instance, why pressures at or near the surface 
of a solid sphere should necessarily produce fracture and not 
flow. Also it seems improbable that there would be a sharp 
line of demarcation so as to enable a crust—which seems 
clearly to moans solid superficial layer—to move as a separate 
body on a “yielding bed.” Would not this imply a liquid 
substratum with no appreciable viscosity? And supposing 
there were a substratum of this kind, is there any sufficient 
experimental evidence that a solid crust of even a few miles 
thickness would on the falling away of the liquid underneath 
go into folds instead of being crushed and broken? Further, 
can plications, to the extent show n, say by the Alps, be re- 
conciled with the retention of contemporaneous solidity ? 
Supposing the earth to be essentially solid throughout, is there 
any reason why the strain at some miles below the surface 
should not locally at intervals exceed the elastic limit, with 
the result for a time ofa state of flow or plasticity throughout 
a volume of greater or less extent? During such an epoch 
there would exist locally conditions somewhat ‘resembling those 
which Professor Prestwich believes existent ev erywhere. Vis 
is true that one argument adduced by Professor Prestwich and 
others against the ¢ existence of sep: arate reservoirs of molten ma- 
terial—viz. the similarity in the character of volcanic mouen 
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all over the earth—applies equally against such an hypothesis. 
If, however, voleanic products be supposed to come from 
several miles below the surface, I see no obvious reason why 
they should not present similar characteristics everywhere. 
No conclusive argument can well be based on the differences 
observed in the sedimentary strata, because the conditions 
under which such strata are deposited are obviously of a varied 
character. 

In various passages of Professor Prestwich’s discussion of 
the state of the earth one is apt to be puzzled by his falling 
into the practice, by no means uncommon in geological 
writings, of employing physical terms with a view to oratory 
rather than to exposition. For instance, he speaks of con- 
traction “due to the yielding of the weaker lines in the crust, 
when the tension caused by the excessive strain (and of which 
the first order of movement is an index) overcomes the re- 
sistance, and fractures and doubles up the strata ;” and he 
adds, ‘‘ Mountain-ranges are in fact the concluding term of 
the stress which caused the deformation of the crust, and the 
movements which at those times took place must have been 
influenced by the greater energy of the strains then at work ” 
(p. 546). It is difficult to see here what is intended to be cause 
and, what effect. In fact, while a number of terms are em- 
ployed which in mathematics and physics have a fairly definite 
meaning, I must confess my inability to form an adequate 
conception of what is meant by the passage as a whole. 

Professor Prestwich refers (pp. 5438, 544) to the hypothesis 
of the late Professor E. Roche (in the reference to which a 
misprint gives the year 1861 for 1881) as. supplying some- 
thing of the kind of earth he wants. Thus an examination 
of Professor Roche’s work* may be of some service. 

He supposes the earth to consist of a central nucleus or 
“bloc,” homogeneous but for a possible accumulation of 
matter of greater density at the centre, and of a superficial 
layer of lighter inaterial. Of the nucleus, with the possible 
exception of a small core of heavier matter, he says, “Sa den- 
sité calculée, de 7 4 7:5, indique quelle est métallique, sans 
doute formée de fer....” The specific gravity of the heavier 
matter which may possibly exist at the centre is, he says, 
“ certainement bien inférieur [to 18], probablement 10 ou 12 
(argent, plomb),” p. 235. The outer layer or crust he sup- 
poses to have a specific gravity about 3, and a thickness of 
about one sixth the earth’s radius. Between the crust and 
the nucleus there exists, it may be everywhere or only locally, 

* Académie ... de Montpellier, Mémoires de la Section des Sciences, tome 
dixidme, 1880-84, pp. 221-264. 
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molten matter such as appears at the surface in voleanic out- 
bursts, but the total volume occupied by this must be small. 
Professor Roche takes three results as given ; viz. the earth’s 
total mass, the eccentricity of its surface, and the ratio of the 
principal moments of inertia, the last quantity being deduced 
from astronomical data. He satisfies all the conditions he 
recognizes by the aid of the following hypothesis regarding 
his nucleus :—‘‘ Ce bloc a pris sa forme définitive sous Vinflu- 
ence d’une rotation moins rapide qu’elle n’est aujourd’hui, 
et il a conservé Vaplatissement correspondant, malgré les 
accroissements successifs de vitesse du systeme résultants de 
sa contraction progressive” (p. 232). In other words, he 
assumes the nucleus to have solidified before the crust and that 
it retains its shape unaltered. Thus as he regards the angular 
velocity as increas¢ng in consequence of the diminution in the 
moment of inertia through contraction in cooling, the nucleus 
possesses a smaller eccentricity than the crust. He supposes 
only a small difference in the length of the day at the dates of 
the two solidifications, so that the difference between the 
eccentricities of the nucleus and crust is also small. This, 
however, in no way justifies his hypothesis that the nucleus 
retains its form unaltered. If its material possessed the pro- 
perties of an elastic solid the eccentricity would certainly 
alter, and to an extent probably quite comparable with 
the alteration that would have occurred if it had remained 
fluid. Professor Roche seems in fact to treat his nucleus 
as possessed of the properties of the wholly imaginary per- 
fectly rigid body. He certainly introduces no equations 
such as ought to hold over the surface of an elastic solid sphe- 
roid. The exact view he adopted as to the properties of solids 
it is, however, difficult to decide. On his p. 241 a brief state- 
ment would imply that he did not regard each elementary 
layer of a solid sphere as of necessity totally self-supporting ; 
but on pp. 2238, 224, where the discussion is fuller, he says, 
“Si Von rejette la complete fluidité de la terre, il n’est plus 
possible d’attribuer a la compressibilité de ses couches la méme 
influence.” . .. “ Dans un solide, les tensions latérales sont 
variables et acquierent parfois une valeur énorme. C’est 
ainsi qu’une couche pourrait se soutenir d’elle-méme comme 
une espéce de votite, sans peser sur celle qui est au-dessous.” 
A solid layer supporting itself like an arch under the con- 
ditions of matter near the earth’s surface treated as an elastic 
solid, presents strains far in excess of those which are regarded 
here as coming within the range of the mathematical theory. 

On various grounds it seems tc me that the criticism of a 
want of elasticity, though hardly in the sense intended by 
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Professor Prestwich, may be strongly urged against Roche’s 
investigations. 

Some remarks of M. Roche’s, on his pp. 240, 241, throw con- 
siderable light on his standpoint and that ‘of many other 
theorists :—‘ Les astronomes qui persistent a admettre la 
fluidité .... cherchent a éluder les objections de Hopkins et 
de Thomson, en attribuant....au liquide central une vis- 
cosité assez grande pour que.... l’ensemble en arrive 4 
tourner tont d’une piéce.... La masse tournante offre une 
telle rigidité qu’elle est assimilable sous ce rapport a un bloc 
solidifié, mais admettre cette assimilation revient a dépouiller 
le milieu interne des propriétés ordinaires des liquides, et a 
lui en conserver le nom tout en Videntifiant a un corps solide.” 
He proceeds to point out that the mere question of a name is 
of no account, considering our ignorance of what would be 
the properties of matter under such pressures and at such a 
temperature as the theory of fluidity would lead to. His line 
of argument is not very clear, but there is no hesitation appa- 
rent in his conclusion :— En effet, la pression supportée 
par !es couches centrales, dans la supposition d’une compléte 
fluidité, dépasserait deux millions et demi d’atmospheres. La 
grandeur méme de ce nombre est a elle seule une objection 
péremptoire a hypothése qui y conduit.” 

Such a position as this may be all very well for a philo- 
sopher who supposes the external world a mere idea, the 
private property of his own mind and so necessarily obedient 
to laws which his enderstanding can fully grasp, or for a 
scientist who believes the earth created for the special purpose 
of supplying problems of precisely that amount of difficulty 
which he personally i is able to solve, but from a common-sense 
point of view it seems utterly irrational. No physicist or 
geologist has any reason to suppose that there are not nume- 
rous problems whose full comprehension requires more exten- 
sive knowledge than is possessed by himself or any of his 
contemporaries. 

The necessity for theories has been eloquently urged by 
Professor Darwin*, who says “A theory is, then, a necessity 
for the advance of science, and we may regard it as the branch 
of a living tree, of which facts are the nourishment.” Employ- 
ing this simile, I must confess that the subject treated in this 
paper resembles, in my opinion, a tree which combines a sad 
deficiency of sap with a great superfluity of branches. It will, 
I dare say, be oenerally : admitted that the premature craving 

* ‘Nature, vol, xxaiv. (1886) p. 420, Address to British Association, 
Section A. 
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after a finality of knowledge has been responsible for nume- 
rous fruitless speculations in the past, and it seems only too 
probable that the impatience of the mind with its own igno- 
rance is the principal foundation of much of the theory of 
to-day. ‘The satisfaction derived from the contemplation of 
simple and comprehensive laws may suffice perhaps to prove 
that the powers of the mind are limited, but hardly that the 
processes of nature are simple. 

XLIV. On the Specific Heat of Basalt. By W.C. Roperts- 
PMUSRENG OS... Iv. and A. Ws WUCKER, iS. 

a been asked by the Rev. O. Fisher to determine 
for him the latent heat of basalt, we made some ex- 

periments on a specimen which was furnished to us by Prof. 
Judd. 

Fragments of the rock were melted in a platinum crucible, 
and the junction of a thermal couple consisting of platinum with 
platinum containing 10 per cent. of rhodium was immersed 
in the pasty mass, which was then allowed to cool. ‘The scale 
of the galvanometer had previously been standardized by an 
observation on the solidifying-point of pure gold, and the 
pyrometer was standardized from time to time by the same 
means. When the index spot of light reached the desired 
point the wires were nipped off close to the basalt, and the 
crucible and its contents were plunged into 1000 grams of 
water contained in a silver calorimeter. The water was 
stirred by a screw or fan of silver which was rotated by an 
electric motor. The temperature was read by means of a 
mercurial thermometer which had been carefully corrected. 

The two main sources of error in the experiments are pro- 
bably an uncertainty as to the mean temperature of the 
basaltic mass owing to its being a bad conductor of heat, 
and the fact that in the processes of heating and cooling it 
undergoes more or less important changes of constitution. 

The first error was reduced to small proportions by using 
small quantities of basalt, the mass employed rarely much 
exceeding 20 grams. 

The second error is in part unavoidable. The rapidly 
cooled basalt was always glassy like olivine. We also found 
that frequent heatings and coolings, and the nature of the’ 
flame—whether oxidizing or reducing—employed to heat the 
mass appeared to affect the results very seriously. 

In some experiments the crucible was heated in the flame 

* Communicated by the Authors. 

Piva sa Vol. 32. Now i971, Oct. 1891. 2B 
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of a small gas-furnace, in others in a coke-furnace. All the 
former were consistent with each other, and those of the latter 
group in which fresh specimens of basalt were used were in 
agreement with them. The results obtained with specimens 
which had been heated two or more times in the coke-furnace 
were, however, very irregular, and have been discarded. 

As we have not definitely proved what was the cause of 
these discrepancies, we publish our conclusions with a certain 
amount of reserve. 

In the following table T is the temperature (Cent.) of the 
basalt at the moment of immersion, C is the mean specific 
heat between about 20° C and T. 

Av C Al C 

467 07199 860 0:277 

TAT 217 924 282 

759 223 977 284 

792 220) 983 283 

846 207 1090 "285 

1192 290 

These results are plotted in the figure. 

500 600 700 800 900 1000 1100 

If Cy, be the mean specific heat between two temperatures 
t, and t, we have the relation 

C43 (ts —t) =Cre(te—t,) + Co3(ts—te). 

If, then, we take the mean specific heat from 20° C. 

to 470° to be :199 
to’ (507 ent 
to. SSO ane 

andi toll 30) ao) 

we get the following results :— 

1200 
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The mean specific heat between 

20 ° and 470° is 0-199 
ATO and, (Uris 240 
750 and 880 is ‘626 
880 and 1190 is °3238. 

As Mr. Fisher was anxious to use our results in some 
calculations, we supplied him with approximate numbers 
before all our observations were completed. They do not, 
however, differ much from the above. 

The general result seems to be that the specific heat of 
basalt follows the ordinary rule that the specific heat of a 
substance is greater in the liquid than in the solid state. 
There is a large absorption of heat in the neighbourhood of 
800°, which raises the mean specific heat between 750° and 
880° to the large value of 0°636. 

XLV. The New Theories of Solution. 
By JAMES WALKER, D.Sce., PA.D., FRS.L* 

INCH the theories of osmotic pressure and of electrolytic 
h dissociation were in 1887 made generally accessible by 
their publication in the Zeitschrift fiir physikalische Chemie, 
they have in Germany and elsewhere on the Continent enjoyed 
an ever-increasing favour and popularity. In this country 
they have mostly been met with a passive resistance; but in 
one or two cases where they conflict with rival theories they 
have encountered active opposition. 

Mr. 8. U. Pickering, in particular, has subjected them to 
unfavourable criticism, in the pages of this Magazine, at the 
Leeds meeting of the British Association, and elsewhere. 
His attack is twofold. In the case of osmotic pressure he 
compares the deductions from theory with the results of 
experiment, and endeavours to show discordance between 
them : against the dissociation hypothesis he seeks to raise 
“ theoretical objections of a fundamental character.” 

First, with regard to osmotic pressure, Mr. Pickering 
singles out the freezing-point of solutions from the many 
phenomena which have received an explanation from this 
theoryt, as the ground for his attack. The hypothesis of 

* Communicated by the Author. 
} Taking the osmotic-pressure theory in conjunction with his own, 

Arrhenius (Phil. Mag. xxviii. p. 36) enumerates seventeen heads under 
which these phenomena may be arranged —a number already too small to 
include the later researches of Nernst and others on solutions. 

PA AB) 7 
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osmotic pressure claims to put us in a position to calculate 
the freezing-point of a dilute solution if we know its com- 
position, the molecular weight of the substance in solution, 
and certain easily determined physical constants of the sol- 
vent—provided that the solution is not an electrolyte. If the 
solution conducts electricity, then, in order to find its freezing- 
point, we must in addition to the above data know its electrical 
conductivity ; from which, by the help of the theory of elec- 
trolytic dissociation, we may calculate the correcting factor 
to be applied to the value deduced directly from osmotic 
pressure. A specimen showing how such a calculation is 
made will be given in the sequel. Mr. Pickering contends 
that the results of experiment are not in harmony with the 
values given by the theory ; and this is perfectly true as 
regards the values calculated by Mr. Pickering, But then 
he has repeatedly confounded the laws deduced from van 
’t Hoff’s theory with the empirical relations stated by Raoult; 
and, besides, has utterly ignored electrolytic dissociation in 
his calculations. He says (Chem. News, lxiii. p. 171) :— 
“Professor Arrhenius accuses me of neglecting the effect of 
dissociation when discussing the freezing- points. In this he 
is quite right, for I do not believe in it.” Of course, the 
assumption of such an attitude will undoubtedly enable Mr. 
Pickering to find disagreement on comparing experiment 
with calculation ; but, if “the comparison is to be of any value, 
it is surely evident that the theoretical numbers must be 
legitimate deductions from the theory as expounded by its 
originators, not as misconceived or distorted by its critics. 

Betore proceeding further, we shall do well to look for a 
moment at the conditions under which the law for the lowering 
of the freezing-point is obtained from the hypothesis of 
osmotic pressure. First of all, it must be understood that 
the solutions considered are dilute; secondly, that they do 
not conduct electricity ; and, lastly, it is assumed that when 
a solution freezes, the pure solvent alone separates out in the 
solid form. If these conditions are fulfilled, it follows from 
the theory that the depression produced by one molecular 
weight of a substance (in grams) dissolved in 1000 grams of 
solvent, will be constant for any one solvent, and “equal to 
002T? 

, where T is the freezing-point in the absolute scale, and 

W the heat of fusion of the solvent (van’t Hoff, Phil. Mag. xxvi. 
p- 95). Further, it follows that the depression of the freezing- 
point is proportional to the concentration of the solution (Blag- 
den’s Law). That this law is a well-justified generalization 
where dilute non-electrolytic solutions are concerned, is amply 
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proved by the agreement between experimental results and 
the values calculated directly or indirectly by its aid. Mr. 
Pickering, however, has made a number of accurate observa- 
tions on the freezing-points of dilute solutions, and states that 
the numbers obtained by him are in discordance with those 
demanded by the law. ‘The solvent he employed was water : 
the substances dissolved were sulphuric acid, calcium nitrate, 
calcium chloride, and alcohol. A table of the deviation of 
these solutions from regularity, i.e. from Blagden’s Law, is 
given by Mr. Pickering in ‘ Nature,’ vol. xlii. p. 629 (also in 
B. A. Reports, 1890, p. 316). It will be observed that only 
the solution of alcohol is a non-electrolyte, and therefore it 
only can be expected to give results in conformity with the 
law in question. Now in Mr. Pickering’s table for dilute 
solutions the freezing-point of the aqueous alcohol shows a 
maximum deviation from regularity of 0°:0085, a result which 
might indeed seem to confirm the theory rather than contradict 
it. Mr. Pickering, however, estimates his mean error at 
0°-0005, a seventh part of the above amount. This is some- 
what strange ; for on the same page where the claim to such 
accuracy is first made (Chem. Soc. Journ. lvil. p. 335) he 
compares two series of observations, made with different 
instruments, with the following result * :— 

| 
Freezing-point. 

Hen ESO. “| Difference. 

Series I. Series II. 

0:05 —0°-0260 —0°:0263 +°0003 
0°10 0515 0492 — 0023 
0:20 0899 ‘O911 +0012 
050 "2135 (?) "2054 +0009 
1-00 4090 4018 — 0072 
1-50 5896 "0846 (?) — 0059 

The values for the two series are deduced trom the 
‘‘ smoothed ” curves drawn to represent them, ¢. e. errors of 
individual experiments are already as far as possible eliminated. 
Yet if we add up the differences without regard to sign, and 
divide by their number, we find a mean difterence of 0°-003. 
The result is quite the same if we compare the two series at 
closer intervals, twenty corresponding points on the two curves 
giving a mean difference of 0°:0033. Thus the only evidence 
that Mr. Pickering places before us from which we can form 

_* There are evidently some misprints in this table; I have taken the 
differences as being correct. 
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an independent judgment of his accuracy, shows his mean 
error in any one set of determinations to be many times 

greater than his own estimate of it. The maximum deviation 
exhibited by alcohol now falls within the magnitude of the 
experimental error ; and thus Mr. Pickering’s observations 
must be looked upon as furnishing one more confirmation of 
Blagden’s Law and of van *t Hoff’s theory. 

With regard to the other three solutions, they cannot be 
expected to follow this simple law, if the theory of electro- 
lytic dissociation is true. ‘The theory, however, when applied 
in conjunction with van ’t Hoff’s expression for the molecular 
lowering, given above, enables us to calculate the freezing- 
point of dilute electrolytic solutions provided we know their 
conductivity. Now very accurate determinations of the con- 
ductivity of dilute solutions have been made by Kohlrausch, 
and from these Dr. Arrhenius has been at the pains to calcu- 
late the freezing-points of the solutions studied by Mr. 
Pickering, in order that a comparison might be instituted 
between the theoretical and the experimental numbers. A 
table embodying the results is given in the B. A. Report, 1890, 
p- 825 (Chem. News, xiii. p. 148), and from it will be seen that 
the agreement in the case of weak solutions is as satisfac- 
tory as could be wished for. Arrhenius has there indicated 
the method of calculation, but it may be well that the matter 
should be looked into in somewhat greater detail, so that it 
may serve as an example of how such calculations are made, 
and show on what exceedingly simple principles they rest. 
We find from van *t Hoft’s formula that a normal aqueous 

solution of a non-electrolyte, 7. ¢. a solution containing one 
molecular weight (in grams) per litre, freezes at —1° 90. 
But sulphuric-acid solutions conduct electricity readily, which 
means, in the light of Arrhenius’s theory, that the molecules 

-f 

are to a great extent dissociated into charged molecules H 

and SO,. Hach original molecule on dissociation gives three 
+ + = 

charged molecules (H,SO,= H + H + SO,), which act, as far 
as the freezing-point is concerned, exactly like any other 
molecules. If the whole of the sulphuric acid in a normal 
solution were thus dissociated, the freezing-point would be, 
not —1°:90, but —1°-90 x 3=—5°'70. We know, however, 
that this is not the case, and that the dissociation varies with 
the dilution; so that it remains to determine the dissociated 
proportion of the sulphuric acid at the various concentrations. 
According to the theory this is given by the ratio of the 
molecular conductivity of the substance in a given solution 
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(4») to its molecular conductivity in an infinitely dilute 
solution (w,,), 2. ¢. in one where it 1s completely dissociated*. 

If the dissociated proportion is @ i= He), then for every mole- 
Ma 

cule which would be present if no dissociation took place, 
there are now actually 1+2a molecules ; for each original 
molecule on dissociation becomes three, 2. e. contributes two 
additional molecules. We must, therefore, multiply the 
freezing-point as deduced from the theory of osmotic pressure 
by the factor 1=1+2a determined for each concentration. 
Kohlrausch’s results give us both w, and w,. His estimate 
of uw, for 4H,SO, as 370/10’ Siemens units is admittedly 
only a rough one, for the molecular conductivity for in- 
finite dilution is difficult to determine in the case of many 
acids and bases. Itis quite definite, however, with salts ; and 
by applying the dissociation theory we can deduce pw, for 
4H,SO, with great accuracy from w, for 4K,8O,, the differ- 
ence between the values for potassium and hydrogen salts 
being constant according to the theory. ‘The number thus 
obtained is 856/10", and with it the accordance between experi- 
ment and theory is complete. 

With respect to the deviations from constancy shown by 
stronger solutions, Mr. Pickering states that on the osmotic- 
pressure theory the depression of the freezing-point in their 
case should be abnormally small. This conclusion is reached 
from somewhat crude mechanical considerations regarding the 
balance of attraction between the solvent and the dissolved 
molecules (Journ. Chem. Soe. lvil. pp. 854, 355 ; Phil. Mag. 
xxix. p. 500). The matter is not nearly so simple as Mr. 
Pickering imagines. ven in the case of true gases (oxygen, 
nitrogen, &c.) there is a deviation from Boyle’s Law, first in 
one direction and then in the other, as more and more gas is 
compressed into a given volume. In a solution the relations 
are much more complex, and it is impossible at present to 
predict what the behaviour of any particular substance in 
solution will be with regard to osmotic pressure (and the 
freezing-point) when the concentration passes beyond certain 
limits}. Mr. Pickering commits a strange mistake when he 
writes the following sentence (Chem. News, Ixiil. p. 171) :— 
“ It is also remarkable that Professor Arrhenius should be so 
anxious to show that strong solutions have an abnormally high 
freezing-point, sence he sturts by telling us that according to the 

* Cf. Ostwald, Outlines of General Chemistry, p. 285. 
+ Information on this point will be found in a paper by A. A. Noyes, 

Leitschr. physikal. Chem. vy. p. 53. 
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physical theory the reverse should be the case.” Nowhere has 
Arrhenius made any such statement: the deviation may be 
in one direction or the other, depending on the nature of the 
dissolved body and of the solvent. 

The objections urged by Mr. Pickering against the theory 
of osmotic pressure in the Philosophical Magazine, xxix. 
pp- 490-501, fall to the ground when we take into account 
his neglect of electrolytic dissociation, his (then) ignorance of 
the difference between Raoult’s empirical value for the mole- 
cular depression and the value deduced from van *t Hoff’s 
theory, and the odd selection of solvents to which Mr. Shaw 
drew attention at the B. A. meeting (Report, 1890, p. 336). 
We are given, for example, the molecular depression for water 
dissolved in H,SO,,H,O. One is inclined to look upon the 
addition of water to this substance rather as the dilution of a 
strong sulphuric-acid solution than as the dissolution of water 
in a definite solvent. That such a hydrate as H,SO,,H,O can 
be crystallized is no proof that it has previously existed as 
such in solution. All experiments, for instance, have gone to 
show that racemic acid and racemates do not exist in aqueous 
solution although they are always obtained on evaporation. 
Again, although ammonium chloride may be sublimed un- 
changed, yet it does not exist as such in the vaporous state. 
The fact, therefore, that certain hydrates can be obtained as 
crystalline solids in nowise proves their existence in solutions 
from which they separate ; so that Mr. Pickering’s choice of 
them for solvents renders his experimental results in their 
application to the new theories worthless *. 

Mr. Pickering takes exception to the theory of dissociation 
into ions on the ground that it “seems to be quite irrecon- 
cilable with our ideas of the relative stability of various bodies, 

* In a footnote to the paper cited, p. 494, the following passage 
occurs : —“ Van ’t Hoff’s statement as to Raoult’s position respecting the 
hich and low values of substances in water is certainly remarkable; he 
says (Phil. Mag. 1888, xxvi. p. 99), ‘Raoult did not discover the exist- 
ence of so-called normal | meaning small ] molecular depression of freezing- 
point and lowering of vapour-pressure until he investigated organic com- 
pounds; their behaviour is almost without exception regular” Asa matter 
of fact, Raoult investigated organic substances first.....” In this Mr. 
Pickering is perfectly accurate. The misunderstanding has arisen from a 
somewhat ambiguous German sentence of which the above is a transla- 
tion: it runs--‘‘so wurde auch die Existenz der sogenannten normalen 
molekularen Gefrierpunktserniedrigung und Dampfdruckverminderung erst 
aufgefunden, als Raoult sich den organischen Verbindungen zuwandte : 
da eben tritt das normale Verhaiten fast ausnahmsios ein” (Zert. physikal. 
Chem. i. p. 501). The meaning is of course—“ the existence of so-called 
normal depression... - was not discovered until organic compounds were 
investigated ” (by Raoult). 
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and with the principle of the conservation of energy.” It is 
a curious fact, and one not without a certain significance, that 
it has been left to chemists to discover that the dissociation 
theory is at variance with the fundamental principles of 
energy, while physicists, on the other hand, have preferred to 
base their objections on more or less purely chemical grounds. 
Prof. Oliver Lodge, for example, refers to “that extreme 
state of dissociation which physically seems to be so satisfac- 
tory and chemically so abhorrent” (Brit. Assoc. Report, 1890, 
p- 831). Surely if the theory is such as to satisfy so eminent 
an authority as Prof. Lodge on the physical side, Mr. Picker- 
ing need not concern himself to show that it is in contradic- 
tion to the fundamental laws of energy. What it contradicts 
is Mr. Pickering’s preconceived ideas of the nature of atoms 
and molecules and the energy associated with them*. 

In his criticism in the July number of this Magazine 
(p. 21) Mr. Pickering lays great stress on the fact that the 
supporters of the dissociation theory sometimes speak of the 
heat of electrolytic dissociation as being positive, sometimes 
as being negative. Arrhenius, in his original paper (1884), 
stated that heat was absorbed on dissociation ; whereas “ they 
now hold, I believe, that the decomposition of molecules into 
ions evolves heat.” “This change of front must rather be 
inferred directly from the writings of dissociationists than 
from any definite retraction which they have published ; nor 
does it appear to have been followed by all the supporters of 
the theory..... - It may also be remarked that up to July 
1889 Ostwald seems to have held both views, and to have 

, 

adopted either just as the exigencies of the case suggested. .. . 
The first point, therefore, on which the dissociationists should 
give us definite information is whether dissociation of a 
molecule into its ions is supposed to evolve or to absorb heat.” 
If Mr. Pickering had not been more zealous to criticise the 
dissociation theory than to properly comprehend it, he would 
scarcely have written these sentences. Two years ago, in the 
recognized organ of the “ dissociationists”’ (Zeitschr. physikal. 

* That Mr. Pickering is occasionally liable to mistake divergencies 
from his own opinions for contradictions to the “ recognized principles of 
science ” may also be seen in his paper “‘ On Chemical Action” (‘ Nature,’ 
xliii. p. 165), where he accuses thermochemists of implying that “ physical 
changes are not subservient to the law of the conservation of energy.” 
He assumes that all chemical reactions must be accompanied by evolution 
of heat, and explains the known exceptions to this arbitrary principle by 
introducing dissociation as an accessory process in endothermic reactions. 
This explanation, given by Berthelot (Mécanique Chimique, i. p. 452), is 
rejected by Horstmann (Physikalische Chemie, vol. i. part 2 of Graham- 
Otto’s Lehrbuch) and others as unnecessary. 
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Chem. iv. p.96), Arrhenius published a paper on this very 
subject under the title ‘‘ Ueber die Dissociationswarme und 
den Kinfluss der Temperatur auf den Dissociationsgrad der 
Hlektrolyte ;” yet of the existence of this important memoir 
Mr. Pickering is completely ignorant, although an abstract of 
the results is contained in the Brit. Assoc. Report, 1890, 
pp. 220-223. In it the whole subject is discussed in great 
detail, numerical values being given for the heat of dissociation 
in nearly thirty instances. Some of them are positive, some 
negative, and mostly all are small. One of the most striking, 
if not one of the main, points in this paper is the prediction 
given by the dissociation theory of the existence of (hitherto 
unknown) electrolytic solutions with negative temperature- 
coefficients for the conductivity, and the perfect fulfilment of 
the prediction in the cases investigated (Brit. Assoc. Report, 
1890, p. 223 ; Sack, Wied. Ann. xlii. p. 212). 

A few paragraphs further on (p. 23) it is asked :-—“ How can 
it be maintained that the positive electrification of the hydrogen 
and the negative electrification of the chlorine would dissolve 
the union between them?..... Further, if these so-called 
+ and — charges repel each other, why are they attracted 
by the — and + charges respectively on electrodes during 
electrolysis? ..... On the new theory, the electric charges 
are the cause of decomposition.” Here, again, there are put 
into the mouths of the dissociationists words which they 
never uttered. No one has stated that the electrical charges 
are the cause of dissociation, although they always accompany 
the phenomenon ; nor has any one ventured to assert that the 
+ and — charges repel each other,—in fact, the assumption 
that they attract each other as usual is the basis on which 
Nernst has built his elegant theory of the diffusion &e. of salt- 
solutions (Zetschr. phystkal. Chem. ii. p. 617). In a com- 
pletely dissociated solution—one of hydrochloric acid let us 
assume—the positive and negative atoms are no longer paired 
off together, but there is rather supposed to exist a complete 
communism amongst the charged atoms. ‘The positive ions 
+ — 

(H) still attract the negative ions (Cl), but one hydrogen ion no 
longer exhausts all its attraction on one chlorine ion. There 
is rather, now, attraction between it and all the chlorine ions in 
its neighbourhood ; and, similarly, any one chlorine ion is 
attracted in all possible directions by the hydrogen ions sur- 
rounding it. It is only when the positive ions are separated 
en bloc trom the negative ions, that the electrostatic forces 
between the opposite kinds of electricity become evident. 

After discussing the Clausius-Williamson hypothesis from 
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the « priort standpoint, Mr. Pickering goes on to say (loc. cit. 
p- 26): “It does not seem ae however, to imagine 
the presence of free atoms to explain the phenomena of elec- 
tr olysis (cf. Lodge, Brit. Assoc. Report, 1887, p. 338).” At 
the place cited, and more fully in his ‘ Modern Views of 
Electricity, p. 80, Prof. Lodge gives as his opinion that 
“the addition of the idea of double- decomposition and inter- 
change to the original hypothesis of Grotthus explains ail 
that is required by the facts, viz. a virtual or potential disso- 
ciation, a momentary state of hovering and indecision, without 
the need for any continuous and actual dissociation.” 

It appears to me that such a potential dissociation is not 
quite sufficient to explain the known facts of the behaviour 
of electrolytic solutions. The state of hovering or indecision 
can only be brought about, according to the theory, by the 
approach of two molecules of the electrolyte to such a distance 
that they can interchange radicals. The number of molecules 
whose radicals are in this undecided state is therefore depend- 
ent on the number of molecular collisions per unit time, the 
word collision being used to express a conjunction of mole- 
cules close enough for atomic interchange to take place. On 
the other hand, the conductivity depends directly on the num- 
ber of potential interchanges, and therefore on the number of 
collisions. Now in very dilute solutions the speed of the ions 
cannot be supposed to be altered by any increase in the dilu- 
tion, and therefore the conductivity will be regulated by the 
number of collisions alone. In such salt-solutions as Kohl- 
rausch investigated, where 1 gram-molecular-weight of salt 
was dissolved in as muchas 100,000 litres of water (7. e. where 
there was only one molecule of salt to 5,500,000 molecules of 
water*), it was found that the conductivity is proportional to 
the concentration. But halving the concentration (2. e. the 
number of salt-molecules in a given volume) would diminish 
the number of collisions of the salt-molecules to a quarter of 
the former value. We should, therefore, expect on the 
potential-dissociation hypothesis that in dilute solutions the 
conductivity should be proportional, not to the concentration, 
but to the square of the concentration, which is not the case. 
On this ground, then, we must reject, I think, the idea of 
virtual dissociation brought about by atomic interchange. It 
might be contended that collisions of the salt-molecules with 
the water-molecules would be sufficient to cause the potential 
dissociation ; but if that were so, sodium hydrate and hydro- 
chloric acid would always exist in a solution of common salt, 

# It is here assumed that the molecule of liquid water is the same as 
that of water-vapour— probably it is twice as large. 
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and could be separated by diffusion or otherwise, which is 
contrary to all experience. The assumption of a merely 
potential dissociation thus fails to account for the known 
facts, whereas an actual dissociation at once affords the neces- 
sary explanation. Many interesting examples of the appli- 
cation of the dissociation theory to explain the electrical 
behaviour of salt-solutions are to be found in a paper by 
Ostwald, in the Zetschr. physikal. Chem. ii. p. 270. 

With reference to the existence of hydrates in solution, 
Mr. Pickering (Phil. Mag. xxxii. p. 91) brings against Mr. 
S. Lupton the charge of entirely ignoring the cumulative 
character of the evidence brought forward in favour of the 
hydrate hypothesis. Now this cumulative character of the 
evidence is precisely on what the theories of osmotic pressure 
and of electrolytic dissociation chiefly rely, and what Mr. 
Pickering altogether neglects. In the short paper by Arrhenius 
already referred to (Phil. Mag. xxvii. p. 36) attention is drawn 
to the great number of subjects dealt with by these theories 
jointly : in almost all cases a quantitative comparison of the 
results of experiment with deductions from the theory has been 
possible, with the most satisfactory results. 

The only rival hypothesis which has been actively pursued 
is the hydrate theory, according to which the dissolved sub- 
stance in an aqueous solution is combined with all the water 
(except in very dilute solutions) to form one or more hydrates. 
This is of course a perfectly legitimate hypothesis so far as it 
goes ; but besides suffering at present from a slight arbi- 
trariness in its employment where the interpretation of expe- 
rimental data is in question, it also labours under the dis- 
advantage of being unable to afford any secure basis for 
calculation. Mr. Pickering, it is true, has calculated the 
freezing-points of sulphuric-acid solutions by its aid, and on 
account of the apparent great elasticity of his method has 
obtained results in perfect accord with his experiments (Brit. 
Assoc. Report, 1890, p. 321; ‘ Nature,’ xl. p. 631). When 
one looks, however, a little closely into the details of the cal- 
culation, the concordance appears of questionable value. He 
attributes the lowering produced by the dissolved substance 
to three distinct causes, which he classifies as (1) mechanical, 
(2) physical, and (3) chemical. The actual depression is 
made equal to the sum of three components depending on the 
above causes. Tirst of all, we have the mechanical lowering 
based on Person’s so-called absolute zero for liquids, z. e. the 
temperature below which a liquid will not solidify (Proc. 
Chem. Soc. 1889-90, p. 150). Mr. Pickering himself has 
subsequently proved Person’s views to be utterly untenable 
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(Proc. Roy. Soe. xlix. p. 11), so the mechanical depression is 
robbed of its basis. The physical and chemical lowerings are 
arrived at from a thorough confusion of heat with tempera- 
ture. ‘A definite hydrate, such as H,SO,, 13H,O, can only 
give up its water by decomposing into the next lower hydrate, 
H,SO,,9H,O in the instance taken: the heat absorbed in 
this change is given by the heat of dissolution curve (868 cal.), 
and will lower the temperature of a mixture with a heat- 
capacity of 223°5 cal. by 3°45” (Proc. Chem. Soc. 1889, 
p- 151). This 3°5 is the “ chemical lowering.” Now while 
it may be true that the absorption of 863 cal. ‘will lower the 
temperature of a mixture with a heat-capacity of 223°5 cal. 
by 3°5,” it is difficult to see what this has to do with the 
freezing-point of sulphuric-acid solutions. The freezing-point 
of an aqueous solution is the temperature at which it is in 
equilibrium with ice; and no matter what amount of heat 
may be developed on the congelation, this temperature will 
remain unaffected. Heat, whether from an external or an 
internal source, cannot affect the temperature of equilibrium 
between the solid and the liquid: it can only change in the 
one case the relative proportions of the substances, and in the 
other the latent heat of fusion. Calculations on such a 
theoretical foundation need scarcely be further considered. 

Whatever of future development may await the hydrate 
theory, it cannot to-day be looked upon as a serious rival to 
the hypotheses of osmotic pressure and electrolytic dissociation, 
the list of whose achievements is constantly increasing. 

University of Edinburgh, 
August 1891. 

XLVI. Ona New Modification of Phosphorus. 
By H. M. Vernon, Scholar of Merton College, Oxford*. 

AVING occasion to melt some ordinary yellow phos- 
phorus, it was noticed that in some cases the phosphorus 

melted suddenly, and had no definitely marked melting-point, 
while in other cases it exhibited a definite melting-point, as 
most other bodies do when passing from the solid to the liquid 
state. Further examination confirmed this, and showed that 
these were two different crystalline varieties of phosphorus, 
which differed in other properties as well. 

In order to examine the manner in which the phosphorus 
passed from the solid to the liquid state, quantities of about 
twenty-five grams were placed in a bulb-tube or broad test- 

* Communicated by the Author. 
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tube and a thermometer placed in it. In all experiments on 
the rate of rise of temperature of the phosphorus, the tube 
was placed in an air-bath kept at 100° by being surrounded 
with boiling water. The tube of phosphorus was closed and 
the thermometer kept in position by means of a cork at the 
mouth ; but no especial precaution was taken to make this 
tight to prevent air getting to the phosphorus, as a few drops 
of water forming a layer about 1 millim. thick were always 
introduced into the tube, and this effectually stopped any 
oxidation or combustion of the phosphorus, even when it was 
heated to 100°. In a few cases a thin layer of oil was sub- 
stituted for the water. The thermometer was graduated in 
tenths of a degree, and as all readings were taken with a 
cathetometer, it was read to a hundredth of a degree. The 
temperature was read at intervals of a quarter or half a minute. 

The first curve in the figure shows the rate of rise of tem- 
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perature of phosphorus with a well-defined melting-point. 
The melting-point of this variety was found to be 44°:3, a 
value found also by v. Schrotter and other observers for octa- 
hedral phosphorus. The second curye shows the rate of rise 
of temperature of the other variety of phosphorus. It will be 
seen that there is no sudden change in the form of the curve 
at any point, and so it might be thought to be impossible to 
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determine the melting-point. The direction of the lower part 
of the curve is, however, different from that of the curve from 
about 46° upwards ; and if these two parts of the curve be 
produced in their same directions, the point where they meet 
will approximately indicate what may be taken as the melting- 
peint of the phosphorus. The melting-point thus found is 
45°°3, or a degree above that of the other variety. It may be 
wondered where all the latent heat of fusion of this phosphorus 
has disappeared to. On producing the upper parts of the 
curves of both varieties of phosphorus, it will be seen that the 
amount of heat required to melt them, which is represented 
by the area of the figures abcd, e/g, is considerable in each 
ease, though it is greatest for the variety with the definite 
melting-point. With the variety with the undefined melting- 
point, however, the latent heat of fusion begins to be absorbed 
at about 38° or lower, and being spread over such a large 
temperature-interval its effect is at first sight masked. 

As these two different varieties of phosphorus were both 
obtained from the same specimen, supposed to contain phos- 
phorus all in the same state, it is evident that it must be 
possible to easily convert one variety into the other. After a 
great many attempts had been made at converting them into 
one another by heating them to different temperatures, it was 
at length found that the modification into which the phos- 
phorus solidified depended only on the manner of its solidifi- 
eation. If it cooled to below its solidification-point and then 
solidified, the temperature being thereby raised considerably, 
the variety with the undefined melting-point was formed ; 
while if it began to solidify the moment it reached its solidifi- 
eation-point without cooling below it, the variety with the 
definite melting-point was formed. In order to cool it below 
43°°8, the temperature of solidification, without solidification 
taking place, the tube containing the liquid phosphorus covered 
over with a layer of water or oil is piaced in hot water, and 
the whole left to cool. The phosphorus generally cools to 
about 3V0° before solidification, and then the temperature 
rushes up to about 48°, or higher if the mass of phosphorus 
be large enough. To produce the other variety, the tube of 
melted phosphorus is plunged into cold water. The sides of 
the tube thus become cold enough to solidify some of the 
phosphorus, which causes the whole mass to solidify when it 
cools to 43°°8. The same effect may be produced by intro- 
ducing some solid phosphorus into the liquid at about 44°, or 
by scraping a glass rod against some fragments of glass pre- 
viously added to the melted phosphorus. 

A single rapid or slow cooling in this manner is not gene- 
rally suthicient to wholly convert one variety of phosphorus 
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into the other, but it must be repeated another time in the 
slow cooling, and two or three times more in the rapid cooling. 
It is very easy to obtain an idea as to the proportions of each 
variety present in any specimen by taking its rate of rise of 
temperature, the form of the curve obtained being between 
those of the two given, and the melting-point also varying 
between the extremes 44°3 and 45°3. It is therefore 
possible by alternate rapid and slow cooling to convert phos- 
phorus backwards and forwards from one variety to the other 
as often as is desired. 

As a single rapid or slow cooling is not sufficient to wholly 
convert one variety into the other, it follows that the phos- 
phorus, when melted, must also be in a different state in the 
two cases, thus differing from sulphur, with which, though 
there are several different crystalline states, there is only one 
liquid state. 

Up to the present phosphorus has always been stated to 
crystallize in octahedral or rhombic dodecahedral crystals. It 
is necessary therefore to ascertain which of the above varieties 
crystallizes in this form, and in what form the other variety 
crystallizes. It was at first endeavoured to crystallize out the 
phosphorus from its solution in carbon disulphide. About 
equal volumes of carbon disulphide and phosphorus were 
mixed and the excess of carbon disulphide distilled off; but 
the solution, though left for some time, did not crystallize. 
lt would probably be only possible to obtain good crystals by 
operating on very large quantities of material, as carbon 
disulphide dissolves about eighteen times its weight of phos- 
phorus, and so the whole of the phosphorus would crystallize 
out by the evaporation of this very small quantity of carbon 
disulphide. Benzene only dissolves phosphorus to a slight 
extent, but it was found possible to obtain small crystals by 
first warming the benzene with the phosphorus to 40° and 
then allowing the solution to slowly cool down. All the ope- 
rations were performed in sealed glass tubes with a bend in the 
middle, and after the crystals had been deposited in one limb 
the benzene was poured off into the other, the crystals being 
thus left free for examination. The tubes containing the 
crystals were then examined under a microscope with a power 

of ten diameters. ‘The crystals from the modification with 
the undefined melting-point were observed distinctly to crys- 
tallize in rhombic prisms; but as, from their inflammable 
nature, it was not possible to examine them except in the 
glass tube, no measurements could be taken. Some of the 
crystals were in masses, with smaller crystals shooting out in 
ditferent directions at right angles from the larger ones : none 

of the erystals were, however, more than about 5 millim. in 
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length. Some of them could be seen on end, and the lengths 
of these axes appeared to be in about the ratio 1:2. The 
erystals from the modification of phosphorus with the definite 
melting-point, on examination in the same way, were observed 
to consist of masses of octahedral crystals. In size they were 
scarcely as large as those of the preceding modification, but 
there was no difficulty in identifying them. It is thus con- 
cluded that it is the variety of phosphorus with the definite 
melting-point and crystallizing in octahedra which has pre- 
viously been examined and described ; while the variety with 
the undefined melting-point, crystallizing in rhombic prisms, 
is the modification not previously described. 

As the different crystalline modifications of sulphur exhibit 
a marked difference in their ‘specific gravities, that of octa- 
hedral sulphur being 2°02, and that of prismatic sulphur 1:97, 
a similar difference might be expected to obtain for phos- 
phorus. The specific gravity was determined by first weighing 
about 20 grams of the phosphorus, cut in oblong lumps and 
well dried, in a small stoppered weighing-bottle, then filling 
up the bottle with distilled water and weighing again, and 
lastly weighing the bottle full of water only. All determina- 
tions were made at 18° C., and were compared with water at 
the same temperature. Two different specimens of the octa- 
hedral modification were found to have the specific gravities 
1°8177 and 1°8184; while for two different specimens of the 
prismatic modification the values 1°8272 and 1:8254 were 
obtained. The discrepancy between these two last values is 
probably due to the fact of one specimen containing some of 
the other variety of phosphorus in it, so the extreme value, 
1°8272, is probably the more correct. A sample of phosphorus 
known to contain both varieties had a specific gravity 1°8237. 
The difference between the specific gravities of the two modi- 
fications is about half a per cent. This is not nearly so great 
as that of the two varieties of sulphur, which is about two and 
a half per cent., but it is large enough to be easily appreciable. 
The phosphorus used in these determinations was generally 
only purified by shaking it with a hot solution of sulphuric 
acid and potassium bichromate. Some of it was also distilled, 
but no difference in specific gravity or other properties was 
observable, so the oxidizing agent alone is probably enough 
to remove any impurities existing in it. 

As the curves for the rate of rise of temperature show a 
considerable difference in the latent heat of fusion of the two 
varieties of phosphorus, a corresponding difference ought to 
be exhibited in the amounts of heat given out on solidification. 
Curve (3) shows the rate of cooling of octahedral or definite- 

Pitt milagas.o. Vol. 32; No! 197. Oct. 1891. 2C 
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melting-point phosphorus, while curve (4) shows the rate 
of cooling of the other variety : both these curves are for the 
cooling of equal quantities of phosphorus. It will be seen 
that there is an appreciable difference in the heat given out; | 
and this toois to a great extent masked, as the rhombic modifi- 
cation, on solidifying without cooling previously to below its 
solidification-point, is converted to a great extent into the 
octahedral modification. This is also the reason why both 
modifications solidify at the same temperature, viz. 43°°8. 
This temperature may therefore be taken as the solidifying- 
point of the octahedral modification, while that of the other 
variety is not known. It must, however, be a temperature 
below and not above this point. In order to determine it 
accurately, it would be necessary to cool a very large quantity 
of liquid phosphorus to below this temperature and then cause 
it to solidity, and notice the temperature to which the ther- 
mometer rushed up. If only a moderate quantity of phos- 
phorus, as fifty grams, were thus treated, the heat of solidifi- 
cation would not be sufficient to raise the temperature of the 
mass up to the true temperature of solidification. 

The different properties of the two modifications of phos- 
phorus may be summed up as follows :— 

Octahedral modification. 

Has definite melting-point at 
44°-3, 

Specific gravity at 13°, 1°8177. 
Has considerably greater latent 

heat of fusion than rhombic 
variety. 

Formed from the rhombic va- 
riety by cooling rapidly. 

NSolidifies at 45°°8. 

The University Laboratory, 
Oxford. 

Rhomlice modification. 

Has no well-defined melting- 
point: melts at about 45°°3. 

Specific gravity at 18°, 1:8272. 
Has less latent heat of fusion 

than octahedral variety, and it 
begins to absorb this at about 38°. 

Formed from the octahedral 
variety by cooling slowly, so 
that it cools below the solidifi- 
cation-point before solidification 
sets in. 

XLVI. Haperimental Determination of the Beats in the Vibra- 
tions of a Revolving Bell. By James WALKER, J/.A., and 
J. L. 8. Harron, B.A., Demonstrators at the Clarendon 
Laboratory, Oxford*. 

N a communication read before the British Association 
at Leeds, and in a paper published in the Proceedings 

of the Cambridge Philosophical Society (vol. vii. p. 101) 

* Communicated by the Authors. 
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Mr. G. H. Bryan has given the mathematical theory of the 
rotation of the nodal meridians in a revolving cylinder or bell. 
According to his analysis, the number of beats per revolution 
due to this rotation of the nodal meridians is independent of 
the velocity of revolution, and is given in the case of two- 
dimensional oscillations by 2s(s?—1)/(s?+1), 2s being the 
number of nodal meridians, and in the general case by 
2s(s?+A;—1)/(s?+2,+1), As being a quantity which can 
never be negative. 

Mr. Bryan’s own experiments with two different champagne- 
glasses gave “about 2°6 and 2:2 beats per revolution respec- 
tively for the gravest tone,” of which “the latter is too small 
to be compatible with ” the theory, and it was at his suggestion 
that we have undertaken some experiments at the Clarendon 
Laboratory in order to test the same. The results already 
obtained appear of sufficient interest to warrant this pre- 
liminary note on the subject, pending a fuller investigation 
with more accurate apparatus. 

The glass to be experimented upon was rigidly attached to 
the disk of a whirling-table carrying a graduated scale ; and 
an index, which could be held in a fixed position in space, was 
earried round with the disk when released by the observer. 
The glass was caused to vibrate by means of a bow: when the 
note obtained was free from beats and of the required pitch 
the disk was rotated. In order to prevent complicating the 
experiment by the acceleration of the disk several beats were 
first observed, and when the intervals at which they occurred 
appeared to be uniform the index was released on hearing a 
beat, and after the observation of a certain number the disk 
was stopped. The whole number of turns were counted, and 
the position of the index when the disk was stopped gave the 
fraction of a turn. 

In order to concentrate the sound and to prevent any 
motion of the ear during the observations, the beats were 
observed through a tube fixed with one extremity close to the 
revolving glass. A difficulty arose in obtaining glasses which 
gave a pure tone, and it was found that, even after careful 
selection of the glass, accuracy was only to be arrived at when 
the vibrations were excited with great care by means of a 
violin-bow. ‘The glasses selected were bell-shaped. 

The following were the results obtained, and it will be 
observed that in each case the mean is slightly above the 
value calculated from the two-dimensional theory. 

2C 2 
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Four nodes. 

Six nodes. 

Hight nodes. 

Number of Nodes. 

Glass No. 1. 

Beats. Revolutions. 

14 5:65 
14 5:7 
16 6:5 
10 4:0 
8 3:225 

10 4:0 
10 4+] 
12 A477 
11 4°38 | 
17 7:0 

8 1°65 
8 1:64 
8 16 
8) 1:87 
8 1:65 
8 1:65 

10 2°08 
10 2°12 
10 2-1 
8 1:65 

8 1:08 
8 1-14 
8 Ail: 
8 1:15 
ts) Visi 
5 1:12 
5 1:12 
8 1:05 
8 1:08 
8 1:08 

Gravest tone c’”’. 

Beats per 
Revolution. 

Mean... 4:84 

ATT TT TT TT I 
SS ae HS wewo.k Se Roo So 

Mean... 7°28 

Difference. 

Beats per Revolution. 

Theory Iixperiment. 

2:4 2-48 

4°8 4-84 

7-005 7:28 
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Glass No. 2. Gravest Tone gq". 

Beats. Revolutions. poe | 

Four nodes. 
9 ao 2-4 | 

19! 4°49 2°45 
12 4-92 2-44 
9 373 2-41 

12 4:87 2-46 
ive 6°97 2-44. 
14 5°59 2°5 
15 627 2°39 
Il A-AT 2°46 
1123 5°03 2°38 

Mean... 2-43 

Six nodes. 
11 2-29 4°8 
12 238 DUA 

10 2:12 4-71 
10 2-1 4°76 
9 1:87 4°81 
7 1:45 4-83 
g 1:66 4:82 

11 2:26 4:87 
9 1:84 4:89 
9) 1°88 | 4°79 

| 

Mean... 4:83 

Hight nodes. 
12 1:64 a2 
15 Drala Tea 
14 1°99 7:03 
3 1:88 6°91 | 

15 2:08 (Ee 
14 1:94 (22 | 
15) 2°05 7°32 
12 1:67 718 
13 1-86 6-99 
19 2°69 7-06 

Mean... 713 

aie | 7 

| Beats per Revolution | 

Number of Nodes. Difference. 

| Theory. ee iment. eee | 

eee 243 | aa 
6 4:8 4°83 ee | 

8 | 7005 7-13 | 
ee. 

| 
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These results afford, moreover, the means of determining 
in the case of a non-revolving bell the proportion of the whole 
kinetic energy which is due to the longitudinal components 
of the displacement, and thus give an indication of the extent 
to which the vibrations differ from two-dimensional vibrations 
on the one hand (in which the proportion is zero), and from 
the vibrations of a circular plate on the other hand (in which 
the proportion is unity). 

For, according to Mr. Bryan’s results, the kinetic energy in 
the case of a non-revolving bell is proportional to (A, +1+*)p’, 
in which expression the term ,p? arises from the longitudinal 
motion, and hence the proportion in question is 

aS ge kce Ss 

On the other hand, when the bell is rotated the number of 
beats per revolution is 

, Asts?—1 ee 
AS Sg SUS 

rA,+9°+1 oa? 

whence we easily obtain 

ee Grae = le) 
A, +148? — As 

Using the values given above for the number of beats per 
revolution in the case of the different modes of vibration of 
the two glasses, we obtain from the above formula the fol- 
lowing results :-— 

Proportion of the whole kinetic energy 
which is due to longitudinal motion. 

Number of Nodes, 
2s. ihc ame ee 

Glass No. 1. Glass No. 2. 

+ a 05) ‘O19 

6 033 "025 

8 *232 ‘076 



XLVI. On Periodic Motion of a Finite Conservative System. 
By Sir Witt1am THomson*. 

1 | a recent communication to the Royal Society t I 
suggested an extension to stable systems in general of 

the well-known theory of ‘‘ fundamental modes’’ for systems 
in which the potential energy is a quadratic function of 
coordinates and the kinetic energy a quadratic function of 
velocities, each with constant coefficients. This extension is 
the subject of the present communication to the British 
Association. 

2. In its title, “ finite’? means that the number of freedoms 
is finite and that the distance between no two points of the 
system can increase without limit. ‘‘ Conservative”? means 
that the kinetic energy is always altered by the same difference 
when the system passes from either to the other of any two 
configurations, whatever be the amount given to it when the 
system is projected from any configuration and left to move 
off undisturbed. By “path of a system”? we shall under- 
stand, in generalized dynamics, the succession of configurations 
through which the system passes in any actual motion: or 
the group of single lines constituting the paths traversed by 
all points of the system. By an “ orbit” we shall understand 
a circuital path ; or a “ path ” of which every constituent line 
is a complete circuit, and all moving points are always at 
corresponding points of their circuits at the same time. 

3. lt will be convenient, though not necessary, to occa- 
sionally use the expression, ‘ ‘potential energy of the system 
in any configuration.” When used at all it shall mean the 
difference by which the kinetic energy is diminished when the 
system passes to the configuration considered, from «a con- 
figuration or the configuration such that passage to any other 
permitted configuration involves diminution of the kinetic 
energy. By “total energy” of the system in any condition 
will be meant the sum of its kinetic and potential energies. 

4. Theorem of periodic motion. For every given value, H, 
of the total energy, there isa fully determinate orbit such 
that if the system be set in motion along it, at any con- 
figuration of it, with the given total energy, H, it will 
circulate periodically in it. 

* Communicated by the Author; §§1...10, and §§ 17...22 having 
been read before Section A of the British Association at its recent 
meeting in Cardiff. 

T Proceedings, June 1891, “On some Test Cases for the Maxwell- 
Boltzmann Doctrine regarding Distribution of Energy.” 



376 Sir W. Thomson on Periodic Motion 

). To prove this theorem, suppose the number of freedoms 
to be 7. Any configuration, Q, is fully specified by z given 
values for the 7 coordinates respectively. Suppose now the 
system to pass through some configuration, Q, at two times 
separated by aninterval T, and to have the same velocities and 
directions of motion at those times. The path thus travelled 
in this interval is an orbit, and it is periodically travelled over 
in successive intervals each equal to T. To find how to pro- 
cure fulfilment of our supposition, let the system be started 
from any configuration, Q, with any? values for the 7 velocity- 
components (or rates of variation per unit-time, of the 7 coordi- 
nates). To cause it to return to Q after some unknown time 
T, we have i—1 equations to be satisfied : and to cause z—1 
of its velocity-components to have the same values at the 
second as at the first passage through Q we have 7—1 equa- 
tions to satisfy ; and, in virtue of the equation of energy, the 
remaining velocity-component also must have the same value 
at thetwo times. That the total energy may have the prescribed 
value, H, we have another equation. Thus we have in all 
21—1 equations, among coordinates and velocity-components. 
Eliminate among these the z velocity-components, and there 
remain i—1 equations among the 7 coordinates which are the 
conditions necessary and sufficient to secure that Q is a con- 
figuration of an orbit of totalenergy H. Being i—1 equations 
among? coordinates, they leave only one freedom, that is to 
say they fully determine one path; of which, in the language 
of generalized analytical geometry, they are the equations. 
The or any path so determined is an orbit of total energy, H. 
Thus is proved the Theorem of § 4. 

6. The solution of the determinate problem of finding an 
orbit whose total energy has the prescribed value, H, is, in 
general, infinitely multiple, with different periods for the 
infinite number of different orbits determined by it. 

7. A simple illustration with only two freedoms, will help 
to the full understanding of § 6 for every case, of any number 
of variables. Consider a jointed double pendulum consisting 
of two rigid bodies, A and B: one (A) supported on a fixed 
horizontal axis, I; the other (B) supported on a parallel axis, 
J, fixed relatively to A: and for simplicity let G, the centre 
of gravity of A, be in the plane of the two axes. Call H the 
centre of gravity of B. Let ¢ be the angle between the plane 
I J and the vertical plane through I, which we shall call LV ; 
and let 4 be the angle between the plane J H and the vertical. 
The coordinates and velocities of the system in any condition 

of motion are }, 7, ¢, . The potential energy of the sys- 
tem, in kinetic units, will be gWz, where W denotes the sum 
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of the masses, and z the height of their centre of gravity in 
any configuration of the system, above its lowest. Suppose 
now A to be placed in any particular position ¢); and let it 
be required to find what must be the position, fo, of B, and with 
what velocities, 6,1) we must start A and B in motion, so that 
the first time has again the same value, ¢o, that is to say when 
A has made one complete turn in either direction, the system 
shall be wholly in the same position (¢9,v) and moving with 
the same velocity (¢,¥r,) (in the same direction understood) 
as at the beginning. This implies only two equations, ~= Wo; 

and either =, or $=) (because either of these! implies 
the other in virtue of the equation of energy). And we have 

just two disposables, Wo, and either Wo or do (the given total 

energy HH determining either ¢) or Wo when the other is 
known). The solution of this determinate problem is clearly 
possible, unless Ei zs too small: but it is not generally unique. 
We may have solutions with the velocities of A and B started 
each in the positive direction, or each negative, or one nega- 
tive and the other positive. If A isa flywheel of very great 
moment of inertia, and B a comparatively small pendulum 
hung on a crank-pin attached to it, and if for simplicity we 
suppose the crank to be counterpoised, so that the centre of 
gravity of A is in its axis, it is clear that, according to the 
greater or less value given for E, B may turn round and round 
many times before A comes again to its primitive position @,. 
But it is clear that, though not generally unique, our problem 
of finding periodic motion with just one complete turn of A 
in its period has no real solution unless E is large enough ; 
has many solutions for large enough values of EH; but has 
not an infinite nuinber of solutions for any finite value of H. 

8. Again, let the condition be that, not the first time, but the 
second time A passes through its initial position, both coordi- 
nates and both velocities have their primitive values. When 
the given value of the total energy is not too great, the 
periodic motion which we now have will be purely vibratory ; 
and the solution clearly duplex. But if H be great enough, A 
may still merely vibrate, while B may go round and round, first 
in one direction and then in the other, within the period of A’s 
vibration. If the condition be that not at the first and not at 
the second, but at the third transit of A across its initial 
position, both coordinates and both velocities have their pri- 
mitive values, we may, with sufficiently great total energy, 
have still wilder acrobatic performances, both bodies going 
round and round sometimes in one direction and sometimes 
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in the other. Still with any finite value for E there is only 
a finite number of modes for the motion subject to the con- 
dition that the third transit of A through its initial position 
completes the first period. Wilder and wilder vagaries we 
have to think of if the first period is completed at the fourth 
transit of A ; and so on. 

9. This terrible Frankenstein of a problem is all involved 
in a very simple mathematical statement not including any 
declaration that it is the first, or the second, or the third, or 
other specified, transit of A that completes the first period. 
It will probably be convenient to arrange so as to find 
transcendental equation which will have an infinite number 
of finite groups of roots equal to the periods of the modes of 
the periodic motions. 

10. The case of no gravity presents a vastly simpler problem, 
of which the main solution has no doubt been many times 
found in terms of elliptic functions in the Cambridge Nenate- 
house and Smith’s Prize examinations. The character of the 
solution of this, as of all ‘“‘adynamic” problems, is indepen- 
dent of the absolute value of the given energy, and of do. It 

depends only on the value of the ratio Wo/¢9, which of course 
may be either positive or negative. In the general solution 
w—g is clearly a periodic function of the time; and our 
question of periodicity relatively to a jived plane through I 
resolves itself into this :—During the period of the variation 
of —®, is the change of ¢ either zero or a numeric com- 
mensurable with 27? A corresponding question occurs for 
every case in which our “system” is free in space, without 
any fixed guides, and with no disturbing force from other 
bodies ; as, for example, in the question of rigorous periodicity 
of the motion of three bodies such as the earth, moon, and 
sun, or of any finite number of mutually attracting bodies, 
such as the solar system, to be considered presently. 

11. An (idealized) ordinary clock with weight, and pen- 
dulum, and dead-beat escapement, affords an interesting 
leeteation. For simplicity let the cord be perfectly flexible 
and inextensible ; let the cord-drum be rigidly fixed on the 
shaft of the escapement-wheel ; let the escapement be rigidly 
fixed tothe pendulum ; and let the pendulum be a rigid body on 
perfect knife-edge bearings. Thus we have virtually two bodies, 
each with one freedom: A the escapement-wheel, cord, and 
weight ; B the escapement and pendulum. Hach impact of 
tooth on escapement is, in every clock and watch, followed by 
a mutual recoil. This recoil probably in almost all practical 
cases goes so far as to produce complete separation, followed 
by sev veral more impacts and recoils before the tooth escapes, 
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and the corresponding next tooth falls on the other side of 
the escapement. But there is a loss of energy by impacts and 
slipping, both on the non-working and on the working faces 
of the escapement. The loss on the working faces could be dis- 
pensed with : but the loss on the non-working faces is essential 
to the going of the clock. In our idealized clock we suppose 
each recoil to exactly reverse the relative motion of tooth and 
escapement in the direction perpendicular to the common 
tangent plane of the two surfaces at their point of impact ; 
and we suppose the surfaces to be perfectly frictionless, so 
that the infinitely great mutual force at the instant of each 
impact is exactly in that direction. The jumping action thus 
produced would keep stopping the clock and letting it go on 
again: and would utterly prevent any regularity of going. 
Therefore I add the following arrangement of energy-receivers 
to annul the shocks on the non-working faces of the escape- 
ment :—Prolong the shaft of the escapement-wheel, and fix 
on it, in helical order, sixty little arms each carrying at its 
end a disk, with its front face in a plane through the axis. 
Adjust the escapement-wheel on its shaft, so that when each 
of its thirty teeth strikes one or other of the two branches of 
the escapement, the lowest one of those sixty disks has its front 
face vertical. Ona horizontal plane below the prolongation 
of the shaft place sixty little balls (energy-receivers) in such 
positions that each shall be struck by a disk just before the 
corresponding tooth touches the corresponding branch of the 
escapement. Let the mass of each ball be equal to the proper 
inertia-equivalent* of A, (the escapement-wheel, &c., and 
driving-weight). Hach ball struck by it, receives the whole 
kinetic energy which A had before the impact ; and leaves A 
at rest, with a tooth of the escapement-whee! pressing on a non- 
working face of the escapement. [ix sixty rigid stops to pre- 
vent the balls from, in any circumstances, (§§ 138... 16), going 
too far behind the positions in which they are initially placed. 
Hach of these stops must be slotted, to allow the proper disk 
of the escapement-shaft to strike the ball and afterwards pass 
clear through with its carrying arm. For brevity these 
forked stops will be calied the home-stops. Fix also sixty 
other stops, (field-stops we shall call them) in such positions 
that the balls shail strike them all simultaneously and at 
exactly the instant (§ 12) when the weight strikes the bottom 
of the clock-case. 

* Let 7 be the radius of the cord-drum: W the driving-weight: / the 
radius of gyration, and wthe weight of the whole rotating body con- 
sisting of cord-drum, escapement-wheel, shaft, and 60 arms and disks: a 
the length of each arm reckoned from the axis to the point of its disk 
which strikes the ball. The “ proper inertia-equivaient ” is (W7?--wh*) /a’. 
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12. Suppose now the pendulum of our ideal clock, with its 
weight wound up very nearly to the top, to be started with 
sufficient range to let it keep going. For simplicity let this 
range be small enough to secure that when the weight is run 
down, the augmented range of vibration will still be within the 
limits allowed for proper action of the escapement mechanism. 
Let the bottom of the clock-case be a rigid horizontal plane 
fixed relatively to the framework bearing the wheel and pen- 
dulum in exactly such a position that ‘when the wei ight, in 
running down, strikes it, the pendulum is at either end of its 
tange. | Ihe weight jumps up after the impact, and the clock 
goes backwards, the energy-receivers return home from their 
field stops at exactly the right times, retracing exactly every 
step till the weight (wound up by the energy of the pendulum 
and of the returning energy-receivers) passes through its 
initial position. If it is allowed to go higher till it strikes 
against an unadjusted stop, the clock may be stopped for a 
time, with the pendulum vibrating through a moderately 
small range, and one tooth of the wheel chattering against 
one working facet of the escapement: but “sooner or later” 
(very soon) the tooth will escape; the clock will again go 
forward ; the weight will run down, and again strike the 
bottom and jump from it, this time not when the pendulum is 
quite exactly at either end of its range. 

18. Complicated but quite orderly action will follow ; and 
‘sooner or later” a tooth will be hooked up by the escape- 
ment and the clock wili go backwards a beat or two ; but 
after a very few beats, if more than one, it will go forward 
till the weight strikes the bottom again. ‘“ Sooner or later ” 
the bottom will be struck at a time when the pendulum is 
very nearly at rest at either end of its range and when several 
energy-receivers are in such positions as ‘to arrive home and 
strike disks at right times ; and the clock will go backwards 
for a good many beats. 

14. “Sooner or later,” thatis to say after some finite number 
of millions of millions of years, the weight will strike the bottom 
when the pendulum is so very nearly at rest at either end of 
its range and all the sixty balls so very nearly striking each 
its field-stop, that the clock will be driven back, winding up 
the weight till it again strikes the top stop, and immediately, 
or after a very few beats, begins again to go forward and 
let the weightrun down. SBut our subject is not the fortuitous 
concourse of atoms. It is “periodic motion of a finite 
system.” 

15. Returning therefore to the end of § 12; let the top 
stop be so adjusted that it is struck by the weight at an instant 
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when the pendulum is at one end of its range. The clock 
instantly begins to go forward ; and goes on retracing every 
step, and repeating every one of the numerous impacts, of its 
first forward motion ; till the weight strikes the bottom exactly 
when each of the sixty balls is striking its field-stop, and 
when the pendulum is at one end of its range, the same end 
of its range as when the weight struck the bottom the first 
time. Thus a perfectly periodic motion goes on for ever. 

16. During any of the half-periods in which the clock is 
going forward, and the weight running down, any moderate 
disturbance, such as a slight blow on the pendulum, or a 
holding of the escapement-wheel are for some time, large 
or small, will make no noticeable difference in the subsequent 
motion: till the weight reaches the bottom of its range, when 
we find that the periodicity is lost, and the state of things 
described in §§ 13,14 supervenes. But any such disturbance 
during a half-period when the clock is going backwards causes 
the backward motion to cease and regular forward motion to 
follow, immediately, or after a few beats, a greater or less 
number according as the disturbance is exceedingly infini- 
tesimal or but moderately small. This is a true dynamical 
illustration of the “dissipation of energy,” and helps to show 
the vanity of attempts which have been made to found 
“Carnot’s Principle,’ or “the Second Law of Thermo- 
dynamics,” or theories of chemical action, on Lagrange’s 
generalized equations of motion. 

17. Consider the “problem of the three bodies,” in two 
varieties ; first ‘the Lunar Theory,” secondly “ the Planetary 
Theory.” One body (the Sun) is in each case vastly larger 
than either of the two others. In the first case the two others 
(the Earth and Moon) are so near one another in comparison 
with the Sun’s distance from either that his foree produces 
but a small disturbance of the relative motion of the Earth 
and Moon under their own mutual attraction. In the second 
case, two planets move each chiefly under the Sun’s influence 
with comparatively small disturbance by their own mutual 
attraction. In each case we shall, for simplicity, neglect the 
motion of the Sun’s centre of gravity, and consider him as an 
absolutely fixed “ centre of force.” 

18. Taking first the lunar theory, suppose the centre of 
gravity, I, of Harth and Moon to move very approximately in 
a circle round the Sun. Now (without necessarily considering 
that the Moon is much smaller than the Harth) at an instant 
when the line MIE passes through 8 give equal and opposite 
momentums to M and H in the line M E so as to annul their 
relative motion in this line if they had any, and to cause each 
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to move exactly per pendicularly to it. IEf the next time their 
line passes through 8 they are again moving perpendicularly 
to M H, their motion relatively to SI is rigorously periodic. 
This we see by considering that if both motions are reversed 
at any instant, M and E will exactly retrace their paths ; and 
if such a reversal is made at an instant of perpendicularly 
crossing the line ST, the retraced paths are similar to the 
direct paths which are traced when there is no reversal. _ 

19. Hence if the three bodies be given in line, S M H, we 
secure rigorous periodicity of their motion if we project them ~ 
in contrary directions joey Pewee a to this line with exactly 
such velocities that the next time M H is again in line with 8, 
now S$ EH M, their directions of motion are again perpendicular 
toEM. The problem of doing this has three solutions; in one 
of which the velocities of projection are so great that M and 
E are carried far away from one another, in opposite direc- 
tions round the Sun till they again come near one another 
and in line on the far side of the Sun. Excluding this case 
we have certainly only two solutions left. In these I describes 
exceedingly nearly a circle round the Sun; while M and E 
move relatively to the point I and the line IS, somewhat 
approximately in circles, but to a second appr oximation in the 
ellipses corresponding to the lunar perturbation called the 
variation, and quite rigorously in two constant similar closed 
curves each differing very little trom the variational ellipse. 
The centre of the variational ellipse is at 1: its major axis is 
perpendicular to SI and exceeds the minor axis by approxi- 
mately 1/179°6, being the square of the ratio (1/13°4) of the 
angular velocity of SI to the angular velocity of MH, each 
relative to an absolutely fixed direction. There are two solu- 
tions of this kind, in one of which (as in the actual case of 
Karth and Moon) Hi M turns samewards as, in the other 
contrary-wards to, S E. 

20. If ME were two or three times as great as it is when 
the three bodies are in line, 8 MH, and other dimensions the 
same, we should still have a solution for periodicity corre- 
sponding to that of § 19, but with the orbital curves of M and 
S round I differing very largely from circles and largely from 
ellipses. When M E exceeds a certain limit, this kind of solution 
becomes impossible. It would be not wholly uninteresting to 
follow the character of the orbital curves round I for increas- 
ing magnitudes of ME until they are lost. The solution 
referred to and rejected in § 19 is still available and becomes 
now more interesting, but not so interesting as the correspon - 
ding solution in which M and H, now two planets, are pro- 
jected so as to revolve in the same ‘directions round the Sun. 
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21. Rigorously periodic motion of two planets. Given SV HK 
in line, the Sun and two planets at distances such as those of | 
Venus and the Earth :—it is required to project them with 1] 
such velocities that the subsequent motion is rigorously i 
periodic. <A first solution is obtained by projecting them | 
perpendicularly to V H with such velocities that their periods | 
of revolution round 8 are approximately equal; and exactly i 

such that at the next time when V E is again in line with 8, 14 
the motions are rigorously perpendicular to this line. The i 
velocities which must be given to fulfil this condition must be | 
such that the major axes of the ellipses approximately described HI 
are approximately equal. This solution, however, belongs 1 
rather to the Cometary than to the Planetary Theory. i 

22. Project the planets perpendicularly to SVE with 
such velocities that after some given number of times of their | 
being in line with the Sun, their motions are, for the first time 
again, perpendicular to SVE. The determinate velocities 
which fulfil this condition must I think be such that the orbits 
are approximately ellipses of eccentricities not differing much 
from those required to make the major axes such that the ' 
periods have the proper commensurability to render the line 
of the three bodies at the second perpendicular crossing 
approximately coincident with their line at the initial perpen- ‘1 
dicular crossing. ie 

Madeira, Sept. 8, 1891. i 

[To be continued. | at 

XLIX. On some of the Effects of Magnetism on Rods of Iron, 
Nickel, and other Metals which have received a permanent ¥ 
Torsional Set ; and a new formof Chronograph Stylus. By 4 
FrepDerick J. Smiru, Millard Lecturer Mech. and Phys., iy 
Trinity College, Oxford*. i 

yess the present year I have gone through rather a 
long series of experiments with a view to discover some 

form of chronograph stylus which would respond to rapid — 
vibrations and make a clear record of its vibrations on the 
moving plate of a chronograph. I have succeeded in finding | 
a combination which appears to give satisfactory results. HK 
During the research several facts of interest bearing on a 
certain branch of magnetic induction presented themselves. 
I beg respectfully to give a summary of some of them in the 

* Communicated by the Author. 
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form of short notes. In the last two notes will be found 
a description of the application of one of the phenomena to 
the production of a chronograph stylus. I have added below, 
a list of some of the papers which treat of relationships which 
exist between stress and electromagnetic induction. 

1. In 1841 Joule showed that if an iron bar was magnetized 
it was increased in length ; he also found that if an iron bar 
was subjected to considerable tension and then magnetized it 
was shortened. Since Joule’s discovery the action of the force 
of magnetization on iron subjected to stress has been investi- 
gated by Matteucci, Compt. Rend. t. xxiv. p. 301 (1847) ; 
Wertheim, ibid. xxxv. p. 702 (1852); also Ann de Chem. et 
de Phys. 31, t. 1. p. 885 (1857) ; Villari, Pogg. Ann. (1868) ; 
Wiedemann, Galvanismus, p. AAT ; Sir W. Thomson, Phil. 
Trans. 1879, p. dd; Prof. Hughes, Proc. R. S. (1881), xxxi. 
p: 524 ; id. ibid. xxxili. p. 25; Mr. 8: Bidwell, Eroe ays: 
xi. p. 257 (1886) ; ditto. xlvu. p. 496; Prof. Ewing, Proce. 
Roy. Soc. vol. xxxvi. p. 117; ‘ Nature,’ vols. xlii., xl. 

2. Wiedemann, Galvanismus. p. 447, showed that under 
certain conditions twisted iron wires untwist on magnetization. 
His words are :—“ Die gedrillten Hisendrihte detordiren sich 
also bei der Magnetisirung.” He made his experiments on an 
iron wire suspended in a vertical position and weighted with 
a considerable mass, viz. 1103 grammes. By means of a 
disk attached to it, and a cord and weight, torsion was given 
to the iron wire. A coil of copper wire, in the axis of which 
was the iron wire, was used for magnetizing the latter ; change 
of torsion was read by means of a mirror and scale seen in 
the field of a telescope. In his experiments torsional se¢ was not 
produced, or if so in only a very small degree. In my own 
work rods of iron, steel, and nickel which were not weighted 
and had received permanent torsional set were experimented 
on. The magnetizing force H used by me was many times 
greater than that used by Wiedemann ; as far as I can calculate 
probably in some cases thirty-five times as great. I arrived 
at this conclusion by assuming his coil to have had next to no 
resistance, also that the whole number of cells mentioned were 
used by him. 

3. The first experiment was arranged to find out whether a 
magnetic field of force acting on an iron rod only subject to its 
own weight would set up a torsional stress in it. The follow- 
ing apparatus was used :—A magnetizing coil 50 centim. long, 
wound on a glass tube 0°825 centim. external diameter ; the 
number of turns of silk-covered copper wire 0:6 millim. 
diameter was 3865; the coil was wound so as to have no 
component along its length, its magnetizing force for one 
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Ad x 3865 x 1 Lees C F 
50 x10 =97°1 C.G.S. units. The coil 

was fixed vertically on a strong board. Under its lower 
end, at a distance of 4 centim., a brass frame was fixed 
carrying a mirror on an axle, the axis of which coincided with 
that of the coil. The rods to be examined were the same length 
as the coil but elongated at each end with nonmagnetic wire ; 
these were passed through the coil and attached at one end to 
the axle of the mirror, which was used in conjunction with a 
telescope and scale. Any minute torsion of the rod could be 
accurately measured. The scale was placed at a distance of 
226 centim. from the axis of the mirror, the wire was passed 
through collars within the tube; these kept it in a central 
position and prevented any movement sideways. By means of 
a liquid resistance in the circuit the current was regulated, so 
that the value of H could be easily changed. 

4, The first iron rod which was tested was 50 centim. long 
and 0-162 centim. in diameter, well annealed by being placed 
in a tube furnace and raised to a bright red heat and cooled 
slowly. (All the metals were supplied by Messrs. Johnson 
and Matthey, and may be considered as pure as can be pro- 
cured.) The reading of the scale as seen in the telescope 
was brought to zero, and then the rod was magnetized with a 
magnetizing force H of 21°5 C.G.8. units. A rotation of 
0-1 centim. was produced in a direction with clock-hands to a 
person looking from the fixed end down the rod; when the 
current was broken it returned instantiy to its initial position. 
A very delicate thermometer was put from time to time in 
the usual position of a rod under examination and then the 
current was put on as for an experiment ; no change of tem- 
perature could be detected, so that the effect produced was 
due to the magnetizing force alone. 

5. The rod in (4) was replaced by one which had received 
a permanent torsional set of seven revolutions. To give this 
amount of torsion the rod was fixed at one end and then the 
other was rotated through over eight complete revolutions, it 
was finally left with a twist of seven revolutions. The twist was 
with clock-hands to a person looking down the rod from the 
fixed end as an axis of the couple ; it was then subjected to a 
foree H=21°5. This instantly produced a further torsion in 
the same direction as the initial torsion of 5 scale-divisions. 
The scale (divided into centim. and millim.) was in this and 
all the following experiments 180 centim. from the mirror. 
The effect was carefully examined by several observers and 
always reproduced when required. In subsequent experiments 
I found that when the rotation was large it could be readily 
made visible by the addition of a light pointer attached to the 
Uzi Mogmmno. Vols 324 No, 197.) Oct. 1891. 2D 

ampere was H= 
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end of the axle of the mirror. This led to the result described 
ima /{20'). 

6. On reversing the current the direction of torsion was 
not reversed. A Salen rod, with the same amount of torsion 
in the opposite direction, was further twisted by the magnetic 
fcerce in the direction of the initial torsion. When the current 
was off, the rod returned to its original position. Subsequent 
experiments showed that there was a limit to this torsion by 
magnetism. 

7. The next experiment was arranged to find out any re- 
lationship which might exist between the magnetizing force 
and the amount of torsion. 
An iron rod 0°16 centim. diameter and 50 centim. long, 

with torsion as before (5), was successively magnetized with 
an increasing force, shown in the column headed H, the 
corresponding deflexions are shown in the next column 

180 Deflexions. EL Deflexion. 

19:02 30 114°12 10-1 
28°53 4:0 123:63 10:1 
38°04 5:2 133°14 1071 
47°55 6-1 142°65 10°1 
57:06 Te 152°16 101 
66°57 8:0 161:67 101 
76:08 8:8 LS 10-1 
85°59 9-1 180°69 9-0 
95:10 10-0 190°20 9-0 

10461 10:0 

The table indicates that tor low values of H the deflexion 
is nearly proportional to the force H, and that after a certain 
value it becomes permanent and then begins to fall off, 
indicating an untwisting. I am now arranging a large 
battery of accumulators fon the production of very ieaiels more 
intense magnetic fields, so that I may find out the rate at which 
the wire untwists after the maximum of deflexion is reached. 

The last experiment was repeated with a similar iron rod, 
subjected to one complete twist in its length instead of seven, 
and the following results were obtained :-— 

H. Deflexions. ick Deflexions. 

28:53 1:0 114-12 35 | 
38-04 2-0 123-62 3:4 
47°55 3:0 133°14 31 
57:06 3:1 142-65 3-0 
66°57 3:5 152-16 3-0 
76-08 35 161-67 3-0 

| 89:59 3°75 Meee 3-0 
| 95°10 4-00 | 180-69 3-0 
len) tOA-@i 3°75 
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All experiments of a similar character with wires with a 
permanent torsion of 2,3,4, &c. showed that for a small 
magnetizing force the deflexion rose almost proportional to 
it, and that after a certain point further torsion was not pro- 
duced by increasing the magnetizing force, and that ultimately 
with a greater magnetizing force the rod began very slightly 
to untwist. 

8. The next experiment was made to discover any relation- 
ship which might exist between the initial torsion of the rod 
and that added to it by the force of the magnetic field when the 
magnetic force was constant. The following results were ob- 
tained. Up to some value of initial torsion between 10 and 
15 the deflexion produced by magnetization is a maximum, 
und then it decreases as the torsion rises. 

Initial Torsion. | Scale-divisions. || Initial Torsion. | Scale-divisions. 

1 3°00 oS) 8:00 
2 5°00 10 10-00 
3 6°50 15 8:00 
4 7:25 

By initial torsion I mean that the rod received a permanent 
torsional set of 1 , 2,3, &. complete revolutions. 

9. I noticed in the case of the last two values that after 
each magnetization the rod began to slowly untwist when 
the current was taken off. After each experiment the reading 
fell below the figure it started at. As an instance, the initial 
position was at 60 divisions ; when the current was on, 69 
was reached, and when the current was taken off the reading 
was 09. | 

Subsequent experiments showed that when a rod having 
permanent torsional set was used in induction experiments 
with a ballistic galvanometer, the induction followed in value 
the slow change of torsion of the rod. In some cases I noted 
the slow change from last February to the present time (July 
30). Hach induction experiment is modified by its predecessor 
having apparently changed the constitution of the rod. 

10. In the next experiment this step by step unwinding of 
torsion after magnetization is shown in the case of a rod of 
nickel. The rod was placed in exactly the same position as 
the iron rod of the former experiments. The behaviour of 
nickel appears to be the same as that of iron, but in nickel the 
increase of torsion with magnetization is not so great. The 
twelve vertical lines, in the appended diagram, represent pro- 
longations of thescale. 1n each case No. 1 indicates the position 

Ze n2 
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of deflexion before the current is put on ; No. 2 the position 
of deflexion with current on ; No. 3 the new position to which 
the deflexion has come. This was the starting-point of the 
next deflexion. The magnetic force produced in all cases an — 
increase of torsion in the directicn of the initial torsion, so 
that in each case the amount of twisting in the direction of 
torsion was 2, and the untwisting about 1 in each set of 
magnetizations and demagnetizations. The wire did not 
untwist when left to itself, at least perceptibly in 100 
minutes, but the untwisting after magnetization was im- 
mediate. 

Fig. 1. 

| i 

P| a ee i ee Dae 

Step by Step Untwisting of Nickel. 

11. Rods of non-magnetic metals (Cu, St, Pt, Pb, Ag, Zn, 
Cd, brass, and bronze) were subjected to the same treatment as 
the iron rods, but no rotation of any kind could be seen. 

12. A rod of bismuth was next prepared by being drawn 
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into a glass tube when melted. Ifthe glass tube be kept hot 
during the formation of the casting, and be cooled slowly, 
very long rods may be produced, in some cases 25 centim. 
long. The glass tube is removed from the metal by being 
cracked. When treated as the iron rods were in the previous 
experiments, no movement whatever could be perceived. 
From the brittle nature of Bi it could be subjected to only a 
slight amount of torsion. 

13. A transitory current of electricity induced in a magnetic 
core subjected to permanent torsional set. 

Fig. 2. 

coe eo ep pepe gages 
A B 

Diagram of Connexions, &c. 

AB. A long helix of covered copper wire 30 centim. long, 
2100 coils, mean area 0°5 centim. 

CD. A rod of annealed iron 4 millim. diam., 30 centim. 
long. 

G. Weetredttiaiies galvanometer, astatic needles (con- 
structed for ballistic work by Elliott). 

P. Current-reverser. 
K. Key. 
K. Battery (2 H.P.S. accumulators). 
R. A resistance-box. 
F. Amperemeter. 

The galvanometer was so placed that it was in no way 
affected, either by the helix A B or by the magnetic action of 
the core. | 

14. When the iron core C D was freshly annealed, and free 
from magnetization, except that produced by the inductive 
action of the earth’s magnetizing force, a current was passed 
through the helix; a transient current was indicated by the 
galvanometer as existing in the circuit of which the iron core 
formed a part. The current produced a deflexion of 150 
divisions of the scale; a Rowland inductor circle in the 
earth’s horizontal field gave 300 divisions. (The log. of the 
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induction area of the Rowland coil=4-:97132 ; it has 42 turns, 
and a mean circumference 167°305 centim.) The value of 
the horizontal component of the earth field at Oxford at the 
time of these experiments was about 0:179 C.G.S. units. On 
breaking the circuit hardly any current was indicated, 1 or 
1°5 divisions at the most. On again closing the circuit at K 

5 co) 

no current was indicated, and by repeating the closing no 
swing of the galvanometer-needle could be produced. The 
direction of the current was next changed by means of the 
commutator P. Then, on closing the circuit at K,a current of 
the same value as the former was indicated, but it was now in 
the opposite direction. On breaking or making the circuit no 
deflexion could be got from the iron core under examination. 

So that in order to get a transient current from an iron 
core well annealed its magnetization must be reversed. An 
examination of cores under stress shows that the phenomenon 
may be modified. 

15. The relationship between the direction of the magnetiz- 
ing current in the long helix and iron core current is shown 
in the diagram (fig. 3). 

16. The experiment was next arranged so that the core 
might be as long as possible, and yet wound with a moderate 
length of copper helix. An iron core, A B, 6:3 metres iong, 

4 mm. diam., covered with a non-conducting coat, was 
coiled into a ring of about 15 centim. diam. It was next 
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coiled with a thick layer of swansdown cloth, and then with 
600 turns of covered copper wire, so coiled as to have no 
lateral component. A, B were connected to the ballistic 
galvanometer, and C, D to the battery-circuit and K, &e. 
All the former effects were produced, but in a much greater 
degree, the deflexion of the galvanometer = 510 divisions. 
The magnetizing force due to the ring coil was so arranged as 
to be almost equal to that used in (14). A minute deflexion 
could be produced on either closing or opening the battery- 
circuit after the first effect. 

17. An iron rod 1°5 millim. long, 1 centim. diam., was 
next coiled with a helix, and all the former effects were pro- 

duced. The effect was not so marked as when bars of small 

diameter were used. 
18. The remarkable feature of the phenomenon appears to 

be that it is only on the entire reversal of the magnetism of 
the core that the transient current is produced in any marked 
degree. 

19. None of the effects could be got from brass or copper 
cores, so that the current from the iron core is due to the 
reversal of the magnetic matter of the core. In all the 
experiments, already described, the cores were as free from 
torsional stress as possible. Similar experiments were next 
made on cores which had a torsional set. 

20. The marks ~—> 4 ™ in the appended tables 
indicate right-handed or left-handed torsion given to the core 
under examination (see Table I.). Tbe torsion was given by 
fixing one end of the core and then rotating the other a 
certain number of times, and then deducting the number of 
turns in the opposite direction that the core took before 
settling down at its “set” torsional position. It was found 
that when the cores received 20 turns that they untwisted four 
turns, so that the whole torsion, at the condition of ‘ set,” 
was 16 turns. In all experiments tabulated, the marks f 
indicate an experiment made next after reversal of the current, 

21. In these experiments, with cores subjected to torsional 
“set,” the same markedly large deflexion of the needle of the 
galvanometer immediately after the reversal of the magnetizing 
current was clearly shown, but now only large zn one direction, 
the direction depending on the direction of torsion of the 
core. 

22. In Table I. the relationship existing between the 
direction of the magnetizing current, the zron core current, 
and the torsion of the core are shown. 

In the next experiments (Table IL.) the current was passed 
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through the iron core while the coil was in circuit with the 
galvanometer. 

23. Two similar cores (fig. 5), having their sense of torsion 
opposite, but the amount of torsion in each equal, were put 
into the helix together, their ends A, D and B, C being joined 
to the battery-circuit ; the current was passed through the 
cores, but no indication of current was manifested by the 
galvanometer G, the effect of one core apparently cancelling 
that of the other. 

Fig. 5. 

A 2 eee UE 

—_—Sanreas=e rE 

24. While a current was passing through the iron core sub- 
ject to torsional set, a couple, indicated by the arrows P Q, was 
appled in the direction of the torsion of the core (fig. 6). 
When the arm O A was moved through 10°, suddenly a 
deflexion of 400 was given by the galvanometer. The length 
of the core was 50 centim., diam. 4 millim. The transient 
current was reversed by reversing the sense of the couple. 
When I made this experiment I had not read the work of 

Fig. 6. 

Wertheim, 1852. He produced the same effect in the same 
way—with an iron rod, but not under initial torsional set as 
was the case in my experiment. 
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Current from the Battery 
sent through Iron Core. 

Direction of Direction of 
No. of | the Current | Deflexion of N the Current | Deflexion of 
Experi- | in iron core Galvano- ws of in iron core Galvano- 

P Experi- |_. ment. | with 16.3; meter. ment, \“ithl16¢—~—~| meter. 
turns. turns. 

ler 8 AtoB 90 L. Danae t Ato B 185 R. 
te On A4; B 20 L. OA Taine A,B 40 R. 
OMG a aan Aci UB 20 L. Danae Ans 40 R. 
et neice AP ley a sl 240 R. p Ogrek aa Oh Tid essen 120 L. 
By Sey IBS At 40 R. Taree BA 8 L. 
Gaysseis By, A 30 R. De ee IB, eA (eile 
Wi anon: Bi A 25 BR. DO ees ee B,, A Sul: 
Sie Bis vA 20 R. SO ee ce Brek 0) 
Oe a B,, A 25 R. SL Ree d Spee 3 (0) 
Oye aihpal heel by 100 L. 32) ce TAN sds 153 R. 
1 LE a Al eis 0 Soo ae AD als 40 R. 
Ee eee AY 0) OA ee AS eB Sonne 
Se ae A. B 0 Sin ee ASB 30 R. 
PAR ak. Ae Bs 0 OMe. a AY; 1B 30 R. 
ipaieraess tT BY, A 150 R. On tees TBE A 136 L. 
OMe B,, A 25 R. BS Maca Br, A 10 L. 
Ti eaten Dae 25. RR: SS Lene IB Gee 10 L. 
Sirs iB ae 23 Ri: AO aed i 5, uA 10 L. | 
NS ae aes TvA 3, B 120 L. Ale eae TRANS aks 155 R. 
20 mnccre: ACE. CB 0 ADs. om Ay, IB 35 K 
De RRB 1A: BB 0 AS Gea Aly B 30 R 
TANS Me UNG ee 83 0) AA. esd. AL. aS 30 BR 

The relationships which exist between the current in the 
iron core and transient current in the helix, and the current 
through the helix and the transient current in the iron core, 
the iron core being subject to torsion in the direction indicated, 
are shown by the four diagrams (fig. 7). 

25. When the current which traversed the long solenoid, 
used in the first experiment, was interrupted by a tuning- 
fork driven electrically, an iron wire subject to torsional set, 
within the solenoid, gave out a loud musical note. It was shown 
by Page, long ago, that an iron rod within a solenoid, through 
which an interrupted current passed, would give out a musical 
note ; but the note produced by a rod under torsional set in 
my experiment appears to be due to a cause somewhat different 
from that whereby Page’s effect was produced. His note is 
said to be produced by minute elongations and shortenings of 
the rod. In the case cf the rod being subject to torsion, as in 
the experiment now described, the note is evidently produced 
by torsional vibration, and that so great that, when a light 
pointer was fixed to the free end of the twisted rod, a record 
of its vibration was produced on the moving smoked-glass 
surface of the chronograph. I found no difficulty in making 
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Bigs: 

| 

it respond to 1000 vibrations per second, and record its move- | 
ments clearly on the moving surface of the chronograph. | 
The diagram (fig. 8) shows how the torsional magnetic 
stylus is constructed. 

| 
\ 

1 

| 

AB. The long solenoid, shown broken to save space. 
C D. The twisted wire of iron. 

S. An aluminium pointer, which is adjusted to touch the 
smoked glass plate of the chronograph. 

Repeated tests show that the “latency” of this new form 
of stylus is exceedingly minute; this fact will, I believe, 
make the instrument very useful for getting accurate chrono- i 
graphic measurements. : 

26. Lalso found that when the stylus is connected, by means 
of a thread or fine wire, to a mica tympan T, true telephonic 
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effects could be obtained when a suitable transmitter is placed 
in the circuit, articulation being clear. 

27. The very beautiful experiments of Prof. Hughes and 
of Prof. Ewing on transitory currents were made on wires 
in which torsional “set”? had not been produced. In the 
experiments which have been described, rods with permanent 
torsional sets were always used, except in experiments (14) 
and (16). 

L. Notices respecting New Books. 

A Course of HEaperiments in Physical Measurement.—Part II1- 
Principles and Methods. By Haro~p Wutrtine, Ph.D. Boston, 
U.S.A.: D. C. Heath and Co. 

N the two volumes of this work which have already appeared 
the author has described the processes used in the measurement 

of Physical Quantities, and has given full details concerning sources 
of error and the various methods of avoiding or elimmating them. 
Those parts of the theory of the subject upon which the experi- 
ments previously described are based are now briefly treated of in 
the book before us. The theory of errors also receives a very large 
share of attention, and in connexion with it is included the calcu- 
lation of the mean from a series of observations, and the estimation 
of the probable error in the result. 

The latter half of the volume consists of a collection of mathe- 
matical and physical tables, together with notes explaining their 
use. In the case of the tables of powers, roots, and reciprocals of 
numbers, and in one or two other cases also, two tables have been 
given; a rough one for all numbers of less than three digits, and 
a more complete one accurate to five figures. The former should 
prove useful for rapid work, and the latter for more refined caleu- 
lations. We notice, however, that two tables are omitted which 
we have found to be of immense value in ordinary calculations, 
namely a table of four-figure logarithms and a corresponding one 
of antilogarithms. To be of maximum utility these should be 
placed in a conspicuous position, say at the end of the book, and 
should be so arranged that the whole of the logarithm table can be 
seen at one opening, and the same in the case of the antilogarithms. 
In our experience such tables are quite accurate enough for almost 
all calculations with the exception of delicate weighings on the 
balance, where the five-figure logarithms given by the author would 
be required. There is moreover a positive objection to the use of 
too elaborate mathematical tables, since they deceive the student 
into thinking that his results have the same order of accuracy as 
the tables. 

The Physical Tables are fairly complete and accurate. The only 
error we have noticed is in the table of electromotive forces of 
cells, where the positive pole of the Clark cell is erroneously stated 
to be carbon instead of mercury. James L. Howarp. 



Intelligence and Miscellaneous Articles. 397 

The Structure of the Sidereal Universe. By 'T. W. BackHovust, 
F.R.AS. Demy 4to. Hills & Co., Sunderland. 

No. 1 of the ‘ Publications of the West Hendon House Observa- 
tory, Sunderland,’ by T. W. Backhouse, has just been issued, and 
gives the details on which the author’s previous papers “On the 
Structure of the Sidereal Universe” (published in the ‘ Monthly 
Notices,’ vol. i. p. 374, and in the ‘Sidereal Messenger,’ vol. ix. 
p- 337) were founded. The work is illustrated with figures and 
maps, and the numerous observations summarized in the text 
furnish a useful contribution to one of the grandest problems in 
astronomy. Mr. Backhouse’s instruments are a 2-inch field-glass 
and a 43-inch refracting telescope, and he appears to have made ex- 
cellent use of them. He remarks that certain large diffused nebu- 
losities seen by Sir W. Herschel do not agree with those seen in a 
field-glass. This is not surprising when we reflect that Herschel 
used powerful appliances in his unwearying examination of the 
hevaens. Mr. Backhouse says:—‘‘ We are brought to the conclusion 
that the galaxy is probably far nearer us than was at one time 
believed, and that therefore the greater part of the stars composing 
it are likely to be much smaller than the sun. The tendency of 
modern investigations is to diminish our ideas of the extent of the 
visible universe.” 

Astronomers will welcome further publications from the obser- 
vatory at Sunderland. Private efforts of this laudable character 
are none too numerous in this country. 

LI. Intelligence and Miscellaneous Articles. 

RETINAL OSCILLATIONS. BY M. CHARPENTIER. 

iT HAVE recently investigated certain phenomena which, viewed 
as a whole, demonstrate experimentally the production of oscilla- 

tions in the visual apparatus, when excited by light. These oscil- 
lations seem rather connected with a reaction of the retina, when 
it is acted on by light, than with the act of sensation itself. They 
are none the less interesting to know, and may serve as starting- 
point for a more minute analysis of the mechanism of the act in 
question. 

The fact which led to these researches, and which I had com- 
municated to the Société de Biologie on May 10, 1890, is the 
following :—If a black disk, on which is a Jarger or smaller white 
sector, is turned rather slowly, and if the centre of the disk is 
rigidly viewed when it is brightly illuminated, it is observed that 
that side of the white sector which first penetrates over the dark 
sround is bordered in its motion by a very sharp black band sepa- 
rated from the ground by a similar white band. These two bands 
appear in the form of sectors concentric with the disk, provided 
that certain necessary precautions are taken in the observation, in 
the detail of which I cannot enter here. The black band is shaded 
off at the edges; its angular extent, like that of the original white 
band, increases with the velocity of the disk, and in proportion to 
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it; but this extent expressed in time is always constant; the band 
takes alwa ys the same Pipes to Bee in front of a point of the 
retina ; it commences about 2. or =, after the passage of the white 
and ba appreciably the same bee nalee is more visible the brighter 
the illumination of the white; but when it has been seen in these 
conditions it is found again easily under feebler illumination, in 
which it is only less striking. But this enfeeblement of the sensa- 
tion, more or less marked according to the intensity of the excita- 
tion, 1s always observed. 

It may be said that in this experiment there is spread out in 
space what occurs in time. The black band is in fact only a kind 
of reaction of the retina against the excitation by hght, a reaction 
which may be made evident in a totally different way. 

I have in fact observed that if in complete darkness we produce 
an instantaneous luminous excitation, or rather one of a duration 
which can be neglected in comparison with the first, the sensation 
appears doubled; that is to say, that when once it is formed it 
disappears, and again shows itself anew. This takes place, for 
instance, if we pass either through a Crookes or Geissler tube, or 
simply, but with less effect, through air, a single discharge from a 
Ruhmkorff coil. This doubling is more or less precise according 
to various circumstances which I have mentioned, but it is readily 
found again when it has once been observed; it is particularly 
marked with indirect vision. I have shown that it cannot be 
attributed to a reaction of the pupil, as I at first believed when I 
made my observations in a room not perfectly dark; it is in fact 
a retinal phenomenon. 

There is then in this experiment, as in the first, a negative 
reaction under the influence of the excitation; the difference is 
that in the first case the excitation lasts when this reaction is seen, 
while here the excitation has come to an end, and only an obscu- 
ration of its persistent or consecutive image is seen. 

Is this reaction, this negative excitation, unique? I do not think 
so; forin certain cases I have seen the dark band followed by other 
analogous bands uniformly spaced but much less distinct. The 
observation is moreover difficult, for a pretty great velocity of the 
disk 1s required, and then the bands, as they become larger, con- 
trast less strongly with the ground, and become less perceptible. 
What is certain is that the first dark band is much less marked, 
and it dominates the phenomenon. 

It wouid be difficult, and in any case premature, to indicate the 
causes of this appearance, but it may be permitted to characterize 
it as the result of a retinal oscillation formed under the influence 
of the start of the Juminous excitation. What confirms this inter- 
pretation is that this osvillation travels along the retina with a 
uniforin velocity from the point where it starts; and that by 
placing ourselves under certain experimental conditions we may, 
thanks to it, produce true phenomena of interference in the 
sensation. 

The most convenient way of real izing these interferences is to 
turn a large black disk of about 0-4 metre with a velocity of about 
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one turn in a second, after having fixed on the periphery of this 
disk a very small white sector of 1° or 2°, and a height of 5 to 10 
millim. In this way two necessary conditions are realiz 
motion so rapid that there is a persistent image of this sector as 
extended as possible, and at the same time excitations at such 
intervals that the persistent images do not run into each other. 
If, then, the view is fixed rigidly towards a point at which the 
sector passes, which is the delicate and essential condition of the ex- 
periment, the persistent annular image of the object is seen to be 
channelled, and presents a certain number of dark zones regularly 
spaced out on the light ground. An intense light is not needed 
for this experiment. 

The extent of the successive zones on the retina as well as their 
frequence is easily calculated. 

It is found that the apparent interval between two dark zones 
on the disk diminishes with the distance from the eye. The image 
on the retina of this interval, on the contrary, remains constant. 

For the same distance of the disk from the eye the interval in 
question varies with the velocity of the former, and, what is a 
point of capital importance, inversely as this velocity. This is not, 
then, a case of direct oscillations due to excitation, for they are, on 
the contrary, spaced out in proportion to the velocity of the disk. 

This fact can only be explained by assuming that the object in 
moving over the retina is, in relation to the induced oscillation, in 
analogous conditions to those of an observer who moves away from 
a source of sound. Jf the retinal undulation which we have 
actually observed in the experiment with the black band travels 
with a constant velocity over the retina, the passage of a luminous 
image moving with a suitable rapidity should find this membrane 
in conditions periodically varying, in which the perception of the 
object will be alternately favoured or opposed. The distance of 
two neighbouring maxima and minima, which represents the appa- 
rent wave-length of this retinal undulation, should obey the relation 
expressed by Doppler’s formula. This is what in fact is confirmed 
by experiment.—Comptes Rendus, July 20, 1891. 

LECTURE-ILLUSTRATION OF COMPLEMENTARY COLOURS. 

BY NIK. VON KLOBUKOW. 

The method consists in dissolving the pigment-colours in suit- 
able proportions in solvents which, differing considerably in specific 
eravity, are not solublein each other, and neither of which dis- 
solves the body in the other, and then, by violently shaking the 
solutions, and thus as it were effecting a mixture of the physical 
molecules, to bring about a mixture of colours. 

The perception of colours is here brought about by direct 
action, as in the experiment of mixing colours by reflexion, and 
not, as in the colour-disk, by after-action of the luminous im- 
pression. | 

Owing to the above-mentioned properties of the solutions, the 



400 Intelligence and Miscellaneous Articles. 

liquids after being shaken together gradually separate, and the 
two layers of liquid are seen unchanged. By suitably changing 
the degree of dilution of the solutions, or by altering the pro- 
portions, any desired colour-effect can be easily obtained; on the 
other hand, by adding suitable materials to one or the other solu- 
tion the duration of their mixture can be varied at will. 

To exhibit the action of a mixture of red and green colouring- 
matters, aldehyde green in amylic alcohol is used for one solution 
and cobalt salt in water for the other. Of the various preparations 
of aldehyde green, the purest should be taken, which dissolves 
easily in amylic alcohol with a colour like that of solutions of nickel 
salts. Itis not difficult just to hit the quantities in which the mixture 
appears of a dull white colour. Experiment shows that mixtures 
of pigments behave like mixtures of pure spectrum colours. Mix- 
tures of cobalt and nickel solutions can also be used to demonstrate 
the action of complementary colours; by the addition of ammonium 
or sodium chloride, or other alkaline salts, to the solution of cobalt, 
the separation of the mixed liquids, which otherwise takes place 
slowly, can be accelerated at will. In order to get as pure a white 
as possible, the illumination must be as intense as practicable, and 
the experiment made in front of a dark background, care being 
taken to avoid any white objects. ! 

To show the action of the mixture of blue and yellow colouring- 
matters, a solution of phenanthrenquinone in amylic alcohol may 
be used, which gives a yellow solution, and for blue a solution of 
ammonio-sulphate of copper. 

For the mixture of yellow and violet the same solution can be 
used for the yellow, and a mixture of cobalt and copper salts in 
water for the violet, the tint being as near that of the spectrum as 
possible.-—Wiedemann’s Annalen, No. 6, 1891. 

ON A REMARKABLE NEW ACID. BY TH. CURTIUS. 

In the course of his researches on Hydrazine the author has 
obtained an extremely interesting body, Azoimide, or hydrogen- 
nitride, the composition of which corresponds to the formula 

N\ 

IN 
In the pure concentrated state it is a colourless liquid of extremely 
pungent odour, which boils at 37° without decomposition, and can 
be distilled, though it sometimes explodes with great violence at a 
much lower temperature. In an aqueous solution it behaves just 
as a halogen acid; like these it is monobasic, and forms salts with 
readiness. These salts, which are nitrides, correspond exactly to 
the chlorides. Nitrogen silver, Ag,N, and the mercurous salt 
(N,),Hg, explode when heated, or by a blow, with great violence. 
Nitrogen ammonium, N,H,=N,(NH,), is a body which crystallizes 
in large brilliant prisms, which can be sublimed without decom- 
position.— Chemische Berichte, vol, xxiii. p. 38023 (1890). 
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LII. The Influence of Temperature on the Colour of Pigments 
By Epwarp L. Nicuoxs and Bensamin W. Snow*. 

Cyt knowledge of the laws which govern the changes of 
colour which many substances undergo when heated is 

very incomplete. Certain marked changes of colour which 
occur under the action of the blowpipe, and which are useful 
for the identification of the substance exhibiting them, have 
been noted and described, and some attempts have been made 
to show that these and other colour-changes foliow a general 
law. 

To Schceenbeint we owe the general observation that colours 
grow dark under the action of heat. H.J. Houston{ (1871), 
working in association with Elihu Thomson, studied a great 
number of substances and noted their change of hue when 
heated. They stated their conclusion as follows:—“.... the 
addition of heat causes the colour to pass from one of a greater 
to one of a less number of vibrations... .” 

Ackroyd § (1876), in a short but admirable paper, con- 
firmed the observation of a movement of colour-tones “ towards 
the red”? upon heating. He supplemented naked-eye obser- 
vations with spectroscopic study and reached the following 
result :—“ That metachromatism arises from increased ab- 

* Communicated by the Authors. 
Tt Poggendorff’s Annalen, xlv. p. 263. 
{ Journal of the Franklin Institute, 3rd series, xii. p. 115. 
§ “Metachromatism, or Colour Change,” Chemical News, vol. xxxiv. 

p. 76. } 

Phil. Mag. 8. 5. Vol. 32. No. 198. Nov. 1891. 2i 
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sorption of light with elevation of temperature, the more 
refrangible increment increasing at a greater rate than the 
less refrangible.” How accurate a statement of fact this is 
will appear when the measurements to be given in the present 
“paper have been described. 

The kindred topic of the influence of temperature upon 
absorption-spectra has claimed the attention of Gladstone”, 
Bartley f, and, very recently, of Conroy {. Hitherto, however, 
there have been but few efforts to analyse systematically 
the selective reflexion which takes place at the surface of 
pigments §, and no attempts to trace out quantitatively those 
variations in the amount and character of the reflected light 
which are brought about by the action of heat. 

It is our purpose in this paper to present the results of an 
investigation of the colour-changes which pigments undergo 
when subjected to wide ranges of temperature. The deter- 
minations included the spectroscopic analysis of the light from 
the pigment, with means of measuring its intensity, wave- 
length by wave-length, and the estimation of the temperature 
of the coloured surface. 

The method of determining temperature which seemed to 
present the fewest objections, consisted in supporting a thin 
layer of the pigment on a ribbon of platinum foil, which could 
be maintained at any desired temperature by means of the 
electric current, and then measuring the linear expansion of 
the foil. To this end a strip, 25 centim. in length and 
7 millim. wide, was cut from a sheet of platinum. ‘The strip 
was placed in the circuit of a Gramme dynamo, and heated 
to a cherry-red. The degree of incandescence, which was 
observed to be in all parts the same, afforded a sufhcient test 
of the uniformity of the foil. To the ends of this platinum 
strip were soldered brass rods, capable of carrying a heavy 
current without heating. These passed through the arms of 
a frame in which the strip was mounted, and one of them bore 
a compressed spiral spring, which served to keep the platinum 
ribbon properly stretched. By means of a dividing-engine 
two fine diamond rulings, 89 millim. apart, were drawn upon 
the foil at right angles to its length. Two microscopes, each 

* Philosophical Magazine, [4] xiv. p. 423 (1857). 
+ Proceedings of the Royal Society, xxii. p. 241. 
{ Philosophical Magazine, [5] xxxi. p. 317 (1891). 
§ With the exception of a few measurements made several years ago 

by one of us (Nichols, American Journal of Science, vol. xxvii. p. 343), 
the only quantitative study of the spectra of pigments with which we are 
acquainted is that contained in the recent paper of Abney and Festing on 
Colour Photometry (Phil. Trans. c]xxix. p. 549). 
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provided with a micrometer eyepiece reading to 00025 millim., 
were now focused upon these lines, so that when the strip 
expanded longitudinally, under the heating action of the cur- 
rent, the increment could be readily and accurately measured. 
The indications of this platinum thermometer enabled us to 

calculate the temperatures to which, from time to time, the 
foil and the film of pigment placed upon it were heated. In 
these computations we used Matthiessen’s well-known formula, 
in which the length of a platinum wire is expressed as a 
function of its temperature. This formula, 

1=/1,(1 + 00000851 ¢+ 00000000385 ¢”), 

was originally determined between 0° and 100° C., and is 
strictly applicable only within that range. Beyond its proper 
interval it doubtless yields false values, and for very high 
temperatures the correction may be a considerable one. 
Although the correction-factor is at present unknown, the 
equation gives a convenient arbitrary scale of temperatures, 
which possesses the advantage of being readily reduced to the 
Centigrade system when the proper formula shall have been 
determined. | 

In the preparation of the film of pigment one of the two 
following methods was employed. In the case of the oxides 
of zinc and of magnesium the foil was smoked over the fiame 
of the burning metal; in other cases the ribbon was well 
moistened with alcohol and the pigment was sifted upon it 
with a fine cloth, a quantity just sufficient to entirely conceal 
the metal being thus applied. Upon the evaporation of the 
alcohol there remained on the platinum a thin adherent layer, 
which possessed the natural surface of the dry powdered pig- 
ment, nearly free from gloss or surface-reflexion. 

The instrument by means of which the photometric mea- 
surements were carried out was a form of polarizing spectro- 
photometer. The arrangement of its several essential parts, 
together with that of the apparatus used in connexion with it, 
is shown in the accompanying diagram (fig. 1). FF is the 
platinum strip, the mounting of which has already been 
described. ‘To it were attached wires from a storage-battery 
of twenty cells, the amount of current, and consequently the 
temperature of the foil, being controlled by the variation of 
resistance inthe circuit. The letters mm denote the positions 
of the diamond-lines ; M M are the microscopes focused upon 
them for the measurement of temperature. ‘Lhe other side of 
the platinum foil, upon which the coating of colouring-matter 
is spread, is illuminated by an incandescent Jamp, L’, which 
is supplied from another storage-battery. Light from this 

2H 2 
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lamp, diffusely reflected from the pigment, enters a rectan- 
gular prism at B, where it suffers total reflexion and is thrown 

Fig. 1. 

) @ 1 
S 

C 

vertically downwards. The rays then enter another prism, 
identical in size and form with the first, which sends them 
through the upper half of the slit of the spectroscope in a 
direction parallel to the axis of the collimator-tube, 8 C. 

In multiple circuit with the lamp L’, and supplied from the 
same battery, is the precisely similar lamp L, which serves as 
the reference standard. Rays from this lamp are first ren- 
dered parallel by the lens of short focus A, and then, before 
reaching the collimator, pass through the pair of Nicol prisms, 
N and N’, which act respectively as polarizer and analyser. 
The light upon emerging from the analyser enters a pair of 
reflecting prisms similar to those which have just been de- 
scribed and symmetrically placed, and so through the lower 
half of the slit into the collimator and along a path every- 
where parallel to that followed by the light from the pigment. 

The disposition of the four right-angled prisms before the 
slit is shown in fig. 2. This arrangement offers a certain 
advantage over the usual devices for Fig. 2. 
introducing the rays of the com- 
parison-lig cht into the collimator-tube. 
The adjacent edges of the two inner 
prisms are in contact with the slit, 
and when viewed through the eye- 
piece they form a sharply defined 
boundary in the middle of the fieid. see a 
The result is that when two bundles 
of light are introduced by means of the device under con- 
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sideration, the spectra are separated by a much more clearly 
defined median line than can be secured with the ordinary 
comparison-prism at the slit. The sharpness of the inner 
boundary between the spectra to be compared has great 
influence upon the accuracy of the spectro-photometric de- 
termination ; indeed, where close measurements are desired, 
definition in this region may be regarded as essential. There 
is another condition which is met by the use of the four 
prisms. The selective absorption of the glass through which 
the light passes in a spectro-photometer is by no means 
negligible. ven in the clearest of optical glass the absorp- 
tion varies in a marked degree with the wave-length of the 
ray; and it is therefore important that the two sets of rays 
which are to furnish the spectra to be compared should be 
subjected to the same treatment, passing through the same or 
similar lenses and prisms and traversing the same total thick- 
ness of glass*. In the instrument used in our experiments 
this condition was fulfilled in every respect but one ; viz. the 
light from the comparison-lamp L passed through the con- 
densing-lens A and the two Nicol prisms which were not in 
the path of the rays from L’/. The method by which the 
absorption due to these was eliminated will be indicated later. 

After having traversed the collimator-tube, the rays from 
the pigment and those from the lamp L were dispersed by the 
prism p and passed on to the eyepiece. The field of view 
consisted of two spectra situated one above the other. By 
means of an adjustable diaphragm in the eyepiece any desired 
region of the spectrum could be isolated. When thus restricted 
the field consisted of two narrow vertical strips of colour, 
separated by a black line which was the image of the adjacent 
edges of the reflecting-prisms before the slit. The two 
strips of colour were identical in wave-length and differed only 
inintensity. The brightness of the lower depended upon that 
of the comparison-lamp L, and upon the angle between the 
polarizing-planes of the Nicol prisms. Of these last the 
polarizer N (fig. 1) had freedom of rotation, and was provided 
with a circle reading to five minutes of are. The brightness 
of the upper field depended upon the amount of light, of the 
wave-length in question, reflected by the pigment under 
investigation. The spectrum of the comparison-lamp, aithough 
reduced by polarization, and by absorption and reflexion 
suffered in traversing the lens A and the calcite prisms, was 

* Abney and Festing, in their paper on Colour Photometry, already 
cited, have pointed out the importance of this precaution (see p. 549 
of their monograph). 
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still much the brighter of the two. The measurements con- 
sisted in turning the movable Nicol until the spectrum of 
lamp L was reduced, region for region, to equality with that 
of the spectrum due to the pigment, 

In presenting the results of measurements with the spectro- 
photometer it is not always desirable to reduce the intensities 
to absolute measure, since it is with the luminosity rather than 
with the distribution of energy that we have to do. One of 
the most satisfactory ways of defining colour is to compare it 
with white as a standard, and that is the method which we 
have adopted for the purposes of this investigation. The 
ideal white is one which reflects all the wave-lengths of the 
visible spectrum in the same proportion. Whatever be the 
character of the illumination to which a body the colour of 
which is the ideal white is subjected, therefore, the incident 
and reflected rays will be identical in quality. Since no such 
body is known to exist, however, it becomes necessary to 
select some actual pigment as a reference-standard. 

Dr. Arthur Keenig, in one of his papers on colour-blindness, 
has suggested the adoption of magnesium oxide, obtained 
from the smoke of the burning metal, as the normal white * 
Between this substance and magnesium carbonate, which one 
of the present writers has repeatedly used as a standardft, 
there is little to choose, so far as selective reflexion is con- 
cerned. Neither of them can be considered a true white, in the 
sense in which that term is to be understood in spectro- 
photometry {, but the oxide possesses two great advantages: 
the film is very readily produced, and the tint and the degree 
of brilliancy reappear in each new specimen with a constancy 
which leaves nothing to be desired. In our experiments, then, 
magnesium oxide was adopted as the reference-white, and the 
ideal white, in terms of the brightness of which all pigments 
were to be measured, was defined as a surface which, reflecting 
all wave-lengths of the visible spectrum equally well, possesses 
the same reflecting-power for the wave-length *5890 (region 
of the D line) as does the smoke-film of magnesium oxide. 

Our first step was to determine the correction-factor for the 
select've absorption suffered by the light from the lamp L, in 
traversing the lens A, and the Nicol prism. For this purpose 
a block of the carbonate of magnesium was cut in two. The 

* Wiedemann’s Annalen, xxii. p. 573. 
' E. L. Nichols, American Journal of Science, XXviil. p. 348. 
t E. L, Nichols, “On Black and White,” Transactions of the Kansas 

Academy of Science, vol. x. p. 1 (1886). 



Temperature on the Colour of Pigments. 407 

new faces thus formed were rubbed together until they had 
acquired complete identity of surface-texure. One of the 
pieces was placed in the position usually occupied by the 
lamp L, the lamp itself being set up about ten centimetres 
away. The newly prepared surface was illuminated by the 
lamp, and it made an angle of 45 degrees with the axis 
of the polarizing prisms. The other piece of the carbonate 
was mounted in place of the platinum strip, and in the same 
manner as the first one. It was illuminated by rays from L’, 
which had been removed to a sufficient distance to restore the 
ratio of brightness of the two spectra to a convenient value. 
The spectra of the rays reflected by these two identical sur- 
faces were compared, wave-length for wave-length, from red 
to violet. The difference, which was indeed most striking, 
could be due only to selective absorption by the condensing- 
lens and the Nicol prisms. Subsequent measurements, made 
when both pieces of magnesium carbonate were illuminated 
by the same lamp, showed that L and L’, which were lamps 
of the same type carefully adjusted to the same temperature, 
emitted the same quality of light, so that no correction for 
difference of illumination was necessary. It was not essential 
to our purpose to determine what portion of loss by absorp- 
tion was due to the action of glass and what to calcite, but 
the effect of the two taken together was so surprisingly large 

_that it seemed well worth while to separate them. This was 
readily accomplished by repeating the comparison of the 
spectra with the lens removed, a condition under which 
absorption within the calcite alone remained. The data 
obtained in these experiments upon the selective absorption 
in glass and cale-spar have no direct bearing upon the subject- 
matter of this paper. As they are in themselves of some 
interest, howéver, they will be communicated under a distinct 
title. 

This preliminary investigation being completed and the 
correction-factors for absorption fixed upon, we proceeded to 
study the spectrum of magnesium oxide at 25° UC. This was 
not one of the substances from which we expected marked 
effects as the result of heating, but we were anxious to deter- 
mine in what manner it differed from true whiteness. The 
brightness of its spectrum in the region of the D-line, more- 
over, was the value to which all subsequent measurements 
were to be referred. Measurements were made at seven 
points in the visible spectrum, the wave-lengths of which are 
given in Table I. The brightness of each region is expressed 
in terms of that of the corresponding region in the spectrum 
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of the ideal white (already defined) ; a method which was 
followed in the case of all subsequent determinations. The 
results are shown graphically in fig. 8. In this diagram and 
in all that follow it, abscissee are wave-lengths and -ordinates 
are intensities. The spectrum of the normal white in each 

Fig. 3. 

case would be represented by a horizontal line, the ordinate 
of which is 1:00. It will be seen that the magnesium oxide 
differs from the ideal white in that it reflects the less refran- 
gible rays more freely than it does those of shorter wave- 
length. The deficiency increases steadily towards the violet, 
where, in the region ‘425, the pigment reflects only sixty-one 
one hundredths as much light as the ideal white would have 
done under the same illumination. The strip of foil, still 
bearing the smoke-film of magnesium oxide, was afterwards 
brought to 758° C., and the measurements were repeated with 
the pigment at that temperature. ‘The values obtained (see 
Table I.) show a very slight decrease in reflecting-power but 
no change of colour. 
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TaB.E I.—Reflecting-power of Magnesium Oxide at 25° and 
758°, in terms of that of the ideal White. 

; Temperature of the pigment: 
Wave-lengths. 

2o- C: FiSis (Oe 

p. 
"7530 
6685 1:021 0-988 
‘6080 0994 
D570 0-980 0-966 
5185 0-949 0-892 
4500 0-806 0737 
"4250 0614 05843 

First on our list of substances from which marked changes 
of colour under the action of heat might be looked for was 
sulphur. Hvery one is familiar with the increase in the inten- 
sity of the yellow hue when this substance is heated to tem- 
peratures in the neighbourhood of its melting-point. Our 
interest had been particularly aroused, however, by a state- 
ment of E. Wiedemann’s to the effect that, when exposed to 
the intense cold obtained by contact with solid carbon dioxide, 
sulphur is not yellow, but white. Professor Wiedemann * 
alludes to this as to a well-known fact ; but it was quite new 
to us, and we repeated the experiment, extending it to various 
other pigments, with results which will be described later. 

For the purpose of the determination of the spectrum of 
sulphur, a layer of the powdered element was prepared by the 
method of moistening with alcohol, already described. When 
the film was dry, it was measured at 25° and at 103° C. The 
results are given in Table II. and in fig. 4. 

Tape I1.—Reflecting-power of Sulphur at 25° and at 103°, 
in terms of that of the ideal White. 

Tntensities Intensities 
Wave-lengths. at 25° ©. at 103° ©. 

pP- 

"6685 0°682 0:457 
“6080 0°651 
*5570 0°634 0-368 
-4920 0:571 0°332 
4685 0°318 0-205 
“4500 0°163 0:094 
4340 0:055 0-040 

The spectrum-curve of sulphur (fig. 4) is characteristic ; 

* Beiblitter zu den Annalen der Physik, xii. p. 791. 
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massicot (fig. 6), of the yellow variety of mercuric iodide } 

Fig. 6. \ 

Fig. 7. 

A EOD TE Fs |e 

(fig. 7), or of lead chromate, the curve of which has 
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been given in one of the articles on colour already 
cited *. 

All these substances show marked decrease of reflecting- 
power as we pass through the spectrum from red to violet. 
In the case of sulphur, the diminution is much less rapid than 
in other yellows until the region of the F line of Fraunhofer 
is reached. ‘The curve then trends sharply downwards, indi- 
cating very rapid lessening of the reflecting-power towards 
the violet end of the spectrum. 

The films of massicot and mercuric iodide were orepeeet 
as follows :—Coatings of red lead and of the red variety of 
mercuric iodide respectively were laid on in alcohol. When 
these were heated by the passage of the current, they were 
converted into the monoxide of lead (PbO) in the one and 
into the yellow form of the iodide in the other. The change 
took place spontaneously, when the requisite temperature was 
reached, without any disturbance of the film, and the colour 
of the pigment thus obtained was uniform and of uncommon 
brilliancy. The unstable yellow mercuric iodide, however, 
began to revert to the red form almost as soon as it became 
cold, and measurements were obtained in four regions only. 
The coating of molybdic acid was prepared by treatment with 
alcohol. 

The results of our measurements of the spectra of these 
three substances are given in Tables ILI, 1V., and V. 

Tasie III.—Reflecting-power of Molybdic Acid in terms of 
that of the ideal White. Temperatures, 25° and 272°C. 

| 

Intensities at Intensities at 
Wave-lengths. 25° C. 972° (: 

7530 Danie 0°720 
6685 0-695 0:°596 
"6080 0613 0°465 
"5570 0517 0°335 
4920 0:309 0-101 
‘4685 0:139 
"4500 0:068 0:040 
4340 0:045 

* See American Journal of Science, xxviii. p. 346. 
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Tas_E [V.—Reflecting-power of Massicot (PbO) in terms of 
that of the ideal White. Temperatures, 25°, 540°, and 
825° C. 

Wave-lengths. 

pl. 
"7530 
6685 
6080 
"D570 
4920 
"4500 
“4250 

In addition to the results of measurements made upon the 
yellow iodide of mercury, Table V. contains data for the red 

The other red pigments subjected 

Intensities 
at 25°C. 

0-585 
0-502 
0-393 
0°356 
0'239 
0:096 
0-060 

variety at 25° and at 122°. 
to investigation were :—-Red lead (Table VI., fig. 8), sulphide 

Intensities 
at 540° C. 

Intensities 

at 825° C. 

0-255 
0199 
0-117 
0:066 
0:057 

0:040 

of mereury, Hg,S (Table VIL, fig. 9), and mercuric oxide, 
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Fig. 9. Y: 

A BC 

HgO (Table VIIL., fig. 10). 

D Foe ae 

A specimen of ferric oxide, 
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Fe,O3, which was measured at three temperatures (see 
Table 1X., fig. 11), could not be properly classified as a red. 
It was the ordinary, well-known, rust-coloured powder. 

Bios Hi 

TaBLeE V.—Reflecting-power of Mercuric [odide in terms of 
that of the ideal White. ‘Temperatures, 25° and 122°C. 

Red Variety. Yellow Variety. 

Wave-lengths. 
Intensities Intensities Intensities at 
atiZo° ©: at 22°C; 25° C; 

jl. 
"7530 0°895 0°846 
"6689 OF rr(l 0-744 0-776 
“6080 0-330 0-066 0:635 
*5d70 0-050 0-046 0-561 
-5185 0-058 
4920 ~. 0:054 0-044 
4500. 0:055 0:032 0-091 
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Taste VI.—Reflecting-power of Red Lead in terms of that 
of the ideal White. 

Intensities Intensities Intensities 
Wave-lengths. | “34 95° G, at 145° C. at 495°C. 

7530 0:893 0-757 0-414. 
‘6685 0-685 0-569 0-132 
6080 0-451 0-153 0-061 
5570 0-076 0-052 0-052 
4920 0-065 0-048 0-058 
4500 0-036 0°034 0-034 

Taste VII.—Reflecting-power of the Sulphide of Mercury 
(Hg,8) in terms of that of the ideal White. Temperatures, 
25° and 220° C. 

Wave-lengths. ee a at gee at 

L. 
7530 0:853 0:333 
"6685 0-710 0:237 
‘6370 0°465 0:059 
°5820 0:038 0-021 
*5d70 0:030 
“4920 0-025 0:017 
"4340 0-019 0:026 

Taste VIII.—Reflecting-power of Mercuric Oxide (HgQO) 
in terms of that of the ideal White. Temperatures, 25°, 
313°, and 523° C. 

Intensities Intensities Intensities 

Wave-lengths. | “34 95° 0, at 313° C. at 523° C. 

Hl. 
"7530 0°849 0°612 0-266 
6685 0678 0:221 0161 
6080 0-381 07112 0:104. 
*5570 0:119 0:083 0:082 
-4920 0-093 0-080 0:093 
“4685 0:093 
-4500 0:095 0-101 0-111 
-4250 0:055 0:063 0:063 
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TaBLE IX.—Reflecting-power of Ferric Oxide (Fe,0,) in 
terms of that of the ideal White. Temperatures, 25°, 
493°, and 687°C. 

Intensities Intensities Intensities 

Wave-lengths. | “44 95° ¢, at493° C. at 687° C. 

| i. 
| 7530 0:308 0-113 0:123 

‘6685 0°180 0:072 0-070 
“6080 0:095 0:041 0-044 
5570 0:026 0:035 0°035 
‘4920 0:042 0-042 0:046 

| 4500 0:029 0-030 0:024 

Our study of green and blue was a very cursory and in- 
complete one. It was confined indeed to the examination of 
chromic oxide and “ artificial ultramarine.”” The former was 
of a very dull green colour. It was the usual preparation of 
the chemical laboratory, and not the more brilliant variety 
known as chrome-green. 

On account of the very small amounts reflected by these 
pigments, the measurement of their spectra was attended with 
some difficulty. The results obtained, for which the same 
degree of accuracy as in the case of the foregoing deter- 
minations is not claimed, are given in Tables X. and XI. 
In the accompanying diagrams abscissee are on the usual 
scale, but ordinates are increased five-fold. 

It was evident to the unaided eye that the result of heating 
the ultramarine was to alter its hue permanently. A few 
measurements upon the cooled pigment were therefore made 
to determine the amount of the change. ‘Ihe results, which 
indicate very marked alteration in the colour of the substance, 
are given by themselves in Table XI. 

Taste X.—Reflecting-power of Chromic Oxide (Cr,O3) in 
in terms of that of the ideal White. Temperatures, 25°, 
360°, and 730° C. 

Tntensities Intensities | Intensities 
Wavelengths. | 549590, | - at360° 0. at 730° C. 

7530 0-058 0°042 0:059 
6685 0:062 0-054 0:070 
6080 0:056 0-078 0-070 
5570 0:098 0-069 0-054 
5185 0:073 0:044 0:037 
4920 0:046 0:038 0:028 
4500 0°029 0-032 0-017 

ni. Magesy d= Vol. a2. No, 198. iVov. 1891, |), 28 
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TaBLE XI.—Reflecting-power of Artificial Ultramarine in 
terms of that of the ideal White. Temperatures, 25°, 
500°, and 773° C. 

Intensities | Intensities | Intensities Intensities 
7 c Wave-lengths. | “a4 25°C. | at 500°C. | at773°C. | (after heating). 

| 
| 
| 

| 
os 530 | 0-028 0-027 0:037 0-027 
6685 0-026 0-021 0-042 0-021 
OT me UU ae 0-017 0-021 0021 
4920 0) 0-042 0038 0-080 
4685 ‘0 75 
"4590 0:243 | 
4500 0:224 0-057 0-048 0-124 
“4410 0232 
4340 0-179 
4290 0-145 
‘4250 0-118 0-022 0-020 

The curves for chromic oxide (fig. 12) present a peculiarity 

Fig. 12. 

in the shifting of the maximum of reflecting-power from the 
green into the yellow, which is not met with in the case of any 
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of the other pigments studied. It is interesting to compare 
it in this respect with ultramarine (fig. 13), in which there 

Fig. 13. 

iran d C1 Duley Fy ve 

is a well-defined maximum in the blue, which is cut down 
in heating without any lateral displacement of the curve. 

Both chromic oxide and ultramarine had been measured 
in the course of the earlier investigation on the spectro- 
photometry of pigments, to which reference has already been 
made. A comparison of the curves then published with 
those plotted from the data contained in Table XI. shows the 
ultramarine used in the original experiments to have been of 
very nearly the same brilliancy in the blue as the later 
specimen. ‘The chromic oxide, however, was more than three 
times as bright in the green as that to which the quantities in 
Table XI. refer. 

The series of experiments which have been described in- 
cluded also measurements of lamp-black, hot and cold, and of 
the oxide of zinc. 

Our purpose in the study of lamp-black was simply to 
determine whether this substance, like the other pigments 
subjected to measurement, decreased in reflecting-power with 
rise of temperature, and if so, to what extent. 

oie? 
al aan 
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The changes in passing from 25° to 469°C. were found to 
be slight. Readings were made in three portions of the 
spectrum only, but in each of these the reflecting-power of 
the hot lamp-black is less than that of the cold. See 
Table XII. | 

TABLE XII.—Reflecting-power of Lamp-Black in terms of 
that of the ideal White. Temperatures, 25° and 469° C. 

Wave-lengths. 
Tntensities at Intensities at 

25° C. 469° C. 

——————_— ————___ —— |  —7,7"n | ee 

pL. 

‘6685 00055 00053 
‘5570 0:0072 0-:0061 
“4920 0:0073 0:0069 

Zine oxide was one of the pigments from which we ex- 
pected to obtain very definite and well-marked results. The 
change of this substance from white to lemon-yellow, under 
the blowpipe, is one of the most familiar of colour-reactions. 
We anticipated no difficulty in fixing the precise nature of 
the changes which take place with rise of temperature. 
Films obtained by smoking the platinum foil over the flame 
of burning zinc were studied by the methods which already 
have been described in this paper. Our measurements yielded 
most erratic and, at first sight, inconsistent results. It soon 
became evident that in the study of the selective reflexion 
from zine oxide at different temperatures we had to deal with 
a set of very complex phenomena ; and it was indeed not 
until we had completed an investigation of the radiation 
of zinc oxide at high temperatures, a piece of work the results 
of which are to form the subject of another paper, that we 
were in position to understand the behaviour of that substance 
as regards reflecting-power. Our study of the radiation of 
the oxide at temperatures above the red heat showed the light 
emitted to be strongly selective, in the sense of differing 
greatly in distribution from that emanating from incandescent 
carbon or platinum at the same temperatures. It was found 
also that the character and intensity of the radiation were 
functions of time as well as of temperature. Hvery sharp 
fluctuation in radiating-power had its counterpart in colour- 
changes of the pigment, as viewed by reflected light, and 
the difficulty which we had experienced in measuring the 
pigment arose from the fact that we had to deal with a 
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luminescent surface of extremely evanescent and unstable 
character. At the time that our measurements of the re- 
flecting-power were made, our knowledge of the conditions 
to be met was very incomplete. It is not possible by means 
of the data obtained to trace accurately the changes of colour 
which the oxide undergoes between ordinary temperatures 
and the red heat, to say nothing of the rapid time-changes 
which must take place at some of the higher temperatures. 
It is easy, however, to detect certain typical changes which 
the colour-curves undergo. The data given in Table XIII. 
have been selected with a view to illustrating these types. 

The readings at 25°, 578°, 750°, and 815° were made with 
the same coating and in the order named. Aset of measure- 
ments made at 884° have been discarded because they were 
to some extent vitiated by the presence of light directly 
radiated. An attempt was made to estimate the amount of 
such light and to apply a correction. The result was un- 
satisfactory. The four sets just mentioned have been plotted 

Fig. 14 

together in fig. 14. The curves show, for the cold oxide, a 
spectrum weak both in the red and violet, with marked 
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indications of absorption between ‘Su and *6u. At high 
temperatures this absorption in the yellow disappears, and we 
see the gradual development of a maximum in the red. The 
case is of interest in that it is the only one in which reflecting- 
power at high temperatures exceeds that at lower temperatures 
for any considerable portion of the visible spectrum. The 
spectrum shown in fig. 14 is characteristic for zinc oxide at 
25°, the same curves being obtained whenever a film was 
measured. The curves for high temperatures, however, were 
found to be applicable only to a single film, the variations 
being due to causes which we were not in a position to con- 
trol. Another typical form is shown in fig. 15, in which the 

curve for 600° is that which characterizes a simple sulphur- 
yellow (compare with fig. 4). The curve for the cold film 

Fig. 15. 

in this case, however, differs in no essential from that which 
had been obtained from the film to which the previous figure 

pertains. 
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Taste XI{I.—Reflecting-power of Zine Oxide in terms of 
that of the ideal White. Temperatures (A), 25°, 578°, 
750°, and 815°C. (B) 25° and 600°C. 

(A) Intensities at (B) Intensities at 
Wave- 

lengths. | | 
25°. yisiematee 1S Oe: 815°. 25°. 600°. 

7530 Ooro” | 05640 [eres 0-769 || 0654 0-797 
"6685 0779 | 0734 | 0793 | 0854 || 0-794 0°685 
5570 0-705 | 0759 | 0712 | 0650 || 0-691 0-587 
"4920 0-749 | 0-707 | 0569 ; 0549 | O727 | 0-532 
"4500 0620 | 0-501 | 0:238 | 0-150 || 0:598 0°347 
4250 0-486 | 0178 | 0:049 | 0-049 0:470 0-076 

In these experiments we investigated comparatively few of 
the long list of substances given by Houston and Thomson 
as subject to colour-change by heating, or of those catalogued 
by Ackroyd as “ meta-chromic.” A sufficient number were 
tested, however, to make it clear that colour-change by 
temperature is a very general phenomenon ; also that the 
statements of Schoenbein, and of the later authors just men- 
tioned, are accurate, in so far as their methods enabled them 
to observe the facts. 

Our results may be summarized as follows :— 
1. None of the pigments tested equals the ideal white in 

reflecting-power, even in that part of the spectrum for which 
its reflecting-power is greatest. 

2. The reflexion spectrum of pigments arises from two dis- 
tinct sources: (a) light reflected from the surface of the 
substance ; (0) light reflected from interior faces. The light 
reflected from the surface is nearly white. Its brightness 
varies from about 2 per cent. (as in HgS) to nearly 10 per cent. 
(as in HgO). It is to the light internally reflected that the 
pigment owes its colour. 

3. The effect of heating a pigment is invariably to diminish 
its reflecting-power, the diminution being as a rule more 
marked in regions of greatest refrangibility. 

4, The changes of colour, observable when a pigment is 
heated, are due to this unequal loss of reflecting-power, and 
the effect which has been described as “a shitting of the 
colour towards the red,” arises from the fact that the loss of 
brightness is least in the red and increases rapidly as we pass 
towards the violet end of the spectrum. There are cases, 
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however, like those of chromic oxide and the oxide of zinc, 
in which a shifting of a region of maximum of reflecting- 
power towards the longer wave-lengths actually occurs when 
the pigment is heated. 

It had been our purpose in the investigation just described 
to extend our spectro-photometric measurements to the very 
low temperatures obtainable by the use of solid carbon 
dioxide, but we have been compelled by lack of time to content 
ourselves with noting such changes as could be detected with 
the unaided eye. ‘The change observed was in every case 
that which would be brought about by increase of reflecting- 
power. There was no increase in the saturation of the 
colour, rather, on the other hand, a paling or dilution of the 
tint, as though there were a tendency towards white. Houston”, 
who made a similar set of observations at the higher tempera- 
tures reached by the evaporation of carbon bisulphide or 
sulphurous acid, arrived at a similar result. Ackroyd, from 
theoretical considerations, concluded that as the absolute zero 
is approached the prevailing tints of pigments will be blues 
and violets, merging finally into white. 

Ackroyd, Hartley, as also Houston and Thomson, and still 
earlier Schcenbein and Brewster, have had something to say 
concerning the explanation of these phenomena. ‘Their 
various views need not be touched upon here, unless it be to 
call attention to the opening paragraph of Ackroyd’s paper, 
which contains an important statement. Ackroyd says :— 
“These changes embrace a class of phenomena, quite as 
important in their way as’ phosphorescence and fluorescence, 
with which in fact they are intimately connected.” It is our 
opinion that the connexion is indeed a most intimate one, and 
that every change of colour that pigments undergo is to be 
regarded simply as a symptom of changes in the radiating- 
power of the substance. 

Physical Laboratory of Cornell University, 
June 1891. 

LIT. Dynamical Problems in Illustration of the Theory of 
Gases. By Lord Rayurien, Sec. R.S.T 

Introduction. 

i Rees investigations, of which a part is here presented, had 
their origin in a conviction that the present rather un- 

satisfactory position of the Theory of Gases is due in some 

* Loe. cit. p. 123. 
+ Communicated by the Author. 
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degree to a want of preparation in the mind of readers, who 
are confronted suddenly with ideas and processes of no 
ordinary difficulty. For myself, at any rate, I may confess 
that I have found great advantage from a more gradual 
method of attack, in which effort is concentrated upon one 
obstacle at a time. In order to bring out fundamental sta- 
tistical questions, unencumbered with other difficulties, the 
motion is here limited to one dimension, and in addition one 
set of impinging bodies is supposed to be very small relatively 
to the other. The simplification thus obtained in some 
directions allows interesting extensions to be made in others. 
Thus we shall be able to follow the whole process by which 
the steady state is attained, when heavy masses originally at 
rest are subjected to bombardment by projectiles fired upon 
them indifferently from both sides. The case of pendulums, 
or masses moored to fixed points by elastic attachments, is 
also considered, and the stationary state attained under a one- 
sided or a two-sided bombardment is directly calculated. 

Collision Formule. 

If w', v' be the velocities before collision, u, v after collision, 
of two masses P, Q, we have by the equation of energy 

Ga? 7) + Qe? Soa 0) ee we 

and by the equation of momentum, 

P (ul —u) + Q(v'—v) =0. wn, a C2) 

From (1) and (2) 
Ei a) ihre. 1) eon (8) 

or, as it may be written, 

ul —v =v—u, 

signifying that the relative velocity of the two masses is re- 
versed by the collision. From (2) and (8), 

(P+ Q)u'= (P—Q)u+2Q-v 

(P4+Q)=2Put(Q—P)» F 
As is evident from (1) and (2), we may in (4), if we please, 
interchange the dashed and undashed letters. ‘Thus from the 
first of (4), © 

(4) 

(P+Q)u =(P—Q)u' +200, 
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or 
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In the application which we are about to make, P will denote 
a relatively large mass, and will denote the relatively small 
mass of what for the sake of distinction we will call a pro- 
jectile. All the projectiles are equal, and in the first instance 
will be supposed to move in the two directions with a given 
great velocity. After collision with a P the projectile re- 
bounds and disappears from the field of view. Since in the 
present problem we have nothing to do with the velocity of 
rebound, it will be convenient to devote the undashed letter v 
to mean the given initial velocity of a projectile. Writing 
also g to denote the small ratio Q: P, we have 

; 2¢ : 5 
uU=u+ 72) Me d(C) 

if w and v be supposed positive, this represents the case of 
what we may call a favourable collision, in which the velocity 
of the heavy mass is increased. If the impact of the pro- 
jectile be in the opposite direction, the velocity wu’, which 
becomes u after the collision, is given by 

2 | 
aut). Cama yee). (1) 

The symbol v thus denotes the velocity of a projectile with- 
out regard to sign, and (7) represents the result of an un- 
favourable collision. 

wut 

Permanent State of Pree Masses under Bombardment. 

The first problem that we shall attack relates to the ultimate 
effect upon a mass P of the bombardment of projectiles 
striking with velocity v, and moving indifferently in the two 
directions. It is evident of course that the ultimate state of 
a particular mass is indefinite, and that a definite result can 
relate only to probability or statistics. The statistical method 
of expression being the more convenient, we will suppose that 
a very large number of masses are undergoing bombardment 
independently, and inquire what we are to expect as the 
ultimate distribution of velocity among them. If the number 
of masses for which the velocity lies between wand w+du be 
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denoted by /(w)du, the problem before us is the determination 
of the form of /(u). | 

The number of masses, whose velocities lie between w and 
u+du, which undergo collision in a given small interval of i | 
time, is proportional in the first place to the number of the 
masses in question, that is to f(u) du, and in the second place i 
to the relative velocity of the masses and of the projectiles. In 
all the cases which we shall have to consider v is greater | 
than wu, so that the chance of a favourable collision is always | 
proportional to v—w, and that of an unfavourable collision . i 
tov+u. It is assumed that the chances of collision depend » | 
upon wu in no other than the above specified ways. The | 
number of masses whose velocities in a given small interval i 
of time are passing, as the result of favourable collisions, 
from below wu to above uw, is thus proportional to ae | 

“ i | 
free) C0) ohm ee alse 0) | 

u! i | 

where w’ is defined by (6); and in like manner the number | 
| which pass in the same time from above wu to below u, in con- 

sequence of unfavourable collisions, is 

uw” being defined by (7). In the steady state as many 
must pass one way as the other, and hence the expressions 
(8) and (9) are to be equated. The result may be written in | 
the form | 

“a { if a i. be (o)dw= | “who di. (10) | 

Now, if g be small enough, one collision makes very little 
impression upon u; and the range of integration in (10) is | 
narrow. We may therefore expand the function f by Taylor’s i 
theorem :— 

Fw) =f (Yu) + (wrw) f/(u) E(w uy? fp" (u) +. 65 | | 

1 (ee Neo av san a a tg 9) | 
u 

| 

so that 

\f (w)dw=w f (uw) +3(w—u)f'(u) +h(w—u)?f"(u) + oe, 
mn uy" f 

. 

| hy (w) de = (2u—u'—w"') f (u) | . | —4{(w—u)? + (uw —u) tf’ (u) +... 
=— Be) aie (v? +?) f’(u)+cubes of g. (11) mn 

Iq Ca | 
i 

* In the present problem v,=v; but it will be convenient at this stage } 
to maintain the distinction. 

t 
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Also 

| Jw f(w)dw= (4 (w —u)+u} f(w)dw 

=}(w—u)’f (vu) +$(w—u) fu) +... 

+uf(u){wf(u)+4(w—u)?f"(u)+ .. 23 
so that 

(1 (OD) To f(D) a 9!) 

"Sh fw) + usu) tf (uw)? (w =n) + 
= w+ G Ae) +uf") ) pcnbedoe ge 

As far as g” inclusive (10) thus becomes 

49% af i 2 rem e CS ay (vo? + uw?) fF" ( (u) 

4 ae 
+ ty @) + Golf wW+ef" t= 

or 

uflu){(L—g)o + (L+ g)e} tf" (u) tore + (er + 20) 5 =0. 
If v=, ¢ disappears from the first term as it stands, and 
will do so in any case in the limit when it is made infinitely 
small. Moreover, in the second term wu? is to be neglected in 
comparison with v’. We thus obtain 

uf (u{l+v/yit+qvf(uy=0 . . . (18) 

as the differential equation applicable to the determination of 
Ff (w) when q is infinitely small. The integral is 

qv log f (u) +4(1 + v,/v)w? = constant, 
or 

Ff (u) Ae, coca) 4) on): Seles) 
where 

a 1 a vfvy | 

Ge 
4) iS ea 

or, if vy =2, 
h= ques 2. + | ee 

The ultimate distribution of velocities among the masses is 
thus a function of the energy of the projectiles and not other- 
wise of their common mass and velocity. The ultimate state 
is of course also independent of the number of the projectiles. 
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The form of f is that found by Maxwell. To estimate the 
mean value of u? we must divide 

(ae uf (u)du by [s i (w) du. 
—o 

Now 

wea 1 dy = —4qv* {ue — \ e~ Pia? dur, 
so that 

—a 

+0 ++ 00 

i) weviedn=age | euitde. 

The ratio in question is thus $qv’, showing that the mean 
kinetic energy of a mass is one half that of a projectile, 
deviating from the law of equal energies first (1845) laid 
down by Waterston. We must remember, however, that we 
have thus far supposed the velocities of the projectiles to be 
all equal. 

The value of A in (14) may be determined as usual. If 
N be the whole (very great) number of masses to which the 
statistics relate, 

+o +2 

n= { F (wu) du =A{ e~“ lt du= AvV (19) 3 

so that 
: N 

; —=—— elon a e ° e ay I (u)du Tea e du (15') 

If we were to suppose that the chances of a favourable or 
unfavourable collision were independent of the actual velocity 
of a mass, there would still be a stationary state defined by 
writing v;=0 in (15). Under these circumstances the mean 
energy would be twice as great as that calculated above. 

It is easy to extend our result so as to apply to the case of 
projectiles whose velocities are distributed according to any 
given law F(v), of course upon the supposition that the pro- 
jectiles of different velocities do not interfere with one another. 
We have merely to multiply by F(v)dv and to integrate be- 
tween 0 and ©. Thus from (13) we obtain 

2u f(u) {oF dv + ur) oh @)do=0, 4) Gn) 

If F(w)=e-*”, we find 

foe dv = — = {orem — | em 2p dv} ; 

Sa ey oe Het rete ar a ee 
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so that 
-++0 st 1({ +2 

ve-hde = rf vem dv. , ae anenen 
0 7 kJ. 

Our equation then becomes 

Zhu f(a) +97 (u) =0, 
elving 

Twa here eee 

The mean energy of the masses is $9/k, and this is now equal 
to the mean energy of the projectiles. We see that if the 
mean energy of the projectiles is given, their efficiency is 
greater when the velocity is distributed according to the 
Maxwell law than when it is uniform, and that in the former 
case the Waterston relation is satisfied, as was to be expected 
from investigations in the theory of gases. 

It may perhaps be objected that the law e-*” is inconsistent 
with our assumption that vis always great in comparison with 
u. Certainly there will be a few projectiles for which the 
assumption is violated ; but it is pretty evident that in the 
limit when q is small enough, the effect of these will become 
negligible. Hyen when the velocity of the projectiles is 
constant, the law e~“/”" must not be applied to values of u 
comparable with v. 

The independence of the stationary state of conditions, 
which at first sight would seem likely to have an influence, 
may be illustrated by supposing that the motion of the masses 
is constrained to take place along a straight line, but that the 
direction of motion of the projectiles, striking always centri- 
cally, is inclined to this line at a constant angle 0. 

If u' be the velocity of the mass (unity) before impact, 

and wu after impact, B the impulsive action between the mass 
and the projectile, 

u—u'=B cos @. 

Also, if v, V be the velocities of the projectile (q) before and 
after impact, 

qv—V)=B; 
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so that 
qg(v—V) cos @=u—wi. 

By the equation of energy 

u?—u?=q(v?—V’). 

‘From these we find, as before, 

Pot 2q cos? 8 hy 2). 
pst ies lo eal cos 6 

This may be regarded as a generalization of (6); and we 
see that it may be derived from (6) by writing v/cos @ for v, 
and qcos*@ for g. In applying equation (10) to determine 
the stationary state, we must remember that the velocity of 
retreat is now no longer w, but w cos 0, so that (10) becomes 

‘ iS it i 1/@)do= les cosy Ona: 

The entire effect of the obliquity @ is thus represented by 
the substitution of v/cos @ for v, and of g cos? @ for g, and since 
these leave gv® unaltered, the stationary state, determined by 
(15), is the same as if 0=0. 

The results that we have obtained depend entirely upon the 
assumption that the individual projectiles are fired at random, 
and without distinction between one direction and the other. 
The significance of this may be illustrated by tracing the 
effect of a restriction. If we suppose that the projectiles are 
despatched in pairs of closely following components, we should 
expect that the effect would be the same as of a doubling of 
the mass. If, again, the components of a pair were so pro- 
jected as to strike almost at the same time upon opposite sides, 
while yet the direction of the first was at random, we should 
expect the whole effect to become evanescent. These antici- 
pations are confirmed by calculation. 

By (9) the velocity w,’, which on collision becomes w, is 

Pret | ae 
m'= pas er 

so that the velocity, which after two consecutive collisions 
upon the same side becomes u, is given by 

U3 

Us ans = 

eee) 4qv 
7 1294? 1294 @) 
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The masses which by single collisions at velocity v would 
ultimately produce the same effect as these pairs are therefore 
very approximately 29. 

If the projectiles be distributed in pairs in such a way that 
the components of each strike nearly simultaneously and upon 
opposite sides, 

i ea@ Gla ¢ 2qv } re 2qv 
Gb bese 1—g = 159 1—q 

eas Aq'v 
Gale. clara 

peli 292g) s Wage 
~ 1=2g4() 129 + (@)’ 

showing that the effect is the same as if the mass were 
doubled, and the velocity reduced from v to gv. Thus, when 
gq is infinitely small, the effect is negligible in comparison 
with that obtained when the connexion of the components of 
a pair is dissolved, and each individual is projected at random. 

Another Method of Investigation. 

The method followed in the formation of equation (10) 
seems to lead most simply to the required determination of 
f (wu); but it is an instructive variation to consider directly 
the balance between the numbers of masses which change 
their velocities from and to uw. 

The number of masses whose velocities lie between w and 
u+du being /(u)du, we have as the number whose velocities 
in a given small interval of time are expelled from the range 
du, 

f(u)du(u—u) +f(u) du(v +u), 
or 

2v f(w)du. 

This, in the steady state, is equal to the number which enter 
the range du from the two sides in consequence of favourable 
and unfavourable collisions ; so that 

f (uv) (v—w') du +f (u") (vw +u")du"—2vf(ujdu=0. (20) 

By (6), (7), since v is constant, 

1l+g pana ost ‘ ama Cy = I-60: 

so that 

140 (4) (emu) + T*1 Ful). (ow) —20f =O. 
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Now ear x 

and thus 

CED? s(o— wf (w+ (0+ uf (u')} =e flu) =0. 
In this 

f(0) =fQ) + Ep) + a = : elie et a 

f(a") pas p13 eee, fut ves 
so that 

abe { 2a Le oe “us u)+ GE" w) } = Bf) =0, 
or, when q is he ae 

8gu{ f(u)tuf'(u)}+4q77f"(u)=0. . (21) 
Accordingly 

f(u)+uf'(u)+tquf"(u)=0, . . . (22) 
or on integration 

uflu) +aqef w)=C. 
It is easy to recognize that the constant C of integration 
must vanish. On Bite u=0, its value is seen to be 

=290 a (0), 

for f (0) is not infinite. ow f(u) is by its nature an even 
function of uw, so that f'(0) must vanish. We thus obtain the 
saine equation (14) of the first order as by the former process. 

Progress towards the Stationary State. 

Passing from the consideration of the steady state, we will 
now suppose that the masses are initially at rest, and ex- 
amine the manner in which they acquire velocity under the 
impact of the projectiles. In the very early stages of the 
process the momentum acquired during one collision is prac- 
tically independent of the existing velocity (w (u) of a mass, and 
may be taken to be +2gv. Moreover, the chance of a 
collision is at first sensibly independent of u. In the present 
eo) we are concerned not merely, as in considering 
the ultimate state, with the mass and velocity of a projectile, 
but also with the frequency of impact. We will denote by v 
the whole onailue: of projectiles launched in both directions 

Hii. Magasea. Vol. 32. No: 198. Nov. 1891; . 2G 
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in the unit of time in the path of each mass. The chance of 
a collision for a given mass in time dé is thus represented by 
vdt. The number of collisions by which masses are expelled 
from the range du in time dt is f(u)du.vdt. The number 
which enter the range from the two sides is 

{ f(u—2qv) +f (ut 2qv)}du .gvdt, 

so that the excess of the number which enter the range over 
the number which leave is 

{4 f(u—2qv) +3 f (ut 2qv)—f(u)}du.vdt, 

df(u,t)du 
dt 

and this is to be equated to dt. Thus 

d eG aap w—2qr) +4f (w+ 20) fw) =P FA, (23) 
the well-known equation of the conduction of heat. When 
t=0,/(u) is to be zero for all finite values of vu. The Fourier 
solution, applicable under these conditions, is 

ieee Ee 
CD) Ni ib 

where ¢’ is written for 29’v’vt. The total number of masses 
being N, we get to determine A 

+o 

n={ Ft \du— 2) ae 

so that 

aN slay eae 

If n be the whole number of collisions (for each mass), n=vt, 
and we have 

At Ag? oy? Qe. Senet) 

If the unit of velocity be so chosen that the momentum (2qv) 
communicated at each impact is unity, (24) takes the form 

N 
= op 20 3 ) ae) WO. te (26) 

which exhibits the distribution of momentum among the 
masses after m impacts. In this form the problem coincides 
with one formerly treated* relating to the composition of 
vibrations of arbitrary phases. 1t will be seen that there is a 

* Phil. Mag. August 1880, p. 73 
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sharp contrast between the steady state and the early stages 
of the variable state. The latter depends upon the momentum 
of the projectiles, and upon the number of impacts; the 
former involves the energy of the projectiles, and is independent 
of the rapidity of the impacts. 

The mean square of velocity after any number (n) of 
impacts is 

+o 

INE “| uf(u, n)du=n, 
—o 

or, if we restore 4q7v” 

MCA — Mel geee  st Ne as | et ae (20) 

It must be distinctly understood that the solution expressed 
by (24), (25), (26) applies only to the first stages of the 
bombardment, beginning with the masses at rest. If the 
same state of things continued, the motion of the masses 
would increase without limit. But as time goes on, two 
causes intervene to prevent the accumulation of motion. 
When the velocity of the masses becomes sensible, the chance 
of an unfavourable collision increases at the expense of the 
favourable collisions, and this consideration alone would pre- 
vent the unlimited accumulation of motion, and lead to the 
ultimate establishment of a steady state. But another cause 
is also at work in the same direction, and, as may be seen 
from the argument which leads to (13), with equal efficiency. 
The favourable collisions, even when they occur, produce less 
effect than the unfavourable ones, as is shown by (6) and (7). 

We will now investigate the general equation, applicable 
not merely to the Piel and final, but to all stages of the 
acquirement of motion. As in (20), (23) we have 

df (u, t)du dt aoe di=— {a fu Bye 

+ af (u’) . ‘eae ul —f (uy .v dus 5 
and thus = the same process as for (22) 

d d 2d, Sag © uf (u) } + 2q7v = ee (26) 

If we write, as before, 

Soe Cur = ee 7) 
we have 

pe a ee PE Wary (6) 
2 G2 

dt 
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Both in the case where the left side was omitted, and also 
when / vanished, we found that the solution was of the form 

ja" been i. 

where ¢ was constant, or a function of ¢’/ only. We shall find 
that the same form applies also to the more general solution. 
The factor “¢ is evidently necessary in order to make 

+00 

jf (u) du independent of the time. By differentiation of 

(31), ; 
= 1p_e-t(L—-2g04) Th, 

ES opt 0¥(1 242), 

uL 4 f= phe 242) ; 
so that (380) is satisfied provided ¢ is so chosen as a function 
of ¢’ that 

gH? — 2684 oAgt, 
dt! 

or 
faa. h 
i a 

Thus 
db— 1 

A= Ss ik log (1—Ag-') + const., 

where, however, the constant must vanish, since ¢=00 cor- 
responds to t/=0. Accordingly 

h 
d — [—e=t! p) e e r) e e ® (32) 

which with (31) completes the solution. 
If ¢’ is small, (32) gives 6=1/4¢’, in agreement with (24) ; 

while if t’ be great, we have 6=h=1/qv’, as in (15’). 
The above solution is adapted to the case where /(w)=0 for 

all finite values of wu, when t’/=0. The next step in the pro- 
cess of generalization will be to obtain a solution applicable 
to the initial concentration of /(w), no longer merely at zero, 
but at any arbitrary value of uw; that is, to the case where 
initially all the masses are moving with one constant velocity a. 
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Assume 
i w/ omeme Gm iatiss . ss (88) 

where ¢, f are functions of ¢/ only. Substituting. as before, 
in (30), we find 

{1—26(u—p)?} “2 + 2g? ang 3 dt! 

+ 267(u—w) favs 2hy } (5 

so that the equation is satisfied provided 

d 
z = + 2$'°—2hp=0, fon og ar (OF) 

and 
dp a oO: bs (25) 

The first is the same equation as we found before, and its 
solution is given by (32); while (385) gives 

Ap=iotemen. evn.) ery (0) 

Thus (32), (33), (36) constitute the complete solution of the 
problem proposed, and show how the initial aca en at 
u=a passes gradually into the steady oe when t'=o. In 
the early stages of the ae 

fa, ‘= an Rte eee BD) 

to which the factor N/./ 7 may be applied, when it is desired 
to represent that the whole number of masses is N. It 
appears that during the whole process the law of distribution 
is in a sense maintained, the only changes being in the value 
of wu round which the grouping takes place, and in the degree 
of concentration about that value. 

There will now be no difficulty in framing the expression 
applicable to an arbitrary initial distribution of velocity among 
the masses. For this purpose we need only multiply (33) by 
x («) dx, and integrate over the necessary range. Thus_ 

pn 6 {" day@yteeeat—ae-"")25, . (88) 

@ being given, as usual, by (82). The limits for « are taken 
+0; but we must not forget that the restriction upon the 
magnitude of w requires that x (uw) shall be sensible only for 
values of w small in comparison with v. 
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When is small, we have from (88), 
+o 

F(u,t) = sum) da x(a) e~ vat! — ./ ar .y(u) ultimately ; 

so that = = HOON 

Accordingly the required solution expressing the distribution 
of velocity at ¢/ in terms of that which obtains when ¢’=0, is 

Fa, = of = | “ds f(a, 0) Baps —d(u—ae™")?}. , (39) 

We may verify this by supposing that /(u, 0)=e-™, repre- 
senting the steady state. ‘The integration of (39) then shows 
that 

F(us t/) ct ER 

as of course should be. 
An example of more interest is obtained by supposing that 

initially JG 0) See se) 

that is, that the velocities are in the state which would be a 
steady state under the action of projectiles moving with an 
energy different from the actual energy. In this case we 
find from (32), (39), 

fu t)=a/ =— cee. ee 

We will now introduce the consideration of variable velocity 
of projectiles into the problem of the progressive state. In 
(28) we must regard vas a function of v. If we use vdv to 
denote the number of projectiles launched in unit of time with 
velocities included between v and v+dv, (28) may be written 

ut =49\y dv. - {uf(w)} + 24° fy v Bo A as . (42) 

which is of the same form as before. The only difference is 
that we now have in place of (29), | 

i= 2G \vodng me)... eee 

h=\vdu+q\ye AV: ss vat Rae) 

In applying these results to particular problems, there is 
an important distinction to be observed. By definition vdv 
represents the number of projectiles which in the unit time 
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pass a given place with velocities included within the pre- 
scribed range. It will therefore not represent the distribu- 
tion of velocities in a given space ; for the projectiles, passing 
in unit time, which move with the higher velocities cover 
correspondingly greater spaces. If therefore we wish to 
investigate the effect of a Maxwellian distribution of velocities 
among the projectiles, we are to take, not v= Be-*”, but 

Vem ees poe se, ee es AD) 
In this case, by (18), 

Fel Beas ois Sohn antares (A8) 
and, as we saw, the mean energy of a mass in the steady state 
is equal to the mean energy of the projectiles which at any 
moment of time occupy a given space. From (43), 

H=Bokot. . . 5 ee CY 

Pendulums i place of Free Masses. 

We will now introduce a new element into the question by 
supposing that the masses are no longer free to wander in- 
definitely, but are moored to fixed points by similar elastic 
attachments. And for the moment we will assume that the 
stationary state issuch that no change would occur in it were 
the bombardment at any time suspended. To satisfy this con- 
dition it is requisite that the phases of vibrations of a given 
amplitude should have a certain distribution, dependent upon 
the law of force. For example, in the simplest case of a force 
proportional to displacement, where the velocity u is connected 
with the amplitude (of velocity) r and with the phase 6 by 
the relation w=r cos 0, the distribution must be uniform with 
respect to @, so that the number of vibrations in phases between 
@ and 8+d0@ must be d@/27 of the whole number whose am- 
plitudeisr. Thusif r be given, the proportional number with 
velocities between wu and u+du is 

du 

20 / (7 —w?)" ee 

And, in general, if r be some quantity by which the ampli- 
tude is measured, the proportional number will be of the form 

OEMs we ue 4 SAD) 

where ¢ is a determinate function of 7 and uw, dependent upon 
the law of vibration. If now y(r) dr denote the number of 
vibrations for which r lies between r and r+dr, we have 
altogether for the distribution of velocities u, 

BOMB 20) Ere io oa ay OO) 
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If the vibrators were left to themselves, y(7) might be chosen 
arbitrarily, and yet the distribution of velocity, denoted by 
J(u), would be permanent. But if the vibrators are subject 
to bombardment, /(w) cannot be permanent, unless it be of 
the form already determined. The problem of the permanent 
state may thus be considered to be the determination of y(7) 
in (50), so as to make /(w) equal to e7*. | fui 
We will now limit ourselves to a law of force proportional 

to displacement, so that the vibrations are isochronous ; and 
examine what must be the form of y(7) in (8) in order that 
the requirements of the case may be satisfied. 

By (15’), if N be the whole number of vibrators, 

IN is ot (Ga alee 
ye é =| Dor x/ (0? — v2)" «| “Relais (51) 

The determination of the form of x is analogous to a well- 
known investigation in the theory of gases. We assume 

NX) SAT a. os 

where A is a constant to be determined. To integrate the 
right-hand member of (51), we write 

SU ap ss heed 
‘so that 

oP A nD a = y(u2H2) He aN Allin ae 

j J (? =?) =X) Ca Es a 
Thus 

A=4AN, i) natwihiog anode 
The distribution of the amplitudes (of velocity) is therefore 
such that the number of amplitudes between rv and r+ dr is 

Ni dhr end ee. titi. Wee aa) 

while for each amplitude the phases are uniformly distributed 
round the complete cycle. / 
_ The argument in the preceding paragraphs depends upon 
the assumption that a steady state exists, which would not be 
disturbed by a suspension, or relaxation, of the bombardment. 
Now this is a point which demands closer examination ; 
because it is conceivable that there may be a steady state, 
permanent so long as the bombardment itself is steady, but 
liable to alteration when the rate of bombardment is increased 
or diminished. And in this case we could not argue, as before, 
that the distribution must be uniform with respect to @. 

If x denote the displacement of a vibrator at time ¢, 

-2=n— rsin(nt—@), da/dt=rcos (nt—@). 
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When t=0, | 

2=—n—"rsin8, da/dt=u=r cos 0 ; 

and we may regard the amplitude and phase of the vibrator 
as determined by u, 7, where 

u=recos6, n=rsin#é. 

Any distribution of amplitudes and phases may thus be ex- 
pressed by f(u, 7) du dn. 

If we consider the effect of the collisions which may occur 
at t=0, we see that w is altered according to the laws already 
laid down, while y remains unchanged. The condition that the 
distribution remains undisturbed by the collisions is, as before, 
that, for every constant 7, /(u, 7) should be of the form e~”™, 
or, aS we may write it, 

Fie, =X) e*™. 

But this condition is not sufficient to secure a stationary state, 
because, even in the absence of collisions, a variation would 
occur, unless /(u, 7) were a function of 7, independent of 0. 
Both conditions are satisfied, if y(7)=Ae-””’, where A is a 
constant ; so that 

won pidadn— Nee dudy=— 2A ex" rdr. 

. Under this law of distribution there is no change either from 
the progress of the vibrations themselves, or as the result of 
collisions. 

The principle that the distribution of velocities in the 
stationary state is the same as if the masses were free is of 
great importance, and leads to results that may at first appear 

‘strange. Thus the mean kinetic energies of the masses 
is the same in the two cases, although in the one case there is 
an accompaniment of potential energy, while in the other 
there is none. But it is to be observed that nothing is here 
said as to the rate of progress towards the stationary condition 
when, for instance, the masses start from rest; and the fact 
that the ultimate distribution of velocities should be inde- 
pendent of the potential energy is perhaps no more difficult 
to admit than its independence of the number of projectiles 
which strike in a given time. One difference may, however, 
be alluded to in passing. In the case of the vibrators it is 
necessary to suppose that the collisions are instantaneous ; 
while the result for the free masses is independent of such a 
limitation. 

The simplicity of fin the stationary state has its origin in 
the independence of @. It is not difficult to prove that this 
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law of independence fails during the development of the 
vibrations from a state of rest under a vigorous bombardment. 
The investigation of this matter is accordingly more com- 
plicated than in the case of the free masses, and I do not 
propose here to enter upon it. 

In a modification of the original problem of some interest 
even the stationary distribution is not entirely independent 
of phase. I refer to the case where the bombardment is 
from one side only, or (more generally) is less vigorous on 
one side than on the other. It is easy to see that a one-sided 
bombardment would of necessity disturb a uniform distribu- 
tion of phase, even if it were already established. ‘The per- 
manent state is accordingly one of unequal phase-distribution, 
and is not, as for the symmetrical bombardment, independent 
of the vigour with which the bombardment is conducted. 

But in one important particular case the simplicity of the 
symmetrical bombardment is recovered. For if the number 
of projectiles striking in a given time be sufficiently reduced, 
the stationary condition must ultimately become one of uniform 
phase-distribution. 

Under this limitation it is easy to see what the stationary 
state must be. Since the ultimate distribution is uniform 
with respect to phase, it must be the same from whichever 
side the bombardment comes. Under these circumstances it 
could not be altered if the bombardment proceeded indiffer- 
ently from both sides, which is the case already investigated. 
We conclude that, provided the bombardment be very feeble, 
there is a definite stationary condition, independent both of 
the amount of the bombardment and of its distribution between 
the two directions. It is of course understood that from 
whichever side a projectile be fired, the moment of firing is 
absolutely without relation to the phase of the vibrator which 
it is to strike. 

The problem of the one-sided bombardment may also be 
attacked by a direct calculation of the distribution of ampli- 
tude in the stationary condition. The first step is to estimate 
the effect upon the amplitude of a given collision. From (6), 
if u’ be the velocity before collision, and w after, 

The fraction 2g/(1+ q) occurs as a whole, and we might 
retain it throughout. But inasmuch as in the final result 



Illustration of the Theory of Gases. 443. 

only one power of qg need be retained, it will conduce to 
brevity to omit the denominator at once, and take simply 

iw 2G (Ueaw ye fol e's «6 (96) 

Thus if p, ¢ and 7, @ be the amplitude and phase before and 
after collision respectively, 

r cos 0=p cos 6+ 2q(v—p cos 7 
Pee ei CON) 

rsin 0=p sin ¢ ; 
so that 

7” =p’ +4qp cos d (v—p cos d) +49’ (v—p cos $)’. 

From this we require the approximate value of p in terms of 
rand @. The term in q’ cannot be altogether neglected, but 
it need only be retained when multiplied by v?. The result is 

p=r—6or, 
where 

2 2q°v" 9 dr=2q(v cos 6—?r cos’ f) + ~, sin’ de (58) 

This equation determines for a given ¢ the value of p which 
the blow converts into vr. Values of p nearer to r will be pro- 
jected across that value. The chance of a collision at p, ¢ is 
proportional to (v—pcos¢). Thus if a number of vibrators 
in state p, d be F(p) dp dd*, the condition for the stationary 
state is 

{a | "@—pc0s6) F(p) dp=0, . ce (SD 

the integral on the left expressing the whole number (esti- 
mated algebraically) of amplitudes which in a small interval 
of time pass outwards through the value ». 

By expansion of I'(p) in the series 

ie) Hie Bien... 
we find 

| Fe) dp=F(r) dr—4 F’(r) (6r)? + cubes of 9, 
p 

\' F(p) dp=r F(r) dr—4 (6r)?{F (rv) + rF’ (vr) } + cubes of g. 

* We here assume that the bombardment is feeble. 
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Again from (58), 
27 

j br dg=—qr+q’v"/r, 
) 0 

20 

| cos or dh=qv, 
0 

27 

i (Sr dp=29°r", 
0 

| cond (Ora been 

The condition for the stationary state is therefore 

of F(x) (—gr + q?v"/r) — BY (r) got —r Fr) qu=0, 
or 

F(r){ —2r4+ qe?/r} —F'(r) qv’=0. 

Thus, on integration, 

7” —qv’ log r+ qv log F(r)= const.. . . (60) 
or 

P(r) Are), 2d ae 

The mean value of r”, expressed by 

{ rE (r) dr {| r F(t) dr, 
0 0 

is gv’; that is, the mean value of the maximum kinetic energy 
attained during the vibration is equal to the kinetic energy of 
a projectile. The mean of all the actual kinetic energies of 
the vibrators is the half of this ; but would rise to equality 
with the mean energy of the projectiles, if the velocities of 
the latter, instead of being uniform, as above supposed, were 
distributed according to the Maxwellian law. 

If we are content to assume the law of distribution, p e-"?, 
leaving only the constant h to be determined, the investiga- 
tion may be much simplified. Thus from (57) the gain of 
energy from the collision is 

47? — 4p? = 2gp cos $ (v—p cos $) + 2g°e*. 
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The chance of the collision in question is proportional to the 
relative velocity (v—pcos ¢) ; and in the stationary state the 
whole gain of energy is zero. Hence 

Ve e—*? dp db{2qp cos b (v—p cos ¢)? + 2970} =0. 

In the integration with respect to ¢ the odd powers of cos@ 
vanish. Hence 

24 | p dp e~"*(qu? — p*) =0; 
0 

so that 

h=1/qr’, 
as in (61). 

Terling Place, Witham, 
August 19, 1891. 

~ 

LIV. On the Discharge of Electricity through Exhausted 
Tubes without Electrodes. By J. J. Tuomson, J.A., 
F.RS., Cavendish Professor of Experimental Physics, 
Cambridge. 

[Continued from p. 336. ] 

Phosphorescence produced by the Discharge. 

| aa discharge without electrodes produces a very vivid 
phosphorescence in the glass of the vessel in which the 

discharge takes place ; the phosphorescence is green when 
the bulb is made of German glass, blue when it is made of lead 
glass. Not only does the bulb itself phosphoresce, but a piece 
of ordinary glass tubing held outside the bulb and about a 
foot from it phosphoresces brightly ; while uranium glass will 
phosphoresce at a distance of several feet from the discharge. 
Sunilar effects, but to a smaller extent, are produced by the 
ordinary spark between the poles of an electrical machine. 

The vessel in which the discharge takes place may be 
regarded as the secondary of an induction-coil, and the dis- 
charge in it shows similar properties to those exhibited by 
currents in a metallic secondary. Thus no discharge is pro- 
duced unless there is a free way all round the tube; the 
discharge is stopped if the tube is fused up at any point. In 
order that the discharge may take place, it is necessary that 
the molecules of the gas shall be able to form a closed 
chain without the interposition of any non-conducting sub- 
stance ; indeed the discharge seems to be hindered by the 
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presence in sucha chain of any second body, even though it may 
be a good conductor of electricity. Thus, when 
a tube such as that in fig. 7 is used, which has Fig. 7. 
a barometer-tube attached to it, so that by raising 
or lowering the vessel into which the tube dips a 
mercury pellet may be introduced into the dis- 
charge-circuit, the spark-length in the primary 
circuit may be so adjusted that a discharge passes 
when there is a clear way round the tube, but 
stops when a pellet of mercury is forced up so as 
to close the gangway. I noticed a similar effect 
in my experiments with a long vacuum - tube 
described in the Proceedings of the Royal Society 
for Jan. 1891. 7 

I had another discharge-tube prepared, of which 
a section is shown in fig. 8, a, in which a dia- 
phragm (AB) of thin copper plate was placed 7 
across the tube; the diaphragm happened to catch at the bottom 
of the tube, so that it divided the latter rather unequally, and 
left a narrow passage round its edge. As much of the discharge 
as there was room for went round the edge of the plate; the 

igs: 

BB 

remainder was not able to get through the copper, but formed 

a closed circuit by itself in the larger segment of the tube. 

In another tube, which is represented in section in fig. 8, , 

the copper diaphragm was attached to the walls of the tube 

by sealing-wax, so that there was no free way ; in this case the 

discharge again refused to go through the copper, and split 

up into two separate discharges, as in the figure. When the 

tube was divided by copper diaphragms into six segments, as 

in fig. 8, y, no discharge at all would pass through. When the 

primary was slipped up the tube above the diaphragm, a 

brilliant discharge was obtained. These four experiments all 

illustrate the difficulty which the electricity has in getting 

transferred from a gas to another conductor. 
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There is no discharge through the secondary, if it is of such 
a kind that, considering a closed curve drawn in it, the electro- 
motive intensity as we travel along the curve tends to 
polarize the particles in one half of the chain in one direction, 
and in the other half in the opposite direction, the direction 
being reckoned relative to the direction we are travelling 
round the curve. Thus, for example, if we take a tube whose 
axis is bent back on itself, as in the figure, the electromotive 
intensity will tend to polarize the particles in one part of the 
chain in the direction of the arrow, and those in the other 
in the opposite direction ; it is impossible to get a discharge 
through a tube of this kind. 

Fig. 9. 

On the other hand, the molecules exhibit remarkable powers 
of making closed chains for themselves when not 
actually prevented by the action of the electro- Fig. 10. 
motive intensity. Thus the discharge will pass 
through a great length of tubing in the secondary, 
even if it is bent up as in fig. 10, where the 
vertical piece in the upper part of the secondary 
is at right angles to the direction of the electric 
force, and where the molecules will receive no 
help in forming closed chains from the action of 
the external electromotive forces. I have suc- 
ceeded in sending discharges through tubes of 
this kind 12 to 14 feet in length. 

Screening Liffects due to the Currents in the Tubes. 

One very noticeable feature of these discharges is the well- 
defined character of the ring, if the pressure is not too low. 
Ifa large bulb is used for the secondary with the primary 
just outside it, when the sparks pass between the jars a 
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bright, well-defined ring passes through the bulb near to the 
surface of the glass, the gas inside this ring being, as far as 
can be judged, quite free from any discharge. If now a bulb 
whose diameter is less than that of the luminous ring is 
inserted in the primary in place of the larger bulb, a bright 
ring will start in this, though at this distance from the pri- 
mary there was no discharge in the larger bulb. Thus when 
the large bulb was in the primary, the discharge through its 
outer portions screened the interior from electromotive forces 
to an extent sufficient to stop a discharge which would other- 
wise take place. 

The screening action of these discharges is also shown by 
the following experiment. A, B, GC, 
fig. 11, is the section of a glass vessel Fig. 11. 
shaped like a Bunsen’s calorimeter ; in 
the inner portion A, B, C of this vessel 
an exhausted tube is placed, while a A C 
pipe from the outer vessel leads to a 
mercury pump and enables us to alter 
the pressure at will. The primary coil, 
L, M, is wound round the outer tube. 
When the air in the outer tube is at e 
atmospheric pressure, the discharge 
caused by the action of the primary 
passes in the tube E inserted in A, B, C; B 
but when the pressure in the outer tube 
is reduced until a discharge passes 
through it, the discharge in the inner 
one stops; the discharge in the outer 
tube has thus shielded the inner tube from the action of the 
primary. If the exhaustion of the outer tube is carried so far 
that the discharge through it ceases, that in the inner tube 
begins again. It requires very high exhaustion to do this, and 
as on account of the joints it is unsafe to make the vessel very 
hot during the pumping, I have found it impossible to keep a 
vacuum good enough to show this effect for more than from 
half to three quarters of an hour; in that time sufficient gas 
seems to have escaped from the sides of the vessel to make 
the pressure too high to show this effect, and it then takes 
from two to three hours’ pumping to get the tube back again 
into its former state. An interesting feature of this experi- 
ment is that for a small range of pressure, just greater than 
that at which the discharge first appears in the outer tube, 
there is no discharge in either of the tubes ; thus the action 
of the primary is screened off from the inner tube, though 
there is no luminosity visible in the outer one; this shows 

—> Lo pump 
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that a discharge equivalent in its effects to a current can 
exist in the gas without sufficient luminosity to be visible 
even in a darkened room. We shall have occasion to mention 
other cases in which the existence of a discharge non-lumi- 
nous throughout the whole of its course is rendered evident 
In a similar way. 

Another experiment by which the screening can be eftec- 
tively shown is to place the primary coil inside a bell-jar 
which is connected with a mercury pump, the electrical con- 
nexions with the primary being led through mercury joints. 
An exhausted bulb is placed inside the primary, the bulb 
being considerably smaller than the primary, so that there is 
an air-space between the two. lJBefore the bell-jar is ex- 
hausted the discharge passes through the bulb, but when the 
bell-jar is exhausted sufficiently to allow of the discharge 
passing through the gas outside the bulb the discharge in the 
bulb ceases, and the only discharge is that outside. I have 
never been able to exhaust the bulb sufficiently well to get 
the discharge outside the bell-jar to cease, and that in the 
bulb to appear again, as in the preceding experiment. In 
this experiment, as in the preceding one, there was a range 
of pressure when neither the bulb nor the bell-jar was lumi- 
nous, showing again the existence of currents in the gas which 
are not accompanied by any appreciable luminosity. 

A curious bending-in of the discharge which takes place 
in a square tube provided with a bulb can, I think, be ex- 
plained by the principle of shielding. The discharge in the 
bulb does not, unless very long sparks are used, take as its 
course through the bulb the prolongation of the direction of 
the tube, but is bent-in towards the primary. In fig. 12 
the dotted line represents the course the dis- 
charge would have taken if there had been no Fig. 12. 
bulb, the continuous line the course actually 
taken. This bending-in can be explained by 
supposing the currents started near the pri- 
mary to shield off from the outlying space the 
action of the primary, and thus make the electro- 
motive intensity along the axis of the tube 
smaller than it would have been if no discharge 
had been possible between the axis and the 
primary circuit. 

Before describing some further experiments on this shield- 
ing effect, it will be useful to consider the means by which it 
is brought about. Let us suppose we have a vertical plate 
made of conducting material, and to the right of the plate a 
ZW Mags oso. Viol. o2..No. 198. Nov. 1891, 2 1 
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region A which it shields. This region has to be shielded 
from tubes of electrostatic induction coming from the left, 
which have to pass through the shield before reaching A, and 
from tubes coming from the right which have to pass through 
A before reaching the field. The action of the shield in the 
first case is very simple, for when a tube gets inside a con- 
ductor it at once attempts to contract to molecular dimen- 
sions, and after a time proportional to the specific resistance 
of the conductor it succeeds in doing so. Thus if the shield 
is made of a good conductor the tubes of electrostatic induc- 
tion will be transformed into molecular tubes before they 
have time to get through; so that the shield will protect A 
from all tubes which have to go through it. The way the 
shield destroys or rather neutralizes the effect of the tubes 
coming from the right is somewhat different: when a positive 
tube reaches the shield a negative one emerges from it, tra- 
velling at right angles to itself in the opposite direction to 
the incident tube; thus when the first few tubes reach the 
shield from the right they will produce a supply of negative 
ones, and the presence of these negative tubes at A concur- 
rently with the positive ones which continue to arrive there 
will weaken the field to a greater and greater extent as A 
approaches the shield. At the surface of the shield itself the 
neutralization will be complete. A dielectric whose specific 
inductive capacity is greater than usual will behave in a 
similar way to a metal plate, but to a smaller extent. It will 
emit tubes of the opposite sign, but not so numerous as those 
incident upon it. Thus a metal plate, or even one made of a 
dielectric of considerable specific inductive capacity, will 
reduce very considerably the tangential electromotive force 
on either side of it. 

I have made several experiments in which this effect was 
very strikingly shown. In one of these, two square discharge- 
tubes of equal cross section placed near and parallel to each 
other were connected by a cross tube, so that the pressure 
was the same in both tubes; a fine wire passed round the in- 
side of one of the tubes, its ends being connected together so 
that it formed a closed circuit, the other tube contained 
nothing but air at a low pressure. When this double tube 
was placed outside the primary the discharge went, at the 
passage of each spark, through the tube without a wire, while 
the tube containing the wire remained quite dark. A similar 
experiment was tried by taking a cylindrical tube and sus- 
pending in it a metal ring coaxial with the tube; in this case 
it was easy to adjust the spark-length so that no discharge 
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passed through the tube when the primary was placed round 
it at the level of the ring, while a discharge passed as soon 
as the primary was moved above or below the ring. 

Another very convenient tube for showing this effect is 
the one with the hollow down the middle, fig. 11; when 
this is pumped so that discharges can pass through the outer 
tube the spark-length can be adjusted so that the discharge 
stops immediately when a metal tube, a test-tube containing 
a strong solution of an electrolyte, or a tube containing air 
at a pressure at which it is electrically very weak, is placed 
in the central opening. The discharge is renewed again as 
soon as the tubes are removed. On one occasion, when the 
large tube was in a peculiarly sensitive state, | was able to 
see distinctly the diminution produced by a dielectric in the 
electromotive intensity parallel to its surface. The discharge 
stopped as soon asa stick of sulphur or a glass rod sufficiently 
large almost to fill the opening was inserted, and was re- 
newed again as soon as these were withdrawn. It requires, 
however, the large tube to be in an extremely sensitive state 
for the effect produced by a dielectric to be apparent, and I 
have only on one occasion succeeded in getting the tube into 
this condition. The effect on that occasion, however, was so 
definite and regular that I have no doubt as to the existence 
of the screening effect due to the dielectric. 
When the tube is of average sensitiveness dielectrics do not 

produce any appreciable effect, nor can the influence of even 
comparatively so good a conductor as distilled water be de- 
tected, and it is not until after the addition of a considerable 
quantity, 10 to 20 per cent., of sulphuric acid or ammonium 
chloride, that the insertion or withdrawal of the tube stops or 
starts the discharge. 

A tube containing air at a low pressure is very efficacious 
in stopping the discharge, and the result of the comparison 
of the relative effects of an exhausted tube and a tube of the 
same size and shape containing a solution of an electrolyte 
are very remarkable. I found that an exhausted tube which 
contiined air at a very low pressure (less than 4/5 of a milli- 
metre) produced as much effect on the discharge in the outer 
tube as a tube containing at least 50,000 times as many 
molecules of ammonium chloride. This would be expressed 
in the language of electrolysis by saying that under the 
electromotive intensity to which it was exposed in this ex- 
periment the molecular conductivity of the gas 1s 50,000 
times that of the electrolyte. The proportion between the 
number of air molecules and the number of molecules of an 

4 Nal 
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electrolyte, which produces an equal effect in stopping the 
discharge, depends upon the length of spark in ihe primary 
current, and so upon the electromotive force acting upon the 
air. The longer the spark the greater is the molecular con- 
ductivity of the air in comparison with that of the electrolyte. 
This indicates that the conduction through the air does not 
follow Ohm’s law. This is what we should expect, as under 
large electromotive forces more molecules are split up and 
take part in the conduction of the electricity. This great 
conductivity of rarefied gases in those cases where the elec- 
tricity has not to pass from metal &c. into the gas are in 
striking contrast with the infinitesimally small values for the 
same property which are deduced from experiments on tubes 
with electrodes. 

I was first led to suspect this high conductivity for rarefied 
gases by observing the appearance presented by the ring-dis- 
charge in bulbs; the ring, unless the pressure is exceedingly 
low, ceases at a distance of little more than 1 centim. from 
the surface of the bulb, this thickness of conducting gas being 
sufficient to screen off the electromotive intensity from the 
interior. From experiments which I had made on the screen- 
ing effect of electrolytes (Proc. Roy. Soc. xlv. p. 269), I knew 
that it would require a very strong solution of an electrolyte 
to produce screening comparable with this. To compare the 
screening effects more directly than by the method just 
described I tried the following experiment. The discharge- 
tube, fig. 11, was pumped until the discharge passed through 
it very freely; an exhausted tube was then pushed down the 
central opening, it remained quite free from any visible dis- 
charge; the primary was now wound round a cylinder of the 
same diameter as the discharge-tube of fig. 11, and this 
cylinder was filled with distilled water. When the tube, which 
had previously remained dark when placed in the exhausted 
discharge-tube, was immersed in the water, a brilliant discharge 
took place in it; and it was necessary to add about 25 per 
cent. of sulphuric acid to the water betore the shielding effect 
of the mixture was sufficient to keep the tube dark. This 
experiment shows perhaps even more directly than the other 
the great conductivity of a rarefied gas under large electro- 
motive forces when nothing but the gas is in the way of the 
passage of the current. 

An experiment made in this connexion illustrates the re- 
mark made before as to the large effects produced by dis- 
charges through the gas which are not accompanied by 
luminosity. A bulb A was fused into a tube B which was 
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surrounded by the primary coil C, D. B was exhausted and 
then sealed off, while A was left connected to the pump. 
When A was at atmospheric pressure a bright discharge took 
place in B outside A; on pumping A a stage was reached in 
which no discharge could be seen in either A or B. On 
letting air into A the discharge appeared again in B; on 
pumping A still further a discharge appeared in A, but not 
in B. The appearance presented by the discharge round the 

Fig. 13. 

bulb A (filled in this case with air at high pressure) is very 
remarkable. At the highest pressure at which the discharge 
passed it took the form of a thin ring round the middle of A; 
as the pressure got lower and lower the discharge broadened 
out, and at very low pressures formed for the greater part of 
its course two separate rings which ran together in the space 
between one side of the sphere and the tube. 

On the Effect produced by Conductors near the 
Discharge-tube. 

The intensity of the discharge is very much affected by 
the presence of conductors in the neighbourhood of the dis- 
charge-tube, especially conductors which have large capacity 
or which are connected to earth. Let us take, for ex- 
ample, a very simple case, that of a bulb surrounded by a 
primary which is connected to earth; in this case the ap- 
proach of the hand, or any conductor connected to earth, will 
make the discharge brighter and at the same time less well- 
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defined at the edges; touching the tube, though this is 
already connected to earth, produces a very marked effect in 
increasing the facility of the discharge. We can, I think, 
understand the reason of this if we consider the behaviour of 
the tubes of electrostatic induction. When the spark passes, 
these tubes (see p. 327) rush out from the jars and make for 
the primary ; in their journey to the primary they pass through 
the bulb and produce the discharge. Let us suppose now 
that there is a large conductor situated somewhere near the 
bulb; the tubes, as before, rush from the jar to the primary, 
but in doing so some of them strike against the conductor; 
the tubes which do so lose the portion inside the conductor, 
acquire two ends each on the surface of the conductor, and 
swing round until they are at right angles to its surface ; 
they remain momentarily anchored, as it were, to the con- 
ductor, and if the conductor is in the neighbourhood of the 
bulb, they will in general help to increase the maximum 
density of the tubes passing through the bulb. Though these 
tubes may not approximate to closed curves, and so directly 
produce a ring-discharge, they may readily facilitate this dis- 
charge indirectly ; for even those tubes which go radially 
through the bulb may produce a glow-discharge from the 
glass into the bulb, and may thus furnish a supply of dis- 
sociated molecules through which the ordinary ring-discharge 
can pass with much greater readiness. For nothing is more_ 
striking than the enormous difference produced in the electric 
strength of these rarefied gases by the passage of a spark. 
It is sometimes difficult to get the discharge to pass at first, 
but when once a spark has passed through the gas, a spark-_ 
length one quarter the length of that necessary to originate 
the discharge will be found sufficient to maintain it. 

It is sometimes convenient, in cases where difficulty is found 
in starting the discharge, to avail ourselves of this property 
by connecting the mercury of the pump to which the tube is 
attached: with one terminal of an induction-coil, the other 
terminal of which is put to earth. When the induction-coil 
is in action, a glow-discharge fills the pump and tube, and 
while this glow exists the electrodeless discharge can easily 
be started ; once having been started, it will continue after 
the induction-coil is stopped. An experiment of this kind, 
which I had occasion to make, gave very clear evidence of 
the way in which dissociated molecules are projected in all 
directions from the negative electrode in an ordinary discharge- 
tube, but not from the positive. The discharge-tube was 
fused on to the pump, and at an elbow two terminals, ¢ and 
d, fig. 14, were fused into the glass; these terminals were 
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‘connected with an induction-coil, and the pressure in the 
tube was such that the elec- 
trodeless discharge would not Fig. 14. 
start of itself. When the coil 
was turned on so that ¢ was the 
negative electrode, the elec- 
trodeless discharge in the tube 
at once took place, but no effect 
at all was produced when ¢ was 
positive and d negative. We 
may thus regard the effect pro- 
duced by the presence of a con- 
ductor as due to the conductor 
catching the tubes of electrostatic 
induction, and concentrating 
them on the discharge-tubes. 
These tubes in many cases 
acting indirectly by producing 
a glow-discharge through the 
tube, which, by diminishing the 
electric strength of the gas, 
makes discharges of any other 
kind very much easier. Though the presence of a conductor 
near the discharge-tube will,in general, concentrate the tubes 
of electrostatic induction on the discharge-tube more than 
would otherwise be the case, yet this does not always happen. 
When in some positions the conductor may hold back for a 
time from the discharge-tube tubes of electrostatic induction 
which would otherwise pass through it, and thus diminish the 
maximum density of the tubes of electrostatic induction in 
the discharge-tube, and hence tend to stop the discharge. I 
have frequently met with cases where the presence of a con- 
ductor diminishes the intensity of the discharge. One of the 
most striking of these is when the two jars are insulated, and 
a square discharge-tube used. The spark was adjusted so 
that the discharge just, but only just, went round the tube. 
A sphere connected to earth was then moved round the dis- 
charge-tube; in some positions it increased the brilliancy of 
the discharge, and the tube became quite bright, while in 
other positions it stopped the discharge altogether. 

The observation of the behaviour of the discharges through 
these tubes is a very convenient method of studying the effect 
of conductors in deflecting the flow of the tubes of electro- 
static induction which fall upon them; for the appearance of 
the discharge is affected not merely by the average, but also 
by the maximum value of the electromotive intensity which 
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produces it. Thus a high maximum value, lasting only for 
a short time, might produce a discharge, while a more 
equable distribution of electromotive intensity having the 
same average value might leave the tube quite dark. _ 

I have employed these discharges to study the behaviour of 
bodies under the action of very rapid electrical oscillations 
in the following way. In the primary cireuit connecting 
the outside coatings of the jar, two loops A and B (fig. 15) 
were made, in one of which, A, an 
exhausted bulb was placed, the spark- Fig. 15. 
length and the pressure of the gas on 
it being adjusted until the discharge a 
was sensitive, 7. e. until a small alter- 
ation in the electromotive intensity 
acting on the bulb produced a con- ; 
siderable effect upon the appearance , 
presented by the discharge. The = 
substance whose behaviour under 
rapid electrical vibrations was to be 
examined was placed in the loop B. The results got at first 
were very perplexing, and at first sight contradictory, and it 
was some time before I could see their explanation. The 
following are some of these results. When a highly exhausted 
bulb was placed in B a brilliant discharge passed through it, 
while the discharge in A stopped. <A bulb of the same size, 
filled with a dilute solution of electrolyte, produced no appre- 
ciable effect; when filled with a strong solution it dimmed the 
discharge in A, but not to the same extent as the exhausted 
bulb. A piece of brass rod or tube increased the brightness of 
the discharge in A ; on the other hand, a similar piece of iron 
rod or tube stopped the discharge in A at once. The most 
decided effect, however, was produced by a small crucible 
made of plumbago and clay: this when put in the loop B 
stopped the discharge in A completely. I found, however, 
that by considering the work spent on the substance placed 
in B, the preceding results could be explained. When a 
large amount of work is spent in B, the discharge in A will 
be dimmed, while no appreciable effect will be produced on A 
when the work spent in B is small. Now let us consider the 
work done in a secondary circuit whose resistance is R, whose 
coefficient of self-induction is L, and which has a: coefficient 
of mutual induction M with the primary circuit. If the 
frequency of the current circulating in the primary is p, we 
can easily prove that the rate of absorption of work by the 
secondary is proportional to 

R Mp? 
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Thus the work given to the secondary vanishes when R=0 
and when R=infinity, and has a maximum value when 
R=Lp. Thus the condition that the secondary should 
absorb a considerable amount of work is that the resistance 

should not differ much from a value depending on the shape 
of the circuit and the frequency of the current in the primary. 
No appreciable amount of work is consumed when the resis- 
tance is very much greater or very much less than this value. 
I tested this result by placing inside B a coil of copper wire. 
When the ends were tree, so that no current could pass through 
it, it produced no effect upon the bulb in A ; when the ends 
were joined so that there was only a very small resistance in 
the circuit, the effect was, if anything, to increase the bright- 
ness of the discharge in A. When, however, the ends were 
connected through a carbon resistance which could be 
adjusted at will, the discharge in A became very distinctly 
duller when there was a very considerable resistance in the 
circuit. This experiment confirms the conclusion that to 
absorb energy the resistance must lie within certain limits, 
and be neither too large nor too small. 
We can now see the cause of the differences observed when 

the substances mentioned above were put into B. The brass 
rod and tube did not dim the discharge in A, because their 
resistance was too low; the weak solution of electrolyte, 
because the resistance was too great; while the resistances 
of the crucible and the strong solution of electrolyte which 
obliterated the discharge from A were near the value for 
which the absorption of energy by the system was a maximum. 

The case of iron is very interesting because it shows that 
even under these very rapidly alternating forces, iron still 
retains its magnetic properties. A striking illustration of 
the difference between iron and other metals is shown when 
we take an iron rod and place itin B, the discharge in A 
immediately stops; if we now slip a brass tube over the iron rod 
the discharge in A is at once restored. If, on the other hand, 
we use a brass rod and an iron tube, when the rod is put in 
B without the tube the discharge in A is bright; if we slip 
the iron tube over the rod, the discharge stops. 

To compare the amount of heat produced in the brass and 
iron secondaries, let us take the case of an infinite cylinder 
exposed to an external magnetic force parallel to the axis 
equal to Hoe". 

It H is the magnetic force inside the cylinder at a distance 
y from the axis, H. satisfies the differential equation 

@H , 1dH _4rpdH 
dr? rdr oa dt’ 

eS A RE Tt 
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or, since H varies as ¢'?*, 

PH , 1dtl 
7 Cie) Wag | 

where n?=47up/o ; w being the magnetic permeability of 
the cylinder, and o its specific resistance. The solution of 
this equation 1s 

—n?H=0; 

H=A Jo(inr)e?", 

where J, denotes Bessel’s function of zero order. Since the 
magnetic force outside the cylinder is not affected by the 
currents we must have, if a is the radius of the cylinder, 

: ZA (be) iste 
Thus 

a un") wp 

° J o(una) ta 

The currents induced in the cylinder are tangential, and if g 
is the intensity of the current at a distance + from the axis of 
the cylinder, 

H= 

dH 
ear 

a Jol(unr) ve 
nS °Jo(ena) © ‘ 

We shall consider two special cases: first, where the resist. 
ance is so great that na isa small quantity ; ; this includes 
the case of the plumbago crucible and the tube filled with 
the electrolyte. 

In this case we have approximately 

Jo(ena) = 1, 

, Jo(unr) = —sunr. 
Thus 

Ang =—tn?re'?! 

=— eu Hore? . 

Taking the real part of this expression we find 

i= oe Hor sin pé. 

The rate of heat-production per unit length of the cylinder is 

) og°2rr dr, 
0 
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the average value of which is 

ge ghee 
ae ofl poO 

As this is proportional to the conductivity, the best conductors 
will absorb the most energy. 

The other case which we shall consider is that in which na 
is very large. This applies to the metal tubes and rods. 

In this case, 

Cal : 
2) se <imately. J (unr) mas approximately 

Thus 

dorg= —ne~ “@ —") ‘. \ et, 

ne" =a+08, 

Then taking the real part of the expression for gq, 

Arq=— | iy cos pt—f sin pt). 

The rate of heat-production is again 

(“oys2nn ans 
0 

the mean value of which is 

al Sees ON Aer 
£5 \ e+e a 

Sse o|) =e c dr 
loz )o oe 

a oe 

raboyee peo, 

and is thus proportional to the square root of wo. Hence for 
iron and copper cylinders of the same dimensions it would be 
about 70 times as large in the iron as in the copper, assuming 
that the iron retains its magnetic properties under these very 
rapidly alternating forces. The result explains the effect of 
the iron in stopping the discharge. As I am not aware that 
any magnetic properties of iron under such rapidly alternating 
forces have been observed, | was anxious to make quite sure 
that the difference between iron and brass was not due solely 
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to the differences between their specific resistances. The 
first experiment I tried with this object was to cover the iron 
rod with thin sheet platinum, such as is used for Grove cells. 
As the resistance of platinum is not very different from that 
of iron, if the effect depended merely upon the resistance, 
slipping a thin tube of platinum over the iron ought to make 
very little difference. I found, however, that when the 
platinum was placed over the iron, all the peculiar effects pro- 
duced by the latter were absent, thus showing that the effect 
is not due to the resistance of the iron. It then occurred to me 
that I might test the same thing in another way by magnetizing 
the iron to saturation, for in this state w is nearly unity ; thus 
if the result depended mainly on the magnetic properties of 
the iron it ought to diminish when the latter is strongly 
magnetized. I accordingly tried an experiment in which 
the iron in the coil B was placed between the poles of 
a powerful electromagnet. When the magnet was “ off” the 
iron almost stopped the discharge in A; when it was “on” the 
discharge became brighter, not indeed so bright as if the iron 
were away altogether, but still unmistakably brighter than 
when it was unmagnetized. This experiment, I think, proves 
that iron retains its magnetic properties when exposed to 
these rapidly alternating forces. 

Another result worthy of remark is that though a brass 
rod or tube inserted in B does not stop the discharge in A, 
yet if a piece of glass tubing of the same dimensions is coated 
with Dutch metal, or if it has a thin film of silver deposited 
upon it, it will stop the discharge very decidedly. We are 
thus led to the somewhat unexpected result that a thin layer 
of metal when exposed to these very rapid electrical vibra- 
tions may absorb more heat than a thick one. I find, on 
calculating the heating-effect in slabs of various thicknesses, 
that there is a thickness for which the heat absorbed is a 
maximum. Instead of taking the case of a cylinder, for 
which the analysis is somewhat long, I will take the case 
(which is physically almost equivalent to it) of a plain elec- 
trical wave incident normally upon a plane sheet of metal. 

Let the electromotive intensity H in the incident wave be 
represented by the real part of the equation 

— t iD — e(P pe). 

the axis of x being at right angles to the plate, and the origin 
on the upper surface of the plate. The electromotive inten- 
sity H, in the wave reflected from the plate may be represented 
by the equation 

Hy = bev'?'—™, 
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In the metal the electromotive intensity satisfies the 
equation 

VK 4rd 
dam ie. al? 

so that the electromotive intensity H, inside the plate may 
be represented by the equation 

B= ert{ Ae-mGt02 4 Bem toot 

where 
m= {2Qrpp/ots. 

On the far side of the plate the electromotive intensity Ey is 
given by 

To determine the coefficients b, c, A, B, we have the con- 
ditions that at the surface of the plate, z.e. when #=0, and 
when «= —A, h being the thickness of the plate :— 

(1) The electromotive intensity is continuous ; 
(2) The magnetic force parallel to the plate is continuous. 

This implies that — at is continuous. 
pb de 

From (1) we get 
1+b=A+B, 

19-4 — 1+uh —m(l+uh. CE = Ae +c) + Be m(1+c) ; 

while from (2), 

a(1—b) alsa) Cen) 

ace~%= —(140)” (AgrG+oh — Bema tory, 
be 

We can simplify these equations if we remember that for 
electrical vibrations as rapid as those we are now considering 
m/ap is exceedingly large. Introducing this condition we find 

2a e—m( +e) 

oF m1 -++ L) em lth _ e—m lth? 

Zap em(1+uyh 
B= m1 +c) eMltuh__ ¢—m(1+.)h* 

Thus in the metal plate the electromotive intensity is given 
by the equation 

a 2am 1 MAF NER 4 Em L+ NATE)! gop, 
Mm (1 + t) eM@1t ok — e—m(1+ eh {é 
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Let 

2a 1 
m(1 oe t) emltih _ e—m +h =a+ up. 

Then, taking only the real part of the expression for E,, we 
have 1 ye 

Hy=e""'+ 1a cos (pt+m(h+2))—B sin(pt+m(h+ z))}, 

$e m+2) fe cog (pt—m(h+a))—P sin(pt+ m(h+.2))}. 

The rate of production of heat per unit volume of the plate 
is H,”/o; the mean value of this at a point whose coordinate 
is © is. -= 7 : “s 

56 (a? + B?){ e2mh+a) 4 e—2m(h+e) +2 cos m(h +2). 

To get the rate of heat-production per unit area of the 
plate, we must integrate this with respect to w between the 
limits «=0, e=—h. Performing this integration we find 
that the rate of production of heat per unit area of the plate is 

: (a? + 2") fe?" —e~ 27h 2am 2reliy 
4mo 

Substituting for «?+ 6? its value this becomes 

2a*u? (62% —e—?mh 4D sin 2mh) 
4am* (6 + 6— 24 —2 cos 2mh) * 

To compare this with the expression we found for the solid 
cylinder, we notice that if H, ¢e'?’ is the magnetic force in the 
incident wave at the surface of the plate, 

lel pera 

So that the rate of heat-production per unit area may be 
written 

I eps (een st 2) 
2 aim? (eh + e—2mh__9 cos 2mh)’ 

EOWA he ar? U (e2m* 4 e- 2 —2 cos 2mh) 

The part of this expression involving h is equal to unity 
when mh is very great, that is fora thick plate; it is, however, 
greater than unity for some values, the smaller values of / 
for which it is a maximum satisfying the equation 

sin 2mh(e?™* —¢@—2"") = (), 

Hy” ( pop 2 ¢ (e2m*—e-2 + 2 sin 2mh) \ 
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When / vanishes the rate of heat-production, as given by the 
preceding expression, is infinite. We have, however, in this 
expression used approximate values for A and B. If we use 
their accurate values we find that the rate of heat-production 
vanishes when h=0, but rises very quickly to a large value 
as / increases. 

The slight increase in the brightness of the discharge in A 
when a brass rod is placed in B is due, I think, to the dimi- 
nution in the self-induction in the primary circuit produced 
by this rod, whose conductivity is so good that it absorbs 
practically no heat. 

We will now return to the case of bad conductors, where 
na is small; here the absorption of energy is proportional 
to the conductivity, and we might use this method to com- 
pare the conductivity of electrolytes for very rapidly alter- 
nating currents. I tried a few experiments of this kind, and 
found, as I did in the experiments described in the ‘ Pro- 
ceedings’ of the Royal Society, xlv. p. 269, that the ratio 
of the conductivities of two electrolytes was the same for 
rapidly alternating as for steady currents. I was anxious, 
however, to see whether these rapidly alternating currents 
could pass with the same facility as steady currents from an 
electrolyte to a metal. To try this, two equal beakers were 
filled with the same electrolyte made of such strength that 
when inserted in B they put out the discharge in A. I then 
placed in one beaker six ebonite diaphragms arranged so as 
to stop the eddy currents, and a similar metallic diaphragm 
in the other. The ebonite diaphragm made the beaker in 
which it was placed cease to have any effect upon the dis- 
charge in A. I could not detect, however, that the effect of 
the beaker in which the metal diaphragm was placed on the 
discharge in A was at all diminished by the introduction of 
the diaphragm. I conclude, therefore, that very rapidly 
alternating currents can pass with facility from electrolytes 
to metals, and wee versd. In this respect electrolytes differ 
from gases, the currents in which, as we have seen, are 
stopped by a metallic diaphragm in the same way as they 
would be by an ebonite one. 

It may be useful to observe, in passing, that a somewhat 
minute division of the electrolyte by the non-conducting 
diaphragm is necessary to stop the effect of the eddy currents; 
a division of the electrolytes into two or three portions seemet@ 
to produce very little effect. 

Another point which is brought out by these experiments 
is the great conductivity of rarefied gases when no elec- 
trodes are used as compared with that of electrolytes, An 
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exhausted bulb will produce as much effect on the discharge in 
A as the same bulb filled with a solution of an electrolyte 
containing about a hundred thousand times as many mole- 
cules of electrolyte. The molecular conductivity of rarefied 
gases when the electi omotive intensity is very great and when 
no electrodes are used must be thus enormously greater than 
that of electrolytes. 

Bulbs filled with rarefied gas used in the way I have 
described serve as galvanometers, by which we can estimate 
roughly the relative intensity of the currents flowing through 
the primary coils which encircle them. Used for this pur- 
pose, I have found them very useful in some experiments on 
which Iam at present engaged on the distribution of very 
rapidly alternating currents among a network of conductors. 

I have much pleasure, in conclusion, in thanking my 
assistant, Mr. HE. Everett, who has done the whole of the 
very large amount of glass-blowing required for these ex- 
periments, and has rendered very efficient help in other parts 
of the work. My thanks are also due to Mr. A. T. Bartlett, 
B.A., for the assistance he has given on several occasions. 

Cambridge, July 1891. 

LV. Some Remarks suggested by a popular Article on the 
/gnis Fatuus. By Cuartes Tomunson, /.RS., £.CS., 
Seat, 

NUMBER of distinguished scientific men form a com- 
mittee of the British Association for encouraging the 

teaching of science in elementary schools. In their Report 
for 1889 they say :—“ This year has been one of continued 
depression in regard to the teaching of science in elementary 
schools, and of disappointment in regard to legislative action.” 
In their Report for 1890, however, their object is said to be 
more hopeful of attainment, seeing that the New Code is 
favourable thereto, although it is a matter of regret that no 
special arrangement has been made for the instruction of 
pupil-teachers in some branch of science. 

In our middle-class schools, science and modern languages 
apparently require to be more systematically studied than 
they are at present, if we as a nation would maintain our 
commercial and manufacturing position with respect to other 
countries. There is hope that the various Polytechnic Institu- 
tions that are scattered about will supply the want. I have 

* Communicated by the Author. 
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been honorary examiner in Physics to the Birkbeck Institu- 
tion during many years, and can bear ample testimony to the 
excellence of its scientific teaching. 

There is, however, a good deal of indifference in private 
life as to whether science is taught or not, or how it is taught. 
In some cases this indifference is based upon ignorance of the 
importance of such knowledge ; in other cases there is a 
decided prejudice against it, because it 1s supposed to conflict 
with certain theological dogmas. 

Even when such prejudices are absent, there is a want of 
discrimination in the selection of text-books for the young, 
and it is often a mere chance if a book written by a competent 
hand is selected. 

I was led into these reflections by a passage that was 
recently submitted to me from a book on Popular Science 
which has passed through many editions. It professes to 
ive an account of the Jgnis Fatuus. 
“This luminous appearance (which haunts meadows, bogs, 

and marshes) arises from gas of putrefying animal and 
vegetable substances, especially from decaying fish. These 
luminous phantoms are so seldom seen because phosphoric 
hydrogen is so very volatile that it generally escapes into the 
air in a thinly ditfused state. They fly from us when we run 
to meet it, because we produce a current of air in front of 
ourselves (when we run towards the zgnis fatuus) which drives 
the light gas forwards. It runs after us when we flee from 
it, because we produce a current of air in the way we run, 
which attracts the light gas in the same course, drawing it 
after us as we run away fromit. The Welsh ‘ corpse candles’ 
are the same thing as the zgnis fatuus. Swarms of luminous 
insects passing over a meadow sometimes produce an appear- 
ance similar to the ignis fatuus.” 

It is impossible to suppose that this account was written 
by a scientific chemist ; it was probably the work of one of 
those gentlemen in the Reading-Room of the British Museum 
who disturbed Mr. Carlyle in his studies :—‘‘ The use they 
make of the Library,” he said, ‘‘ is to assist them in drawing 
up articles for Compilation, Dictionaries, and Encyclopedias, 
and the stuff called ‘ Useful Knowledge.’ They are a very 
thick-skinned race.” * 

The gentlemen thus referred to are often greatly indebted 
to the Cyclopzedias in getting up books of Popular Science. 
But though the Cyclopzedias themselves have been greatly 

* Evidence before the Commissioners appointed to inquire into the 
Constitution and Management of the British Museum, 1849. 

Pie vagens. O. V ol. 32. No, 198. Nov. 1891. 21 



466 Mr. C. Tomlinson on the Ignis Fatuus. 

improved of late years, seeing that they owe many of their 
leading articles to competent writers, yet it must be admitted 
that the very considerable number of short articles are en- 
trusted toinferior hands. I was anxious to see how such com- 
pilers might be led, or misled, by consulting the article [gnis 
Fatuus in three well-known Cyclopeedias. The first reference 
is to the “English Cyclopedia ” (Arts and Sciences Division), 
1860, where there is a short article under Jgms Fatuus, a 
meteor resembling a flame which is vaguely said to do a 
number of things and may be seen over marshes or burial- 
grounds, and a ease is related in which a weak blue flame 
came up from the sea, and burnt some ricks of hay. It is 
also stated that “such meteors are most usually witnessed 
during a fall of rain or snow.” After referring to some 
other cases the writer remarks, “ Little confidence can be 
placed in the descriptions given of them, as few persons have 
been able to examine them with due attention ; and commonly 
they have been observed under the influence of an ill-regulated 
imagination rather than a philosphical spirit.” That such 
meteors are due to phosphuretted or carburetted hydrogen 
gas is termed “a plausible hypothesis,” but “there is a great 
dearth of satisfactory observations on moving lights seen in 
nature, and the entire subject is at present in obscurity.” 

The second example is in the Encyclopedia Britannica, 
ninth edition, 1885, where the subject, oddly enough, is 
treated in a few lines under Phosphorescence, which is said to 
be “a name given to various phenomena due to different 
causes, but all consisting in the emission of a pale, more or 
less ill-defined light, not obviously due to combustion.” It 
is stated that Jgnis Fatuus, as seen in marshy districts, has 
given rise to much difference of opinion. Kirby and Spence 
suggested that it might be due to luminous insects, “ but it 
is more reasonable to believe that the phenomenon is caused 
by the slow [?] combustion of marsh-gas.”’ 

In Chambers’s Cyclopedia, “A Dictionary of Universal 
Knowledge,” New Hdition, vol. vi. 1890, we have much 
excellent writing in the longer articles, and only a feeble 
grasp of subject in soine of the shorter ones. There is the 
same uncertainty in the treatment of Jgns Fatuus*, and the 
same confusion as in ‘the earlier writers, arising from the 
application of the same term to meteors of very ments 
origin. The article begins by stating that Ignis Fatuus “1 
a luminous appearance of uncertain nature which is occa- 

* This article seems to have been entirely derived from the article 
Irrlichter in the Konversations-Lexicon. 
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sionally seen in marshy places and churchyards. The 
phenomenon has been frequently described, but it has been 
observed so rarely in favourable circumstances by scientific 
men, that there is no satisfactory explanation.” The theory 
that the meteor is due to ignited marsh-gas is dismissed as 
untenable, because the gas “does not ignite spontaneously. 
The more plausible suggestion that it is due to phosphuretted 
hydrogen, which ignites on contact with oxygen, is also 
rejected, on the ground that a German observer, “named List, 
“passed his hand through the luminous appearance, and felt 
no warmth ;” while another German, named Knorr, ‘ held the 
metal-tip of a walking-stick in the flame of a fixed zgnis 
fotuus... fora quarter of an hour, but the metal was not 
warmed.” 

References to these observations are not given ; but the 
luminous appearances were probably not gaseous, but elec- 
trical, as was also the meteor, which was seen to ‘‘ bound over 
the country like a ball of fire for half an hour at a time.” 

The scientific reader cannot fail to see that these notices in 
works of so much pretension, and of such recent dates, are 
quite unworthy of their fame. It is also curious to notice 
how the descriptions of earlier writers, with their ignorance 
of gases and imperfect knowledge of electricity, have stimu- 
lated the timid doubts of the modern compiler. One example. 
from an old writer, and in many respects an admirable one, 
may here be quoted, namely, Dr. Van Musschenbroek, Pro- 
fessor of Mathematics and Philosophy in the University of 
Leyden*. In his Latin treatise on Natural Philosophy, vol. ii. 
page 291, is the following paragraph :— 
$1829. Wandering fires, or Ignes Fatui, are of a round 

figure, in bigness like the flame of a candle, but sometimes 
broader, and like bundles of twigs set on fire. They some- 
times give a brighter light than that of a wax candie, at other 
times more obscure, and of a purple colour. When viewed 
near at hand, they shine less than at a distance. They wander 
about in the air, not far from the surface of the earth, and are 
more frequent in places that are unctuous, muddy, marshy, 
and abounding with reeds. They haunt burying places, 
places of execution, dunghills. They commonly appear in 
summer, and at the beginning of autumn. But in the country 
about Bononia, they are seen throughout the whole year in a 

* This work was written in Latin, and was first published in 1726 
it was reprinted in 1784, and again in 1762, each time with considenanle 
augmentations. It was trar. slated by John Colson, M.A., and F.R.S., 
Lucasian Professcr of Mathematicks in the Univ ersity of Cambridge, and 
was printed for J. Nourse at the Lamb, without Temple Bar, 1744. 

212 
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dark night. or there in a cold winter, and when the ground 
is covered with snow, they are in greater plenty than in the 

1 A hottest summer. Those also are observed in winter, which, 
| Gassendus says are seen at fogon,atown of Provence. They 

appear more frequently in hot than in cold countries. In 
| Italy near Bononia are the greatest, and in greatest plenty. 

| Sometimes they vanish on a sudden, and presently shine out 
it in another place. They are generally at the height of about 

six feet from the ground. Now they dilate themselves, and 
now contract. Now they go on like waves, and rain as it: 

i were sparks of fire, but they burn nothing. They follow 
' those that run away, and fly from those that follow them. 
i Some that have been catched were observed to consist of a 

shining, viscous, and gelatinous matter, like the spawn of 
frogs, not hot or burning, but only shining; so that the 
matter seems to be phosphorous, prepared and raised from 
putrefied plants or carcases by the heat of the sun ; which is 
condensed by the cold of the evening, and then shines. Yet. 
{do not think that the matter of all is the same, for without 
doubt those of Bononia differ from those of Holland. It isa 
mere fiction that these fires are evil spirits or wandering 
ghosts, misleading travellers out of mere spite, to plunge 
them into ditches and bogs as some trifling Philosophers have. 
fold us.”’ 

In the above passage there is much admirable description 
h of the Jgnis Fatuus, but the writer cannot reconcile the phe- 
| nomena as due to one source, for he does not think that “ the 
i matter of all is the same.’ It is clear that some of the 
i phenomena refer to gaseous meteors, others to electrical, and 
i others again to phosphorescent*, but further advances in natural 
il | knowledge were required before these distinctions could be 
i made clear. 
| The first step towards a true explanation of the Jgnis Fatuus 

was taken by Priestley, who, in 1767, began his “ Hxperi- 
ments and Observations on different kinds of Air,’ and thus 

* In the Philosophical Magazine for August and December 1888 I 
have cited a number of examples of low lying electrical meteors. These 
may be multiplied to almost any extent, but they must not be confounded 
with the ignis fatuus. Whether phosphorescent lights are ever seen 
hovering over graves, forming what are called “corpse candles,” has not 
been decided by scientific evidence unless the testimony of Reichenbach’s 
sensitive patients be taken as such. Some years ago the inhabitants of a 
small town in Scotland were alarmed by a luminous appearance in the 
neighbouring wood. It was seen during several evenings after sunset. 
Most of the inhabitants were too timid to investigate the cause, but one 
bold spirit ventured and found the light to proceed from a large putrescent 
fish which some one had thrown up into a tree. 
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laid the foundation of Pneumatic Chemistry. Among his 
experiments are a considerable number on the inflammable 
air produced during the decomposition of various kinds of 
vegetable, and in vole i. .. page 209, he says :—“ The air from 
marshes also, which, with Sig. Volta, I doubt not comes from 
putrefying vegetable substances, I have also found to be 
equally permanent ;” that is, not absorbed by water, as in 
the case of fixed air. 

The name of Volta makes me pause for a moment to ex- 
press my astonishment that Professor Kiimtz, of the University 
of Halle, in his celebrated Lehrbuch der Meteorologie, published 
in 1832, in the section on Irrlichter oder Irrwische (lgnes 
fatui, Ambulones, Feux follets), expresses his opinion, and 
notes it as a remarkable fact, that no physicist has specially 
examined the nature of these lights (vol. 11. p. 490), and yet 
he gives a multitude of authorities most of whose observations 
are of very little value, except in the case of Volta, who, as 
he says, supposed that marsh-gas or carburetted hydrogen is 
the cause of these lights, and that the gas is kindled by means 
of an electric spark*. 

Now it is surprising that Kimtz, with his extensive 
knowledge of scientific literature, relating in any way to 
Meteorology, should have ignored a work published in 1787, 
on Meteors, by the Abbé Bertholon, Professor of Experimental 
Physics at Languedoc, and member of various scientific 
societies. Taking advantage apparently of Priestley’s dis- 
coveries, for, as he appropriately remarks, it was impossible 
to explain the Jgnis Fatuus before gases were discovered, he 
describes a capital experiment which we must hear him relate 
in his own language :— 

“Tl est bien prouvé, par Vexpérience et Vobservation, 
que, dans les marais et les terrains marécageux, il y a de l’air 
inflammable ; il suffit, pour en obtenir, de remuer avec une 
‘canne la vase de ces endroits, aussitét on verra s’en échapper, 
a travers de ’eau qui en couvre plus ou moins la surface, une 
quantité assez considérable. i dans cet instant on approche 
la lumiere d’une bougie on verra aussitét Vair inflammable 
s’allumer, et la flamme s’étendre au loin.” T 

The gas thus formed has often been collected in bottles full 
of water inverted over the spot; it was found by Sir 
Humphry Davy and others to contain carbonic acid and a 
small quantity of nitrogen, the proportion of either or both of 
which would of course influence the character of the flame. 

* His reference is to Volta, Opere iil. p. 46. 
+ Tome Second, p. 10. 
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Many years.ago, Major Blesson, of Berlin, made a number 
of experiments in a valley in the Forest of Gubitz, in the 
Newmarck, where the meteor was often seen. The valley 
cuts deeply into compact loam, and is marshy at its lower 
part. The water of the marsh ‘contains iron, and is covered 
with a shining crust. During the day, bubbles of gas were 
seen rising from it, and at night bluish-purple flames were 
observed playing over the surface. On visiting the spot by 
night, the flames retired as the Major advanced, the motion 
of the air driving the burning gas before him. On standing 
still, the flames returned, and he tried to light a piece of paper 
at them ; but the current of air produced by his breath kept 
the flames at too great a distance. On turning away his 
head, and screening his breath, he set fire to a strip of paper. 
He also succeeded in putting out the flame by driving it 
before him to a part of the ground where no gas was pro- 
duced ; then, applying a flame to the place whence the gas 
bubbles issued, a kind of explosion was heard. over eight or 
nine square feet of the marsh; a red light was seen, which 
faded to a blue flame about three feet high, and this continued 
to burn with an unsteady motion. As the morning dawned 
the flames became pale, and seemed to approach nearer and 
nearer to the earth, until at last they faded from sight. The 
samé observer also made experiments in other places. At 
Malapane, in Upper Silesia, he passed several nights in a 
forest where the meteor was to be seen. He succeeded in 
extinguishing and inflaming the gas, but was not able to set 
fire to thin strips of paper or shavings of wood by its means. 
In the Komski Forest, in Poland, the flame appeared of a 
darker hue than usual, and on attempting to ignite paper and 
wood they became covered with a viscous kind of moisture, 
thus reminding one of Musschenbroek’s observation when an 
ignis fatuus was “ catched.”’ On another occasion he suc- 
ceeded in lighting up the zgnis fatuus by standing at a distance 
and throwing fire-works into the marshy ground. He visited 
by night the summit of the Porta Westphalia, near Minden ; 
the meteor was not visible, but on firing off a rocket a number 
of small red flames were observed below, which soon went out, 
but appeared again on firing another rocket*. 

In conclusion, it seems scarcely necessary to remark that 
writers in Cyclopeedias and Popular Guides to Science have 
abundant sources of reliable information if they will only 

* T haye mislaid the reference to Major Blesson’s experiments, but the 
account given above is from a bovk on Natural Phenomena, written by 
me for the Christian Knowledge Society, and ep aashed in a second 
edition in 1858. 
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take the trouble to look in the right places: for there cannot 
be any ground for the doubts cast upon the subject in the 
articles above quoted ; seeing that the zgnzs futuus is produced 
by the ignition either by lightning or by accidental flame of 
light carburetted hydrogen or marsh-gas which is generated 
by the decay of vegetable matter in boggy places; and the 
reason why the phenomenon is now so seldom seen is that these 
places have been drained and brought under cultivation. 

_ Highgate, N., 4th August, 1891. 

LVL. Ona Theorem in Plane Kinetic Trigonometry suggested 
by Gauss’s Theorem of Curvatura Integra. By Sir WILLIAM 
THOMSON*. 

it: LBERT GIRARD?’S beautiful theorem of the “ Sphe- 
- rical Excess,” in spherical trigonometry published 

about 1637, and used practically 150 years later by General 
Roy in the trigonometrical survey of the British Isles, was 
splendidly extended by Gauss in his theoremf of the “ Curvatura 
Integra.” There must be a corresponding theorem in the 

$ 

R 

“kinetic trigonometry”? suggested in the marginals of 
Thomson and ‘Tait?s ‘ Natural Philosophy,’ §§ 361 (a) (6) (ce) 
{d), for the motion of the generalized conservative kinetic 
system of any number of variables. or the very simple case 

_°* Communicated by the Author. | 
+ “ Disquisitiones Generales circa Superficies Curvas; auctore Carolo 

Frederico Gauss ; Societati Regie [Gottingensi] Oblates p.vur. Octobr. 
Mpcccxxvir.” Collected Works, Vol. [V. Gottingen 1873. Thomson 
and Tait’s Natural Philosophy §§ 151.... 188. 

rR 
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of a material point moving in a plane it is easily worked out, 
as | have found in endeavouring to write a continuation of 
my article (Philosophical Magazine, October) on the Periodic 
Motion of a Finite System, which I hope may be ready to 
appear in the December number. Here is the theorem mean- 
time. 

2. Let LABM, NBC Q, RCAS be three paths of a 
particle moving freely in a plane, under influence of a‘force 
—dV —dV 
di ay 

direction in the plane, with such velocities that the sum of the 
kinetic and potential energies has the same value () in each 
case. The sum of the three angles A, B, C exceeds two right 
angles by an amount which, reckoned in radian, is equal to the 
surface-integral of V7 log /(H—V), throughout the enclosed 

a? Mand? 
dat dy 

) and projected from any three places in any 

area A BC; VY? denoting the Laplacian operation 

3. To prove this ; remark that 

d 
‘) i) da dyJ?r= fe ; 

where yy denotes any function of (4, y) ; \\ de dy surface- 

integration throughout any area ; \ ds line-integration all 

round its boundary ; and = rate of variation of y in the 

direction perpendicular to the boundary at any point. Hence 
the surface-integral mentioned in § 2 is equal to 

—dV 
S4:srpyjaq > ee 

is the normal-component force (N, we shall call But 

it); and 2(H—YV) is the square of the velocity (v’, we shall 
call it). Hence (1) becomes | 

UV 

But N/v? is the curvature é we shall call it), at any point in 

any one of the three ares AB, BC, CA. Hence, dividing 
Vids into the three parts belonging respectively to these three 
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arcs, which we shall denote by [" ds, {" ds, ( ds, we find for 

(2), 
; B Cc Ad 

(°S4(°24(°S. Pas la A 
va P Bp P c P 

But {2 — is the change of direction in the arc AB, and 

sary ree the two others: hence the theorem. 

LVI. On the Nature of Sonne oe J. ALFRED ESET 
W. Jounstone, and W. J. Cooper*. 

ree venerable Dalton made the great discovery, about the 
year 1840, that contraction occurs when salts dissolve 

in water. In some instances the contraction is so great that 
the volume of the solution of the salt is not greater than that 
of the water itself—the contraction being as large as the 
volume of the anhydrous salt existing in the solution. Dalton 
experimented upon the same salt in its hydrated and in its 
anhydrous condition, and he also extended his investigation 
to a great variety of salts, and his results he sums up as 
followst :—“I have tried the carbonates, the sulphates, the 
nitrates, the muriates or chlorides, the phosphates, the arse- 
niates, the oxalates, the citrates, the tartrates, the acetates, 
(&e., &., and have been uniformly successful : only the water 
Gls to the bulk, and the solid matter adds to the weight.” 

_ Such was the condition in which Dalton left this subject 
about the year 1840. 

Taking up the investigation where Dalton left off, we find 
that in the majority of cases there is indeed considerable con- 
traction when salts dissolve in water, but that the degree of 
contraction varies very widely with different salts. In some 
instances in which mineral matter dissolves in water, the 
contraction is so great that the volume of the solution is 
actually less than the volume of the water which forms it. 
This is strikingly exemplified by lime-water, which occupies 
less space than the water which it contains. On the other 
hand, there are cases where the volume of the solution of a 
mineral salt is almost as great as the sum of the volume of the 
salt plus the volume of the water in the solution. (The solu- 
tion of nitrate of silver is a case in point.) There are even 
instances where expansion takes place. This is exemplified 

* Communicated by the Authors. 
+ Henry’s ‘Life of Dalton’ (Cavendish Society), p.193.... - 
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by some ammoniacal salts, where the volume of the solution 
has been found to exceed the sum of the volumes of water and 
dry salt. 

Finally, there is the very important and, we think, very 
common: case where solution takes place without any change 
of volume whatever. Such a case is afforded by solutions of 
cane-sugar*, which dissolves in water in almost all propor- 
tions, and the solutions of which occupy exactly the same 
volume as the separate water and sugar which enter into 
them. 

A characteristic example of solution is afforded by sugar and 
water ; and we hold that solution is mutual permeation with- 
out change of volume, as exemplified by sugar and water. 

The changes of volume so frequently observed, in the 
instance of mineral salts, are due to chemical action, which is 
often a concomitant of solution. 

In order to trace the connexion between the specific gravity 
of solutions and the composition of solutions, the following 
‘method may be followed with advantage. 
_We regard solutions as being generated by the entrance 

of successive units of weight into a large unit of volume. The 
unit of weight is one gramme. The unit of volume is 100 
cubic centim., or one litre. The unit of volume is taken to 
‘be constantly filled with the solvent except in so far as it is 
‘occupied by the thing dissolved. 

2 = the increment-coefficient ; that is to say, the increment 
of weight occasioned by the entrance of one gramme of the 
substance into 100 cubic centim., or one litre of solution. It 
is found experimentally by weighing the 100 cubic centim. or 
the litre of the solution, and subtracting the weight of 100 
cubic centim. or a litre of the pure solvent. If the solution 
‘contains more or less than one gramme of the substance in 
the 100 cubic centim. or litre of solution, the number of 
grammes must be ascertained and used as a divisor. 

When one gramme of a substance is inserted into 100 cubic 
centim. occupied by a solvent, one of three things must 
‘happen :— 

(L) There may be absolutely no change in volume— 
neither contraction nor expansion. When one gramme of 
‘mercury is dropped into 100 cubic. centim. of water there is 
‘neither contraction nor expansion, and the gramme of mer- 
-cury simply displaces its own volume of water, which over- 
flows out of the 100 cubic centim. measure. Sp. gr. being 
the specific gravity of mercury, the quantity of water which 

* Vide Chemical News (1891) vol, lxiv. p. 27, Wanklyn and Cooper, 
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overflows alle : and the increment of weight in that 
case would be et 

eg! 
sp. gr. 

Such a pales we represent by 7. 

a4 =l|— : ° 
sp. gr. 

This is the case of sugar, and no doubt of many organic 
substances which simply dissolve in water without chemical 
action of any kind. 

(2) There may be contraction. This is exemplified by 
common salt and water. When one gramme of common salt 
is inserted into 100 cub. centim. of water, the displaced water 
is partly condensed and retained in the 100 cub. centim. 

2—2,=the condensate ; 

that is to say, the weight of the water which, instead of 
overflowing, is retained in the vessel when one gramme of 
-salt dissolves so as to give 100 cub. centim. of the solution. 

(3) There may be expansion. Im such a case when one 
gramme enters the 100 cub. centim. or the litre a larger 

quantity than. * = will overflow and 

i—t, becomes a minus quantity. 

This is exemplified by chloride of ammonium, which Ander: 
goes decomposition when it is dissolved in water, and the 
volume of the solution of that salt actually exceeds the sum 
of the volumes of the water and the salt in their separate 
condition. 

In a series of papers which have recently appeared in the 
‘Chemical News,’ we have treated solution from this point of 
view, and shown that the condensate (¢—7), in the case of 
very many salts, bears an atomic relation to the gramme of 
salt which occasions it. 

Sugar and Water. 

The ordinary tables of the specific gravities of solutions of 
different strengths are constructed so as to mask the regu- 
larity of the relation between specific gravity and strength. 
The common sugar table, for instance, gives the specific 
gravities corresponding to the strength represented in per- 
‘centage by weight. That mode of statement hides the regu- 
larity : but when the table is transformed so as to set nae 
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strength in terms of the number of grammes of sugar in 100 
‘cub. centim. of solution, then there: are indications of regu- 
larity. By a very obvious method of calculation this trans- 
formation may be effected. The ordinary tables when so 

treated exhibit some departure from regularity. 
We have undertaken a revision of the table and our result 

is that these departures from regularity are experimental 
errors. | 

Our results are as follows :— 

Number of grms. 
of Cane-Sugar in | Specific Gravity. a. 
litre of solution. 

(a ee 

° Fahr. 
65°5 1°341 1000°52 3878 
54 1-341 1000:52 "0878 
Deut 1°341 1000°52 °3878 
5ST 9-878 1003°84 3887 
56:0 104:580 1040°60 - 3882 
59:0 749-50 1282°00 *3762 

In these experiments we have compared the weight of the 
sugar-solutions with the weight of an equal volume of dis- 
tilled water at the same temperature as the sugar-solution, 
and in each instance have used a half-litre specific-gravity 
bottle *, except in the last experiment. 

The last measurement was made with a 100 cub. centim. 
bottle, and has not the same ‘claim to be considered highly 
accurate as the other five measurements; and we attribute 
the slight difference in that case to experimental error, and to 
another cause which may be considered hereafter. 

The value of 2 for sugar we find therefore to be °388, and 
it is constant over a very wide range, viz., from 1 grm. of 
sugar per litre of solution up to 750 grm. of sugar per litre 
of solution. ) 

The specific gravity of solid sugar required in order to 
make 2;='388 is 1:634. The specific gravity of sugar is 
given in the text-books as 16067, which would make 7, =°3773. 

Sugar, therefore, presents an example of equality between 
2 and 2,; that is to say, its solutions in water occupy exactly 
the same volume as the separate water and sugar which form 
them. 

At the beginning of this paper we called attention to Dal- 
ton’s discovery of the contraction which takes place when 

* Vide Wanklyn’s ‘ Water Analysis’ (Kegan Paul, Trench, and Trubner), 
eighth edition, p. 78. 
+ Vide Watts’s ‘ Dictionary of Chemistry,’ vol. v. p. 470. 
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salts dissolve in water. Dalton also experimented upon sugar, 
but failed to notice that in that case there is no contraction ; 
and it has been reserved for ourselves, after the lapse of half 
a century, to record that there are cases, such as that of 
sugar, where there is rigid maintenance of volume. 
Laboratory, New Malden, Surrey: - 

LVIII. Notices respecting New Books. 

Theorie der Quaternionen. Von Dr. P. MoLENBROEK. 
Leiden, 1891. 

\ E are told in the Preface that this theoretical volume, of 234 
pages, is to be followed immediately by another containing 

systematized applications. It is to be hoped, rather than expected, 
that this second volume will not exhibit the prolixity and the 
uncalled-for minuteness of detail which purposely characterize the 
first. We say purposely because, though Dr. Molenbroek states 
that Hamilton’s great Treatise (which is accessible to continental 
readers in a German translation) is so extensive in its theoretical 
part as to frighten readers away from the applications, he complains 
that the work of Prof. Tait (also accessible in translations) gives 
an inadequate (durftig) account of the theory. Hence his own 
work is designed to occupy a position midway, as it were, between 
these two treatises. And it does so more by laboriously spinning 
out the parts treated by Tait, than by introducing other material 
from Hamilton’s stores. 

When we examine the work itself, we find that Dr. Molenbroek’s 
notions as to the really important parts of the theory differ very 
widely from those of Hamilton and his pupil. So far as we can 
discover, there is not in his work even an allusion to y! How the 
promised applications, if they are to deal at all with potentials, 
fluid motion, &c., are to be made in the second volume, must 
therefore for the present remain a mystery. On the other hand, 
the subject of powers and roots of quaternions, not at present of 
much use in applications, is developed at disproportionate length. 

But the novel feature of the work, and one to which special 
attention is directed in the Preface, is of a really startling cha- 
racter; inasmuch as it is entirely at variance with the elementary 
definitions given by Hamilton, and reproduced by Dr. Molenbroek 
himself! Comment on such a proceeding is altogether unnecessary. 
We need do no more than state that he regards an imaginary 
scalar roultiplier as an undetermined quadrantal quaternion, which 
has the singularly felicitous but hitherto unsuspected power of 
adjusting its axis so as to be perpendicular to any vector to which 
it may be applied! His volume of examples and applications will 
certainly be eagerly expected, if it is to contain other gems like 
that enunciated (p. 104) in the following words :— 

‘‘Man kann somit sagen, ein doppelbrechender Krystall konne 
wie ein konisch spaltender Quaternion wirken.” 
We have hitherto admired Hamilton’s wonderful dealings with 
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the geometrical interpretation of the vector “—1. Its scalar 
form would appear to have even more singular and important 
properties and applications. But, alas for Dr. Molenbroek, Ha- 
milton long ago said:—and his words are final:—‘ the old and 
ORDINARY IMAGINARY SYMBOL of common algebra.... is to be 
treated .... not as a real vector .... but as an imaginary scalar.” 
Sic transit gloria M ! 

LIX. Intelligence and Miscellaneous Articles. 
CHEMICAL ACTION AT A DISTANCE. 

BY 8S. U. PICKERING, F.R.S. 

py the Philosophical Magazine for August (p. 145) there appears — 
a paper by Prof. Ostwald bearing this somewhat theatrical 

title: in it the author describes some experiments for which, in 
his opinion, “a satisfying explanation can be first gained on the 
eround of the Theory of free ions,” and which, having been “‘ worked 
out at [his] writing-table before [he] had seen anything of the pheno- 
mena in question .... speak,” he considers, “ more forcibly than any 
polemics for the value of this theory.” The object of the present 
note is to try and elicit some explanation as to what the difficulty 
is in explaining, or even predicting, the facts on the old theory of 
electrochemical action, and why they are to be regarded as afford- 
ing any proof of the truth of the dissociation theory. 

The chief experiment is as follows:—A zinc-platinum couple is 
placed in a solution of potassium sulphate, and on adding sulphuric 
acid to the liquid near the platinum the acid is decomposed with 
liberation of hydrogen while the zine goes into solution, whereas, 
when the acid is added to the liquid near the zine, no action occurs. 
The explanation of such a result appears to be perfectly simple 
without the aid of the dissociation hypothesis. We have only to 
remember that a zinc-platinum couple will not decompose potas- 
sium sulphate, but will decompose sulphuric acid, and that these 
effects will, in all probability, remain unaffected by the slight modi- 
fication of the ordinary contacts obtaining in Prof. Ostwald’s 
experiment: also that in all salt-solutions there is a continual 
interchange going on between the ions in contiguous molecules, 
which interchange involves no expenditure of work. That being 
so, the action will be represented by the following scheme:— _ 

a 
in 8O.K,  SO;K, 7) SOyeRe in 

No work, or only an infinitesimal amount, is done in transferring 
the K, from one SO, to the next: no potassium sulphate is really 
decomposed, for there are as many molecules of it present after as 
there were before the reaction; and the only body which is decom- 
posed is the acid, a decomposition which we know a zinc-platinum 
couple will effect. The following scheme shows that if the acid is 
placed in contact with the zinc no decomposition could occur unless 
the couple were capable of decomposing the potassium sulphate, 
which it is not. 
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Such an explanation appears to me to be much more simple than 
one which involves the idea that neutral zinc, when placed in a 
neutral solution, shoots off positive ions, leaving the remaining 
portion of the metal negative; the electric charges which convert 
the atoms into ions consisting of a something, and the charging 
being accomplished in a manner, of which, as Prof. Ostwald 
admits (p. 148), no explanation can be given. 

Other experiments are quoted which seem no less inconclusive 
than the above in favour of the dissociation theory. The slow 
dissolution of copper in weak oxygenated sulphuric acid would 
seem to be explained at least as well on the view that the copper 
is first oxidized, and that the oxide of copper then dissolves (copper 
oxide, but not metallic copper, being capable of doing so’ with 
evolution of heat), as on the view that the hydrogen ions of 
the acid are oxidized, and thus give place for the copper ions shot 
off from the metal. The dissolution of gold in chlorine-water 
obviously requires no recourse to the free ion theory for an expla- 
nation; nor does the following experiment, which practically closes 
the list of Prof. Ostwald’s “‘ proofs.” A beaker containing ferrous- 
chloride solution is connected, by means of a siphon containing 
sodium-chloride solution, with another beaker containing chlorine 
solution: on inserting connected platinum plates into the beakers a 
current passes, and the ferrous chloride becomes chlorinated to ferric 
chloride. Here the platinum in the one beaker is slightly acted on 
by the chlorine, and therefore becomes electropositive towards the 
platinum in the beaker with the ferrous chloride; the latter pla- 
tinum consequently becomes electronegative, the iron atoms in its 
proximity become more than usually electropositive, being thereby 
rendered capable of attaching to themselves more chlorine, accord- 
ing to the following scheme :— 

= cl 
Fel ClFeCl ClFeCl ClNa ClNa CIC 

+ 

: ; | Pt. 
Fe) O1FeCl ClFeCl ClNa CINa CCl 

It is perhaps more probable that the chlorine atoms which the 
sodium atoms on the extreme right combine with are derived, not 
directly from the chlorine molecules as represented in this scheme, 
but from molecules of hydrochloric acid or platinum chloride 
present in the liquid. The chlorination of the ferrous chloride 
naturally occurs with those molecules which are nearest to the 
negative platinum, as Prof. Ostwald observes is the case. It is 
difficult to see why such an experiment should be regarded as a 
proof of the dissociation theory. . 

All these experiments seem to be on a par with one described 
some time ago by Prof. Ostwald, consisting in the production of a 

RES EERO 



480. Intelligence and Miscellaneous Articles. 

small amount of electrolysis by a current of electrostatic origin : 
experiments which are perfectly consistent with the old electro- 
chemical theory, dressed up in the garb of the dissociation theory, 
and then presented to us as proof positive of this theory. 

MEASUREMENT OF THE CHEMICAL INTENSITY OF THE SOLAR 

RADIATION. BY A. BARTOLI. . 

The author raises the objection to previous investigations on this 
subject, that exothermal chemical processes have in many cases 
been used in which the heat developed must have a disturbing 
influence. The apparatus of the author consists of two metal 
vessels fitting one in the other, the inner one of which has a capacity 
of 7 litres; this is filled with water which has been boiled and 
then saturated with carbonic acid, and closed air-tight with a glass 
plate. Carefully selected subaqueous plants were placed in the 
water. This physiological actinometer was exposed to the sun’s 
rays, and the quantity of oxygen found was determined. At the 
same time the action of heat and the brightness of the solar radia- 
tion was measured. With different heights of the sun the 
ratio of the oxygen disengaged to the strength of the radiation was 
almost constant.— Boll. dell Acad. di Cue Jan. 1891; Besblitter 
der Physik, vol. xv. p. 418. 

ON WHEATSTONE’S DETERMINATION OF THE VELOCITY OF 

ELECTRICITY. BY PROF. J. STEFAN. . 

Kirchhoff, in his paper on the Motion of Electricity in Wires, 
first showed in 1857 that, under certain conditions, electricity 
moves in a thin wire according to the laws of wave- -motion, and 
with a velocity which may be put equal to that of light. The 
agreement between the velocities of electricity and light is only 
attained when the first travels in a straight wire stretched in the air. 
Kirchhoff has restricted his investigation to this case. If the bases 
of his calculation are applied to other cases, for instance to a wire 
which is wound in a zigzag, or is coiled in a spiral, it is found that 
electricity travels in such a wire with far greater velocity. In 
Wheatstone’s well-known experiment a wire was used which was 
coiled in twenty straight windings, and the velocity of electricity 
was found to be half as great again as that of ight. J think that 
in the preceding I have given the right explanation of this result. 1 
have, however, attempted to give this explanation an experimental 
support, and have employed the method given by Hertz of pro- 
ducing stationary waves in wires. I used a circuit like that in 
Wheatstone’s experiment, but on a smaller scale, connected it with 
a couple of long straight wires, and compared ‘the length of the 
wave in the circuit with the length of the same wave in the straight 
wires. The wave in the circuit is considerably longer, and in con- 
formity with this the velocity of electricity in the circuit is oreater 
than in the straight wires, and, according to my experiments, in a 
ratio which exceeds that found by Wheatstone.— Wiener Berichte, 
April 23, 1891. 
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LX. The Influence of Surface-Loading on the Fleaure of 
Beams. By Prof. C. A. Carus WIzson*. 

| Plate II. ] 

A Nae practical treatment of the problem of beam-flexure at 
- the present time is based on the hypothesis enunciated 
by Bernoulli and Euler, that the bending-moment is pro- 
portional to the curvature. 

This assumes that the cross sections remain plane after 
flexure and neglects the surface-loading effect. 

Saint-Venant has shownt that the first assumption is untenable ; but that, neglecting the surface-loading, Ber- 
noulli’s results are strictly true for one particular case of loading, that, namely, of a beam doubly supported and carry- ing a single isolated load, where, although the cross sections 
are distorted, the central displacement is zero. 

I propose in this paper to describe some experiments made 
with a view to determining the actual state of strain in a 
beam doubly supported and centrally loaded, the surface- 
loading effect being taken into account. 

Fhe method of investigation adopted is based upon the 
following assumptions :— 

(1) The true state of strain at the centre of the beam may 
be found by superposing on the state of strain due to bending 
only, that due to surface-loading without bending. 

* Communicated by the Physical Society: read June 26, 1891. 
+ Todhunter and Pearson’s History of Elasticity,’ vol. i. { Pearson’s ‘ Elastical Researches of Saint-Venant.’ 

Phil. Mag. 8. 5. Vol. 82. No. 199. Dee. 1891. ZK 
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(2) The state of strain due to surface-loading only may be 
found, with close approximation to truth, by resting the beam 
on a flat plane instead of on two supports. 

(3) The strains due to bending only may be obtained from 
the Bernoulli-Saint-Venant results ; viz. :— 

(«) The stretch for any cross section varies as the distance 
from the neutral axis. 

(8) The central axis is unstretched. 
(y) For the same point in different cross sections the 

stretch varies as the bending-moment. 
Saint-Venant has dealt with the shearing-strains at some 

little distance from the load in the case of a beam doubly 
supported and centrally loaded* ; and Professor Pearson has 
shown f that, in the case of beams continuously loaded, the 
results of the Bernoulli-Eulerian theory can only be con- 
sidered as giving approximate formule when the span of the 
beam is not less than ten times its depth f. 

The mathematical determination of the state of strain pro- 
duced by the loading of a beam as it rests on a flat plane is 
one of considerable analytical difficulty. 
MM. Lamé and Clapeyron have attempted the solution of 

a more general problem in their ‘“ Mémoire sur l’équilibre 
intérieur des corps solides homogenes.”§ The object of this 
paper is stated to be “to investigate the way in which the 
interior of a body is affected by the transmission through it 
of the action of forces.” Here they treat the problem of a 
solid extending to infinity on one side of a plane, on which is 
a given distribution of tractive load, and also of a solid con- 
tained between two parallel infinite planes. They obtain as 
aresult a set of definite integrals giving the displacements, 
introducing a function involving the distribution of tractive 
load, from which the stresses may be deduced, but concerning 
which they add: ‘Les formules précédentes, pour étre 
obtenues en séries numériques et immeédiatement applicables, 
exigent Ja connaissance des valeurs d’un genre particulier 
d’intégrales définies, dont il ne nous parait que les géométres 
se soient encore occupés.”’ 

The most successful attempt at a solution of this problem is 

* Pearson’s ‘ Elastical Researches of Saint-Venant,’ §§ 69-99. 
+ Pearson, ‘On the Flexure of Heavy Beams subject to continuous 

systems of Load,” Quarterly Journal of Mathematics, No. 93 (1889). 
{ Rankine assumed that the surface-loading effect might be neglected. 

See his ‘Applied Mechanics,’ § 311. 
See also Réswmé des Lecons &c. by Navier (Paris: Dunod, 1864), 

vol. i. p. 41 :—“ Observation sur le mode d’application et de distribution 
des forces qui font fléchir,” where the same assumption is made. 

§ Crelle’s Journal, vol. vii. p. 145 et seq. 
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to be found in a more recent work bv Professor Boussinesq, 
published in 1885*. The following is a brief account of the 
results obtained. | 

Fig, 1. 

S 8 being the surface of the solid (infinite below in length, 
width, and depth), M a point within, situate at a distance 
MN =z below the surface, K any element of the surface, 
situate at the distance K M=> from the point M, and subject 
to a given exterior pressure K P=p, having the component 
K P’=p’ along K M, the pressure which a plane element E EH’ 
taken through M parallel to the surface S 8’ will support, per 
unit of area, in consequence of the pressure p, will be found 
directed along the direction of K M produced, and will be 
equal to 

Neen a a) 
1, Qa? 

If, as a particular case, the pressure KP =p be normal, then 

p =p cos NMK=p = and 

Nine ES et! 6) 

If, further, it is required to find the vertical component. of 

MF, we have (MF) = or 

: Spx? 
pee 1 (O) 

The treatment of this particular problem is not pursued any 
further in this work; but Professor Boussinesq has kindly 
furnished me with a solution more nearly applicable to the 

* Application des Potentiels a Vétude del Equilibre et du Mouvement 
des Solides élastiques (Gauthier-Villars, Paris, 1885). 

See also Théorie de I Elasticité des Corps solides, Clebsch; translated and 
annotated by MM. de Saint-Venant and Flamant. (Paris: Dunod, 1883, 

p. 374, note to art. 46.) 
2K 2 
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case in point, and one which will be found to agree closely 
with the experimental results I had previously arrived at, and 
which are given later on. 

Suppose there to be a uniform pressure p exerted over every 
element du of bearing-surface between two extremities A, A’ 
(see figure), having abscisse w= —NA=—a, u=NA’= +a, 
and let p=Pdu, calling P the constant exterior pressure per 
unit of length AA’= 2a. 

The total pressure over unit of surface of an element E Hi’ 
will be, from equation (3), 

Opa — a |i du 
one 5 Zar Dare 

a) oP \° du 

T 2-0 (x? +u?)2 

uP 

— 

[NK =u]. 

Putting —=4, du=ada, we get as the normal pressure per 

unit of area on EH’, 

3P (1+ 27) meh : 
TH 

or, very nearly, if 2 is much smaller than a, 

SP Coe ae 
al (14a?) ?da. 

3 
Zyie = 3 

The value of the integral is Aan og or a which, 

30+ a 
a 

between the limits «=0 and a =o, becomes o Thus 
3 

the pressure per unit of area on an element E E! becomes ae 
Ti 

or 
Pt 

“L 0:64 (4) 

This expression has the form of that given below, though, 
inasmuch as the problem is not altogether the same as that 
treated experimentally”, a difference in the coefficients is only 
what might have been expected. 

* The mathematical solution assumes the length of bearing A A’ on an 
infinite surface. 
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The value of the integral between the limitsa=0 and e=x 

is, as has been stated, = om0ib01. Hon a—»). 2. ¢. ior uot 

as the upper limit, the integral = 0°666, and for uw=2« the 
integral =0°656; so that this solution is approximately correct 
for elements lying at a distance of 1 the width of the beam 
from the point of contact. 

Hence for a beam where the length A A’ is 5:5 millim., 
this solution would be applicable up to points lying at a 
distance of about 1°4 millim. from the top surface. 

I have investigated the law up to within 0°5 millim. of the 
top surface, and find it to be 

lig 

The investigation of the state of strain in glass beams by 
means of polarized light was first suggested by Sir David 
Brewster*, and his experiments are usually quoted as proving 
the truth of the Bernoulli-Hulerian theory of flexure. It is, 
however, easy to show experimentally that these experiments 
must have been made under conditions where the surface- 
loading etfect was inappreciable ; though very accurate reason- 
ing on this point is impossible, as the drawings accompanying 
Sir David Brewster’s paper are not to scale, and the span of 
the beams and the precise method of application of the loads 
are not indicated. 

M. Neumann developed a theory of the action of strained 
glass in the polariscope f, and found that the velocity of light 
in a medium is increased by compressing it. He bases his 
calculations on the measurement of the deflexions of glass 
beams supposed to obey the Bernoulli-Hulerian theory ; the 
beams are doubly supported and centrally loaded, having the 
proportions 66 x 8°5 x 2, the latter being the depth. It is not 
in all cases stated what spans were employed, so it is impos- 
sible to say how far the results were influenced by surface- 
loading. 

Professor Clerk-Maxwellt has examined the state of strain 
in pieces of unannealed glass ot various shapes, the lines of 
equal intensity of strain being deduced from the isochromatic 
lines. 

The lines of Principal Stress are found from those of Equal 
Inclination in the manner described later on in this paper. 

* Phil. Trans. 1818, p. 156. 
+ Abhandlungen der k. Akademie der Wissenschaften zu Berlin, 1841, 

vol. ii. pp. 50-61. 
{ Trans. Roy. Soc. Edinburgh, vol. xx. (1853) p. 117. 
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It has already been pointed out* that “ Neither Neumann 
nor Maxwell seems to have remarked that the difference of the 
velocities of the ordinary and extraordinary rays depends 
solely on the maximum slide of planes perpendicular to the 
wave-front.”” 

An important work on this subject is found in a paper by 
Dr. John Kerry. He establishes the fact that “If a plate of 
glass, compressed or extended in one direction parallel to its 
faces, be traversed normally by two pencils of light, which 
are polarized in planes respectively parallel and perpendicular 
to the direction of strain, then both pencils are retarded by 
the strain in the case of compression, and both are accelerated 
by the strain in the case of tension.’ Also that “ strain- 
generated retardations, absolute as well as relative, are sensibly 
proportional to the strain,’ thus confirming Wertheim’s 
results. 

Dr. Kerr employs in his experiments a bent glass beam, 
doubly supported and centrally loaded, having the ratio of 
span to deptht of 8-4 to 1, and assumed to obey the Ber- 
noulli-Hulerian theory. 

I would draw attention to the disagreement between the 
results arrived at by M. Neumann and Dr. Kerr, the former 
stating that the velocity of light in a medium is increased by 
compressing it, while the latter states that the velocity is 
diminished. 

Dr. Kerr examined a beam having a span equal to 8-4 
depths, and at a point where the surface-loading etfect would 
be least; whereas M. Neumann examined a beam—span to 
depth ratio not stated—immediately under the load. 

I can only attempt to account for the discrepancy by 
pointing out that if the span is diminished to less than four 
depths, the elements of glass that M. Neumann assumed to 
be in a state of squeeze are actually, as will be shown later, 
in a state of stretch. 

The instrument with which the following experiments were 
made consists of a steel straining-frame in which the beam 
to be examined is placed ; the beam rests—for flexure—on 
two steel rollers, and is loaded by a micrometer-screw which 
hears on a third central roller. The base of the frame is 
divided, from the centre, in divisions of 2 millim. so that the 
supports can be set for any required span. A micrometer- 
screw is placed in the base of the frame opposite the load, so 
that deflexions can be measured to one ten thousandth of an 

* Hist. of Elasticity, vol. i. p. 643. 
+ Phil. Mag. October 1888. 
{ According to the figure. 
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inch. Two screws in the two sides of the frame enable 
lateral pressure to be applied. The whole frame can be moved 
in any direction in its own plane, so that all parts of the beam 
may be examined. ‘The optical arrangements consist of two 
nicols, of which the upper is provided with a graduated disk on 
which the angle of rotation can be observed ; a microscope 
with micrometer-eyepiece can be fitted when it is desired to 
measure the fringes ; circularly polarized light can be used 
when required. 

The beams used were marked on one side with 2 millim. 
squares ; they were covered with paraffin and marked in a 
dividing-engine and then etched; the lines thus formed 
enabled the position of dark bands to be determined with 
accuracy. 7 

Proposition I. 

If a beam of glass be laid on a flat surface and loaded across 
its upper surface, the shear at any point on the normal at the 
point of contact of the load is inversely proportional to the 
distance from the point of contact. 

Euperiment 1. A beam of annealed glass 61 millim. x 6°5 
millim. x 20 millim. deep was placed in the steel straining- 
frame with its narrow side resting on a piece of thin paper. 

A steel roller 2 millim. in diameter, 10 millim. long, was 
placed across the middle of the top surface and loaded by the 
screw. 

The nicols were crossed and at 45° to the axis of the beam. 
A quarter-wave mica plate was placed between the beam 

and the analyser, with the plane containing the optic axes at 
right angles to the length of the beam. 

At that point a on the normal where the difference of phase 
between the ordinary and extraordinary pencils traversing the 
beam is equal and opposite to the difference of phase produced 
by the mica plate—the effect will be as if there were no 
strained glass between the two nicols, and there will therefore 
be a black spot as the nicols are crossed. 

The position of this spot on the normal is plotted on a 
sheet ot squared paper, and an ordinate parallel to the axis 
chosen to represent the shear. 

A second quarter-wave plate is now superposed on the first, 
and the black spot consequently moves up the normal to where 
the shear is twice what it was at a; this point, b, is noted, the 
second mica plate removed, and the load reduced until the 
black spot with one mica plate is brought to 6. In this way 
a series of points a, b,c, d on the normal are found at any one 
of which the shear is twice what it is at the point below. _ 
Now it is proved later on that the strain at any point 
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varies as the load on the beam; hence by taking the ordinate 
at b twice that at a, atc four times, and at d eight times, and 
so on, the get points on the curve of loading along the normal 
for the load that gives a difference of phase at a equal to that 
of one-quarter wave-plate. 

The results are plotted on Plate II. fig. 1: the observed 
points are indicated by circles, through one of which an 
hyperbola has been drawn taking the normal and the upper 
surface of the beam as asymptotes. 

lt will be seen that the six upper circles lie very nearly on 
the hyperbola. 

It is clear that the upper surface of the beam is an asym- 
ptote only when the surface of contact between the beam and 
the roller is a lime—making the stress there infinite ; but in 
practice this cannot be so, the smallest pressure giving a 
bearing surface—as the roller indents the beam—making the 
stress there finite, i. e. the asymptote will be at some finite 
distance @, say, above the point of contact, and @ will vary 
with the load. I have calculated below that with a load of 
115°3 lb. on this same beam, the value of @ is 0°044 millim. 

The apparently irregular position of the two lower points 
observed indicates the amount of error made in the assumption 
(2) above that the surface-loading effect may be found by 
substituting a flat plane instead of two supports. 

This assumption would be correct only if the beam were 
of infinite depth and the surface-loading effect of the support 
infinitely small; here, however, the steel frame itself pro- 
duces a surface effect, and this, added to that due to the load, 
makes the points observed lie off the hyperbola, which would 
be the true curve (as drawn) if the beam were of infinite depth. 

The effect of the steel frame must be very small compared 
with that due to the load for points in the upper half of the 
beam. In drawing the hyperbola I have considered it as 
negligible at the centre of the beam ; in other words, I con- 
sider that the correction of the position of the six upper 
points, required to allow for the surface effect of the frame, 
would not make them deviate seriously from the hyperbola. 

It must be noted, however, that when the beam is resting 
on two supports the surface effect of the frame disappears, 
since the beam only touches the supports and surface effect 
can only be caused by actual contact ; hence I conclude that 
the surface effect due to loading only is strictly represented 
by the hyperbola and is as if the beam were of infinite depth*. 

* According to this reasoning there appears to be a shear of finite 
amount at the bottom of the beam—when doubly supported—due to 
loading only, but this does not seem to me to be inconsistent with the 
surface conditions. 
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In order to establish the hyperbolic law with greater 
certainty, experiments were made enabling as many as seven 
points on the curve to be obtained within 3°5 millim. of the 
point of contact, the highest point being about °5 millim. 
trom the top of the beam. 

Within this range the effect due to the steel frame may 
with accuracy be neglected. 

Experiment 2. A beam of annealed glass, 61 millim. x 6°5 
millim. x 20 millim. deep, was placed in the steel straining- 
frame, on a piece of thick paper, and loaded as before with the 
steel roller 2 millim. in diameter. 

Nicols crossed and at 45° to the axis of the beam. 
The screw load was applied until six interference-fringes 

appeared under the roller; these were examined through a 
microscope with a micrometer-eyepiece divided to thousandths 
of an inch. Light from a sodium-flame was used, and the 
distance between the point of contact and the intersection of 
each fringe with the normal was measured in micrometer- 
divisions. 

I. Distances in micrometer-divisions to successive fringes : 

11:0 13°5 17-0 23°0 39°0 (15, 

but the shears areas 6.5.4.3.2.1, since there is a difference 
of phase of only 3 a wave-length required to produce a fringe, 
hence taking the products of distances into shears we get 

66°0 67°5 68-0 69:0 70-0 M5. 

But we have so far neglected the value of 0, the distance of 
the axis of shears from the point of contact. 

By taking the two most reliable observations, where the 
distance from the point of contact is large and yet where the 
fringes are well defined, we should have, if the law is 
hyperbolic, 

3(23+ 0) =4(17+4+ 8), 
or 

C=. 

Correcting the original readings by adding @ to each, we get 

12 14°5 18 24 36 (VAS 

and the products become 

72 12°5 72 2 2 72°53. 

II. Same beam, &c., as before, roller and load readjusted. 
Distance to successive fringes :— 

a 14°25 17-75 24:0 36°0 73°0 

* One micrometer-division = 0044 millim. 
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To find 6, take 

Na 3 (24+ 6) =4(17-75 +6), or O=1. 

i Correcting the distances, we have 

Nie 78) 15°25 18°75 25°0 37°0 76:0, 

WE and the products of the distances into the shears become 

HAN 75:0 76°25 75:0 73:0 74:0 76°0. 

III. Same beam, &c., as before, roller and load readjusted. 
Distance to successive fringes :— 

il 10°75 125 15°25 19-25" 9B) 39-0 ese 

i To find 0 take 3(26-+0)=4(19-25 +0), whence 0=1. 

Ha Correcting the distances, we have 

ll 11-75 135 16°25. 20-25 27-09 40-0 Msiew 

ail and the products become 

82°25 48150. 81:25 81:0) SHO S00 eee 

The law of variation of shear along the normal is thus 
shown to be hyperbolic. 

Experiment 3, The steel straining-frame was removed from 
the instrument and—by a screw inserted in the place of the 
straining-screw—hung from a balance, which could be loaded 
with shot and had a leverage of 50 to 1: a steel stirrup 
was hung over the frame with two hardened points resting 
on the two guiding-pins ; one lower end of the stirrup was 
secured to the body of the balance, the beam inserted and 
balanced, and shot put in the pan. This lifted the straining- 
frame and loaded the beam. 

Beam [B] 56 millim. x 20 millim. x 6°5 millim. placed on 
Hi Ail the base of the steelframe on a piece of thin paper: loaded by 
i a steel roller 2 millim. in diameter. Viewed through nicols 

| crossed and at 45° to the horizontal axis of the beam. 
The balance was loaded until the first blue fringe was 

brought down to a given position on the beam, and the weight 
of shot observed ; the same fringe was then brought down to 
a lower given position, and the weight of shot again observed, 
and so on for successive points. 

aa 
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Distance («) of given . 
points on Sa from Tonia 2 i ae : ae PBeE OL B/a. 

top of beam, in millim. noe BU ra Tey 

iy 2. Mean. 
115 40 39 39°5 34°34 
32 114 105 109°5 34°22 
aD 145 149 147 30°00 
5'2 182 180 181 34°80 
6:2 218 ie 218 30°16 

If the shear at 4:2 millim. with 147 lb. be taken as unity, 
the shear at 5°2 millim. with this same load will be +47, since 
the same shear is produced at 5:2 millim. with 181 lb. as is 
produced at 4:2 millim. with 147 lb. Hence if the curve of 
loading is an hyperbola, we should have 

147 
a 81 

From the third column given above the values of @/« will 
be seen to be nearly equal in each case; the value of @ has 
here been neglected ; if we put @=0-04 millim., the values of 
Bla become 

34°6 33°8 34°7 d4°5 34°9. 

x 5:2 or B/e a constant. 

Proposition II. 

Things being arranged as in Proposition I., it is required to 

determine the locus of points of equal intensity of shear, and 
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to show that at any point whatever the shear is inversely pro- 
portional to its distance from the point of contact. , 

Experiment 4. The beam was examined under circularly 
polarized light, as in Clerk-Maxwell’s experiments, in order 
to obtain the variations in the amount of the strain uncom- 
plicated by variations in the directions of the principal stress- 
axes ; white light was used. 

The loci of points of equal shear were found to be circles, 
as in the figure ; circles of equal shear were obtained up to 
8 millim. diameter with this beam. 

Hence the shear at any point a equals the shear at 0, if 
obaisa circle, andoé the normal ato; i.e. shear at a 

pcos 0 
y) 

Mako 
=i : oa 

k being some constant, but p cos @ is the resolved part of the 
pressure at o* along oa; hence the shear at any point is 
inversely proportional to its distance from the point of contact. 

Proposition ILI. 

The state of strain at the centre of the beam when doubly 
supported may be found by superposing on the state of strain 

[x 

Jk i 
SSN S 
SN ASS 

due to bending only, that due to surface-loading without 
bending. 

* See Professor Boussinesq’s results quoted already. 
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It has been proved that the state of strain along the normal 
at the point of contact due to the surface-loading may be 
represented by an hyperbola whose asymptotes are re- 
spectively the normal itself and a line parallel to the axis of 
the beam at a distance @ from the point of contact. Let 
OC, OD in fig. 3 represent these asymptotes, O H=@ ; let an 
hyperbola be drawn whose ordinates parallel io O D represent 
the shear at any point along EC for a given load : since the 
shear is proportional to the compressive stress, these ordinates 
may be considered as proportional to the compressive stress at 
any point along EC. 
By our (#) assumption we may represent the stresses at any 

point along E C, due to bending, by a right line drawn through 
C, the centre of the depth. 

Let C K be such a line, drawn on the same scale as the 
hyperbola, so that EK K represents the shear (vertical stretch) 
at H due to bending*, while E M represents the shear (vertical 
squeeze) due to loading. 

These two curves must intersect at some point N ; at the 
corresponding point P on the normal the shear (vertical 
squeeze) due to the loading is equal to the shear (vertical 
stretch) due to the bending: an element of volume at P will 
therefore be subject to voluminal compression only, and the 
shear will be zero, there will therefore be no birefringent 
action, and when viewed with crossed nicols there should be 
a dark spot on a white field. 

If the load is kept constant and the span diminished, H K 
will decrease until C K cuts the hyperbola at a second point ; 
we should now get two points of darkness. As the span is 
still diminished these dark points should rise and fall re- 
spectively until they coincide, when CK is a tangent to the 
hyperbola ; after this they should separate out at right 
angles. 

Plate II. fig. 2 gives the results of an experiment (5) made 
with constant load and varying spans. The beam was 128 
millim. x 19 millim. deep x 5°5 millim. thick, supported on 
two steel rollers 2 millim. in diameter and centrally loaded 
over a similar roller: the nicols were crossed and at 45° to 
the axis. The following table gives the spans :— 

* The compressive stress due to bending, at any point on C E, produces 
a shear (vertical stretch) and a voluminal compression, and both are pro- 
portional to the stress, similarly for the shear (vertical squeeze) and 
voluminal compression produced by the stress due to the loading; so for 
this purpose it is indifferent whether the ordinates of the two curves 
represent the compressive stresses or the shears produced. 
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Curve. | Span in millim. Ratio of span 
to depth. 

Lome a 120 6°31 
Die es Seer 100 5:26 
OM Arete 88 4°63 
Ay. once sak 80 A:21 
Dear nae: 78 4-10 
OU ae 72 3°79 

This experiment shows that there are, generally, two points 
of zero shear which close up as the span diminishes and then ~ 
open at right angles. 

The same phenomena may be observed by placing a beam 
on a flat surface and loading it, and then placing over this 
beam a second, which may be bent with a very long span, or 
by two couples at the end ; the effect is the same for different 
degrees of bending as for varying spans in the former 
experiment. 

Thus for spans of four to five depths the normal under the 
load is divided into three parts by two points of zero shear, 
elements between these points being subject to shear (vertical 
stretch), while elements above and below them are subject to 
shear (vertical squeeze). 

When, however, the span is less than four depths, every 
element in the cross section under the load is subject to shear 
(vertical squeeze) and the greatest strained element is im- 
mediately under the load. 

These results may be further checked and confirmed by 
examining each part of the normal by placing over it a beam 
bent in the hand ; if the part under examination is in shear, 
say (vertical squeeze), darkness may be produced by super- 
posing a part of the second beam oppositely strained; if the 
strains were similar, increased brightness would result. 

I exhibit also the results of experiments made to determine 
the position of the black bands for lower ratios of span to 
depth. 

The dimensions of the beam were 124 millim. x 20 millim. 
deep x 6°5 millim. thick, loaded on rollers like the others ; 
nicols crossed and at 45° to the axis. 

Here the effect of the supports is very marked, so that 
when p=2 the black band only just touches the axis. 

It must be remembered that at the point where the black 
band cuts the normal the shear is zero, but that everywhere 
else on the band all that is indicated is that the directions of 
resultant tension and compression are at 45° to the axis of the 

beam. 
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Experiment 6 was made to establish Proposition III. with 
greater certainty. 

Beam 128 millim. x 19 millim. x 5°5 millim. was placed 
on the base of the straining-frame, on a piece of thin paper, 
and loaded with shot until the first blue fringe came down to 
a point 1:7 millim. from the top. The load was 65 lb. 

The same beam was then supported on two steel rollers 
2 millim. in diameter and 120 millim. apart, and centrally 
loaded over a similar roller until the same blue fringe appeared 
at the bottom of the beam. The load was 55 Ib. 

An hyperbola has been drawn (see fig. 1, Plate II.) of con- 
venient proportions, cutting the horizontal through the above- 
mentioned point at 28°5 divisions from the normal ; the shear 
corresponding to the blue fringe is thus represented by 28°5 
divisions, and there is that shear at the point with a load of 
65 lb. 
Now the stress due to bending, at the extreme bottom fibre 

of a beam 19 millim. deep, 120 millim. span, and 5°5 millim. 
thick, with a load of 55 |b., is 1-486 tons per square inch. 

The vertical compressive stress at this point, due to the 
load of 55 lb., is, as is shown later on, 0-121 ton per square 
inch ; but we ‘are not justified in superposing the shears pro- 
duced by these two stresses, being tensile and compressive at 
right angles, and the former as much as twelve times the 
latter, so I shall take the stress at the blue fringe as 1°436 
tons per square inch. 

Hence the compressive stress produced by 65 lb. over a 
span of 120 miliim., at the top fibre, is 

65 1-436 x 52, 

and the corresponding value in scale-divisions is 

1-436 x es a = 33:7 divisions. 

This distance is set off along the top surface in the figure, 
and the point so found joined to the centre of the middle 
section : where it cuts the hyperbola we should get darkness 
on the normal with a span of 120 millim. We can also 
draw lines representing the bending-stresses for other spans 
for the same load of 65 lb. 

The position of the black bands on the normal, as found by 
experiment for spans of 120 and 100 millim., are indicated on 
the normal, and will be found to agree very closely with those 
points found independently by the intersection of the two 
curves. 
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The curve of bending-stresses is a tangent to the curve of 
loading at a span of 73 millim., as measured from the figure, 
whereas it is apparently 82 millim. when actually observed ; 
it would appear more correct to determine this span by draw- 
ing the curve through two points which can be observed with 
accuracy, and then drawing the tangent and measuring the 
intercept, since the experimental determination of the span 
giving coincidence of the two dark bands is one liable to 
considerable error. 

By drawing lines from the centre to the points along the 
top surface corresponding to longer spans we see that the 
deviation of the so-called “ neutral axis” from the centre is 
considerable : thus even at a span = 10 depths = 190 millim. 
it should be 1 millim. above the centre. 

Proposition IV. 

The strain at every point along the normal due to loading 
varies directly as the load. 

EKaperiment 7. The beam is placed on two supports as 
before, with a small central load, and the points of intersection 
of the black bands with the normal are noted. The load is 
now increased up to the safe limit when the points of inter- 
section are observed to remain unaltered. 
We know that the strain at any point on the normal due to 

bending is proportional to the load; hence if the point of 
intersection of the curves of bending and loading remains the 
same when the load is increased, we know that the strain at 
any point due to the loading must vary as the load. 

Proposition V. 

To determine the constant in the equation to the curve of 
loading along the normal for any beam. 

Let OX represent the vertical through the centre of a 
beam centrally loaded, E the point of contact of the load with 
the top of the beam HK; OY the axis of shear, OH=0; 
K A M the hyperbola of loading for any given load, CA H D 
the line of stresses due to bending along CH, for the same 
load, the span being chosen so that C A H is a tangent to the 
hyperbola at A; z.e. so that the dark bands coincide at B. 
Then O Y and O X are the asymptotes of the hyperbola. 

It has been proved that the equation is of the form 

yak, where y is the compressive stress at a point on the 

normal EC at a distance X from O. If W is the load and b 
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Fig. 4. 

the width of the beam = length of bearing of loaded roller, 
we have 

yak. —for the given beam. 

iren OD) = BA = 2k (since BA represents the stress 

at B due to the load W). Also BH =370, where BH re. 
presents the stress at H due to a load W on a beam of depth 
A and width 6 and span /; and 

es CER eo len: Su OD .6O8 EW 

h h Wa Othe a 2 OR 
or 5 +0=5 x2ke x SUNN 3° La 

3 

=5, ae [since e=4}CO] ; 

aoe 
hs gp AE, 
(5+ ) 7 32 
need. G2 WEA l 
eaeey, w= BT put =p; 

ek oe Ge 

b= Fei + 7+ 2) 
Phil. Mag. 8.5. Vol. 82. No. 199. Dec. 1891. 2 L 
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To find & the beam is placed on two supports and centrally 
loaded ; the two points where the black bands cross the 
normal are observed (the span being longer than four depths), 
and plotted, and an hyperbola drawn through them ; a tangent 
is then drawn to this curve from the centre of the section 
and its intercept on the upper edge measured, the span giving 
coincidence of the black bands can then be calculated. 

Experurent 8. For a beam 128 millim. x 19 millim. deep 
x 5°5 millim. I find this span to be 73 millim. ; hence 

p= i = 3°84, 

Taking @ at 0-04 millim.,¢ = 0-002 millim., and neglecting 

6g? 
- we have 
ie 

h = 2 x 884 x 0:252=0°726, 

Proposition VI. 

To verify the equation to the curve of loading. 
Experiment 9. Beam 128 millim. x 19 millim. x 5°5 millim. 
The stress corresponding to the blue fringe with this beam - 

was found, as already explained, by loading the beam over a 
span of 120 millim., until the blue fringe appeared at the 
bottom of the beam; the load required was 55 lb. ; hence the 
corresponding stress is 1-436 tons per square inch*. 
When laid on the base of the steel frame, the same fringe 

was observed at 1°7 millim. from the top with a load of 65 Ib. 
From the equation to the curve of loading, taking k=0°726, 

6=0°04 millim., we ought to have a stress at 1:7 millim. 
from the top equal to 

25-4? 65 1 
yi 20 x Spi) 3 0 OG = 1:419 tons per square inch. 

The lines of Principal Stress afford a convenient means of 
studying the condition of strain in a bent beam. 

In a memoir published in 1888+ Lamé discussed the 
: 

* From the equation y=h he there is a compressive stress of 0°121 ton 
] 

per square inch here due to the load. I have not added the effect of this 
to that of the bending, as there is no proof that the superposition of small 
strains holds when the strains themselves are so unequal. 
+ Comptes Rendus, vol. vii. p. 778: ‘Mémoire sur les surfaces iso- 

statiques dans les corps solides en équilibre d’élasticité.” 
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problem of the equilibrium of an elastic solid, and investi- 
gated the properties of what be termed “isostatic surfaces,” 
or surfaces where only normal “ actions” are applied. 

In 1870 Saint-Venant* examined the differential equations 
to which the subject of “isostatic surfaces” gave rise, and in 
1872 Professor Boussinesq+ gave a geometric method for 
constructing isostatic lines passing thr ough any given point. 
This memoir was shortly followed by a second f, “treating of 
the integration of the equations involved. 

Rankine has examined the form of the curves of Principal 
Stress, and given an expression from which the curv es can be 
drawn§. He neglects the surface-loading effect as “in most 
cases practically of small intensity when compared with the 
other elements of stress.” On comparing his curves with 
those in Plate II. it will be noticed how closely the curves of 
tension agree, while the curves of compression are very 
dissimilar. 

Sir George Airy has calculated and drawn the curves of 
principal stress for several cases of flexure, including that of 
2 beam doubly supported and centrally loaded ||. He assumes 
“that there is a neutral point in the centre of the depth ; that 
on the upper side of this neutral point the forces are forces of 
tension, and on the lower side are forces of compression, and 
that these forces are proportional to the distances from the 
neutral point;”’ but he says “‘ These suppositions seem to imply 
that the actual extensions or compressions correspond exactly. 
to the curvature of the edge of the lamina.” The surface- 
loading effect is not here taken into account ; and it would 
have been interesting to compare the results as shown in 
fie. 6, for a beam in which the span equals ten depths, with 
the actual curve as found by experiment. This comparison, 
however, would lead to erroneous conclusions, since it has 
been shown] that the results arrived at are not consistent 
with the fundamental equations, and the form of the curves 
can be accepted only as a very general approximation. 

Proposition VII. 

To determine the lines of Principal Stress in a glass beam 
doubly supported and centrally loaded. 

Haperiment 10.—A glass beam, 128 millim. x 19 millim. 

* Ibid. vol. Ixx. + Ibid. vol. lxxiv. p. 242. { Ibid. vol. lxxiv. p. 318. 
§ ‘ Applied Mechanics,’ §§ 310 and 311. 
|| Phil. Trans. 1863, part 1. 
4] See criticism on ‘Sir George Airy’s solution in Ibbetson’s ‘ Mathe- 

matical Theory of Elasticity,’ note on p. 358. 

212 
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deep x 5°5 millim. thick, was placed in the steel straining- 
frame on two steel rollers 2 millim. in diameter, and centrally 
loaded over a similar steel roller. 

The span chosen was 60) millim., giving for p the value 3°15. 
The nicols were crossed and set at an observed angle, and 

the black band plotted on squared paper corresponding to the 
squares on the glass beam. This band of course represents 
the locus of points where the axes of principal stress are 
parallel to the directions of the planes of the nicol. 

The nicols were then turned through a small angle a, the 
new position of the black bands plotted, and so on for several 
different angles. These curves are shown in Plate II. The 
lines of principal stress are easily deduced from these and are 
shown in Plate IT. fig. 4. 

Since communicating the above, Sir George Stokes has 
gone very fully into this problem, and has kindly allowed me 
to quote the following extracts from letters I have received 
from him on the subject :— 

‘Let A be the point in the upper surface where the pres- 
sure (P) is applied; B, C the points of support below, which I 
suppose to be equidistant from A; D the middle point of BC. 
Let y be measured downwards from A; denote BD or DC 
by a, and AB by 6. Youhave the expressions for the stresses 

produced by P in an infinite solid («= ae ze and the 
TT 

question is, What system must we superpose on this to pass 
to the actual case? This, as 1 showed you, is the system of 
stresses produced by a system of forces applied to the surface. 
The forces consist—(1) of the two pressures 4 P at B and C; 
(2) of a continuous oblique tension below, represented in 
drawing by a fan of tensions directed at every point of the 
lower surface from the point A. 

‘Imagine now the beam cut into two by a plane along 
AD. Consider one half only, say that on the B side. Every- 
thing will remain the same as before, provided we supply to 
the surface A D forces representing the pressures or tensions 
which existed in the undivided beam. On account of the 
symmetry, the direction of these must be normal. 

“ At D the vertical pressure on a horizontal plane in the 
infinite solid is compounded with an equal vertical tension 
due to the fan. Hence, of the vertical pressure in A D which 
must be superposed on the vertical pressure in the infinite 
solid, we know thus much without obtaining a complete solu- 
sion of the problem, namely, that it must equal minus 2P/z) 
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at D and 0 at A. If we suppose it to vary uniformly between, 
we are not likely to be far wrong. 

“This leads to the following expression for the vertical 
pressure in A D :— 

22 ey 

cat aS 
“Now for the horizontal. We know that the complete 

system of external forces must satisfy the conditions of equi- 
librium of a rigid body. The direction in each element of the 
fan passes through A, about which therefore the fan has no 
moment. Hence the moment of the horizontal forces along 
A D taken about A must equal 4 Pa. Again, the resultant of 
the semi-fan by a force passing through A, and its vertical 
component is +P. Its horizontal component is the integral 
of 

2P bas aaa, or 
na? 

taken from 0 to infinity, or — 

‘“ Hence of the horizontal Peel along A D we know these 
two things :— 

(1) The sum must equal ‘, 

(2) The moment round A must equal 4 Pa. 

“In default of a knowledge of the law according to which 
the force varies with y, it is natural to take it, for a more or 
less close approximation, to be expressed by the linear fanc- 
tion A+ By, or say Y. To determine the arbitrary constants 

A, B, we have only to equate the integral of Y .dy to I and 

that of Yy.dy to } Pa, the limits being 0 to 6. We thus get 
for the expression for the tension at any point of A D, 

+(=- ea) OP fa ly 
b\a (5 ~)} 

“ At neutral points the vertical pressure equals minus the 
horizontal tension, giving 

67a ef et he sare 
5 jet oe\5 t= 0s 

ora 
—4=m, 

b 
; 0 £ 2 aM 2 aia! or, putting for shortness 
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es yh iolaneaelaal \/ 2m(5) my is 1 Te 

For the neutral points to be real and different, we must have 

a 
6” Lidar 

When the neutral points coalesce into one, we have m equal 

m> 16, 

16, y equal ai and for the ratio of the span to the depth, 

2a 40 : : 
a equal 3) equal 4°245, or, say, the span is 44 times the 

depth. | 
‘As regards the horizontal tension at points along A D, 

you take a linear function of y as I do, and your condition of 
moments is the same as my (2), but in lieu of my (1) you 
do what is equivalent to taking the total tension nil. You 
further omit the correction to the vertical pressure when we 
pass from a solid of infinite depth to one terminated by a 

plane below. You further take the coefficient Hie as k, a 

constant to be determined by the observations, instead of = 

“ Taking the place of the neutral point (at one fourth of the 
depth) and the ratio of span to depth as given by my formule, 
and then treating them as if they had been the results of 
experiment, and substituting in your formule for the deter- 
mination of k, I got 0°7947 instead of 0°64. The largeness 
of your coefficient is I think fully accounted for by the 
employment of the formulze which you used. 

“In your method you take the stress belonging to the solid 
supposed infinitely deep, and superpose it on the stress corre- 
sponding to a pure bend. 

“This comes to the same thing as retaining three terms 
only in the equation I gave in my letter for determining the 
y of the neutral points. 

‘The equation thus becomes 

Oma Ue Ome i) 
oe 8} 

or 
2 | 

2m —m ; 2 oe 

where 
DMD « , Od 
—— instead of —— —4. 
b b 

T= 

aa 
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‘When the two neutral points merge into one, we have in 
both cases alike y equal + 6, and the only difference is that 

3a ; equals m instead of m plus 4. 

“Tf you had supposed the coefficient for the infinite solid to 
be an unknown quantity 4, and had applied your observations 
to determine it, using my formule instead of your own, you 
would have got something very close indeed to 0°64. 

‘Tt is noteworthy that in your problem, taken as one in 
two dimensions, the theoretical stresses in the planes of dis- 
placement are independent of the ratio between the two 
elastic constants ; in other words, independent of the value 
of Poisson’s ratio.” 

I have calculated the positions of the neutral points from 
Sir George Stokes’s formula 

ty 1 

Sg: iL) 5 evi 

for spans of 88, 100, and 120 millim. in a beam 128 millim. 
long x 5°5 millim. wide x 19 millim. deep. ‘These are given 
in the following Table in the 2nd and 3rd columns. The 
results of actual observations (see p. 494) are given in columns 
4 and 5; while columns 6 and 7 give the same points as found 
by plotting the intersection of the curves of pure bending and 
loading (infinite solid assumed) :— 

ao 
b 

ee 

Distance of Neutral Points from top edge, by 

Span. 
Sir George Stokes's Osea ione Intersection of 

formula. curves. 

SStese a... 63 32 64 33 69 27 

MOO ssa... TO 25 ae S 73 2:3 

174) eae te Ves (63 Als: Gon OS 

The error by the intersection method is greater in pro- 
portion as the span is smaller, as might have been expected. 

If the observed positions of the neutral points are inserted 
in Sir George Stokes’s formula, the value 0°64 is obtained for 

7 cata 
the constant & in the equation «= — .- 

M‘Gill University, Montreal, 
— October 12, 1891, 
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LXI. Damping of Electrical Oscillations on Iron Wires. 
By Joun TROWBRIDGE *. 

[! has generally been assumed by those who have studied 
the subject of very rapid oscillations of Electricity, such 

as occur in Leyden-jar discharges, that the magnetic character 
cf the conductor has very little influence upon the character 
of the discharge. Thus, in a note to an article on Hlectrical 
Waves (Annalen der Physik und Chemie, vol. cviii. 1859, 
p- 499), W. Feddersen states that electrical oscillations may 
suffer a slight weakening on iron ; but this diminution is very 
slight, and results from the resistance of iron being greater 
than that of other metals f. 

In Dr. Lodge’s treatise on Modern Views of Hlectricity 
(ed. 1889) we find the following :— 

‘But in the case of the discharge of a ueyden jar iron is of 
no advantage. The current oscillates so quickly that any iron 
introduced into its circuit, however subdivided into thin wires 
it may be, is protected from magnetism by inverse currents 
induced in its outer skin, and accordingly does not get mag- 
netized ; and so far from increasing the inductance of the 
discharge-cireuit, it positively diminishes it by the reaction- 
effect of these induced currents; it acts, in fact, much as a 
mass of copper might be expected to do” (p. 365). 

Fleming writes as follows :— 
‘“‘ With respect to the apparent superiority of iron, it would 

naturally be supposed that since the magnetic permeability 
of iron bestows upon it greater inductance, it would form a 
less suitable conductor for discharging with great suddenness 
electric energy. Owing to the fact that the current only 
penetrates just into the skin of the conductor, there is but 
little of the mass of the iron magnetized. Even if these instan- 
taneous discharges are capable of magnetizing iron, .... the 
electromotive impulses or sudden rushes of electricity do not 
magnetize the iron, and hence do not find in it any greater 
self-inductive opposition than they would find in a non- 
magnetic but otherwise similar conductor. Dr. Lodge’s further 
researches seem to show that there isa real advantage in using 
iron for lightning-conductors over copper, and that its greater 
specific resistance and higher fusing-point enable an iron rod 
or tape to get rid safely of an amount of electric energy 

* From an advance proof communicated by the Author. 
+ “ Beim Hisen kénnte in Folge der Magnetisirungen eine Abweichung 

hervortreten ; indess zeigt der Versuch, dass dieselbe keinenfalls bedeutend 
ist, tbrigens in dem Sinne erfolgen miisste, als wenu die Hlektricitat beim 
Eisen ein grésseres Hinderniss faude, wie bei den iibrigen Metallen.” 

——— 
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stored up in the dielectric, which would not be the case if it 
were copper.’ * 

“In the experiments on alternative path,” as described by 
Dr. Lodge, “the main result is very briefly summed up by 
saying that, where a sudden discharge had to pass through a 
conductor, it was found that iron and copper acted about 
equally well, and indeed iron sometimes exhibited a little 
superiority, and that the thickness of the conductor and its 
ordinary conductivity mattered very little indeed. In the 
ease of enormously rapid oscillations the value of the impul- 
sive impedance varies in simple proportion to the frequency 
of the oscillations, and depends on the form and size of the 
circuit, but not at all on its specific resistance, magnetic per- 
meability, or diameter..... For discharges of a million per 
second and upwards, such as occur in jar-discharges and per- 
haps in lightning, the impedance of all reasonably conduct- 
ing circuits is the same, and independent of conductivity and 
permeability, and hardly affected by enormous changes in 
diameter” f. 

Turning now to the observations of Hertz, we find it stated 
that the material, resistance, and diameter of the wire of 
the micrometer-circuit employed by him have very little 
influence on the result. The rate of propagation of an elec- 
trical disturbance along a conductor depends mainly on its 
capacity and coefficient of self-induction, and only to a small 
extent on its resistance. Hertz concludes that, owing to the 
great rapidity of the alternations, the magnetism of the iron is 
unable to follow them and therefore has no effect on the self- 
induction. When a portion of the micrometer-circuit em- 
ployed by Hertz was surrounded by an iron tube, or replaced 
by an iron wire, no perceptible effect was obtained; and thus 
the result was apparently confirmed that the magnetism of 
the iron is unable to follow such rapid oscillations and there- 
fore exerts no appreciable effect. ‘The velocity of propagation 
in a wire has a definite value independent of its dimensions 
and material. Kven iron wires offer no exception to this, 
showing that the magnetic susceptibility of iron does not play 
any part in the case of such rapid motions f. 

* Fleming’s ‘The Induction of Electric Currents,’ p. 398. The author 
describes in full Dr. Lodge’s experiments to prove the nonmagnetizability 
of iron by sudden discharges. 

7 Fleming, ‘The Induction of Electric Currents,’ p. 411. 
{ “ Ersetzen wir den bisherigen Kupferdraht durch einen dickeren 

oder dunneren Kupferdraht oder durch einen Draht aus anderem Metall, 
so behalten die Knoten-punkte ihre Lage bei. Die Fortpflanzungs- 
geschwindigkeit in allen solchen Drahten ist daher gleich, und wir 
sind berechtigt von derselben als einer bestimmten Geschwiudigkeit zu 
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Although the impulsive impedance is apparently not affected 
by the magnetic character of the wire, our experiments lead 
us to believe that discharges of the quick period of a Leyden 
jar are affected very appreciably by the magnetic nature of 
iron, steei, and nickel conductors. This effect is so great 
that it damps the electrical oscillations, and makes it diffi- 
cult to determine whether the time of oscillation is also 
affected by the permeability of the conductor. 

The apparatus employed was similar to that described 
in my investigations of electrical oscillations with an air- 
condenser (Proc. American Academy of Arts and Sciences, 
May 28, 1890). Certain important modifications, however, 
were made. The plane mirror which I used in the former 
research was replaced by a concave mirror of 10-feet focus and 
84 inches in radius. This mirror was mounted upon the end 
of the armature-shaft of a one-half horse-power electric motor. 

The discharging apparatus consisted of a sharp cutting-tool, 
insulated, and mounted on the edge of the rotating disk bear- 
ing the mirror. It was metallically connected with a grooved 
ring of brass meunted upon the shaft and insulated from it 
by hard rubber. Around this was wound a copper wire, one 
end of which was connected with the discharging wire and 
the other drawn taut by a rubber band. ‘The electrical 
discharge was thrown upon the circuit by pushing forward a 
lever, which brought a solid hinged frame containing a strip 
of soft type-metal into contact with the rapidly revolving 
steel cutting-tool. An electrical contact was thus insured by 
the tool cutting a groove in the strip of type-metal. In order 
to avoid a spark at the contact, the type-metal was thickly 
covered with a wax of peculiar composition. The only spark 
therefore that occurred was the one the oscillations of which 
I desired to study. At each trial the type-metal was moved 
so as to expose a new cutting surface. The type-metal was 
insulated from the rest of the apparatus but connected with 
the outer coating of the Leyden jar. First, both terminals 
of the Holtz machine were thrown off, and immediately after, 
the cutting-tool, ploughing its way through the type-metal, 
placed the outer coating of the Leyden jar in circuit with one 
of the two parallel wires leading to the terminals of the spark. 
The other wire was permanently in connexion with the inner 
coating of the jar. 

reden. Auch Eisendrahte machen keine Ausnahme von der allgemeinen 
Regel, die Magnetisirbarkeit des Kisens kommt also bei so schnellen 
Bewegungen nicht in Betracht.”— Ann. der Phystk und Chemie, vol. xxxiv. 
1888, p. 658. 
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Besides the short lead wires above described, the discharging 
circuit consisted of two parallel wires 30 centim. apart and 
510 centim. long. These were the only portions of the appa- 
ratus changed during the experiment, and they were replaced 
by wires of different material and of different size. The other 
conditions—length of spark, lead wires, and the copper cross- 
wire connecting the outer ends of the long parallel wires— 
remained undisturbed throughout the experiment. 

The Leyden jar was charged each time as nearly as pos- 
sible to the same potential, judging by the number of turns 
given the Holtz machine. It is unfortunate that no more 
accurate means of measuring it were at hand, although the 
different negatives showed but slight variation. The capacity 
of the jar with alternations of this period was 5060 elec- 
trostatic units. 

I describe the discharging portion of the apparatus 
minutely, for the success of an investigation of this nature 
depends upon the suppression of all sparks save that which 
one wishes to observe, and my method surely and completely | 
accomplished this. The photograph of the spark could thus 
be made to fall very accurately on the sensitive plate. When 
one considers that the image of the spark was flying through 
the air on a circle of ten feet radius with a velocity of a 
mile a second, it will be seen that an extremely smail 
deviation in the point of contact between the cutting-tool 
and the type-metal would have thrown the image entirely 
off the sensitive plate. A singular phenomenon was noticed 
in this connexion. When a comparatively low potential 
was used, suchas that afforded by the air-condenser used in 
our previous investigation, the cutting-tool ploughed two or 
three millimetres along the surface of the type-metal before 
a spark passed at the point in the circuit where it was desired. 
With higher potentials this phenomenon was also observed 
but the extent of cutting was diminished. It is possible that 
the insulating wax may have melted under the sudden blow 
of the cutting-tool, and, flowing around it, prevented instant 
contact. This seems to me improbable, for a deep and clear- 
cut groove was made in the soft type-metal. Great attention 
was paid to the solid structure of this contact apparatus. 
It was entirely separ. 3 from the support of the revolving 
parts and was perfectly steady. 

The other end of the armature-shaft was lengthened into a 
cylindrical chronograph, similar to that described in the 
article already cited, and its performance left nothing to be 
desired. A small Ruhmkorf coil excited by two storage 
cells, and interrupted by a seconds pendulum, gave a record 
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of the speed of the mirror. The stylus which drew the spiral 
turns on the barrel of the chronograph was drawn along 
the barrel by means of a small heavily loaded carriage, 
which, on being released at the moment the lever arm threw 
the type-metal in contact with the cutting-tool, descended an 
inclined plane of adjustable height. A small Toepler Holtz 
machine charged a large Leyden jar, and it was found to work 
admirably in ail states of the weather. 

The apparatus which I have thus described was the result 
of the experiments of the previous year and worked for months 
without failure; and the taking of photographs of the oscil- 
lating discharge by it became a mere matter of routine. 

The following cases were tried :— 
(1) When the long parallel wires were of copper (diameter 

‘087 centim.), the number of double oscillations visible on the 
negatives averaged quite uniformly 9 or 9:5. 

(2) Where the wires were of German silver (diameter 
‘061 centim.), 3 oscillations were visible. 3 

(3) But when an annealed iron wire (diameter ‘087 centim.) 
was substituted, only the first return oscillation was distinctly 
visible, with occasionally a trace of the first duplicate discharge. 

(4) On substituting fine copper wire (diameter °027 centim.), 
5 complete oscillations were quite uniformly visible. 

(5) Fine German silver wire (‘029 centim.), nickel wire 
(019 centim.)*, soft iron (027 centim.), and piano steel 
wire (‘027 centim.), gave but faintly the first return discharge . 
after the pilot spark. 

The pilot sparks were in all cases strong. 
‘The single return discharge through the iron wire did not 

admit of measurement sufticiently accurate to furnish any 
basis for calculation of its self-induction. The time did not 
apparently differ, if at all, by more than 14 or 15 per cent. 
Some general reasoning based upon the number of oscillations 
may be of interest. Jt must be acknowledged, however, that 
this reasoning is open to criticism, although it affords the 
most plausible explanation of the phenomenon. The phe- 
nomenon itself is not a doubtful one. 

The time of a double oscillation for the large-sized copper 
wire was ‘0000020 sec., for the small copper wire -O000U21 
sec. The others, as far as could be determined, did not differ 
much from these values, and for this purpose either value is 
sufficiently accurate. Denote by R' the ohmic resistance of 
the parallel wires to alternating currents of this periodicity, 
by R the resistance to steady currents. 

* Obtained by the kindness of Joseph Wharton, Esq., of Philadelphia. 
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n= = = 3,000,000 (practically). 

Taking the cases up in order :— 
(1) Large copper wire, 

h——2 ae 10°, 

and substituting in Lord Rayleigh’s formula 

R= VipleR, 
R! = 68, 107. 

(2) Large German silver wire, 

R=9 eel) 

and substituting in the series 

' 1 plu? Te bean 

Meee ty wae lay Ret —) 
R92 x 107. 

(3) Large iron wire, 

Re=250x 10", 

and if there is a true time lag, as often stated, such as to pre- 
vent action of the magnetic property of the iron, and if on 
this assumption we make n=1, 

Hi =2ai6 x 10". 
(4) Fine copper, 

Rs 10’, 

RSs x 10”: 

(5) Again, as before, call w~=1 in iron, nickel, and steel. 
The length of these circuits was 7°41 metres, the remainder 

of the 10°20 metres—2°79 metres—being of copper wire of 
R/=-94. The value of R’ in the separate cases, including 
in each the resistance ‘94 of the copper portion, was as 
follows :— 

Soft, Iromyys es, 15-0 102; 

Piano-steel... 20°7 x 10”, 

Nickel {s3e0 2 Foor 10, 

German silver 23-0 x 10°. 

The ratio of the strengths of successive discharges during 
the oscillation is given by the function 

rT 
a) e2h 

where 7 is the ohmic resistance, T the time of a double 
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oscillation, and L the self-induction. The ratio of one dis- 
charge to the nth one after it is 

a 
Gor. 

If we assume,—andit is a large assumption, but one which per- 
haps the result will in some measure justify,—that the ratio of 
the strength of the first to the strength of the last visible dis- 
charge is more or less a constant, we may make use of the above 

data. Denote au by A, and call the unknown resistance of 
2L 

the short connecting lead wires and of the spark z. Then 
will r=R!'+a; n will be the number of complete oscillations 
visible. 

Take cases (1) and (2), large copper and large German 
silver wires, 

em (R1+2)4 — et(Rhta)A, 

n(Ry+2) =n(R,+2), 

9°5(°66 + 2) =3(9:'2 +2), 

x= 3'4 ohms. 

Taking cases (1) and (4), large copper and small copper, 
similarly, | 

fa, (lea uF 2) =n, (nyse a). 

9°5(°664 x) =5(3'04 2), 

2 =2°6 ohms. 

Experiments with other copper wires having R’ equal to 3-4 
and 1:27 gave 5 and 8 for the values of n respectively, or 
v=2°4 ohms. 

The resistance (R’) of the lead wires forming part of # was 
°8 ohm, leaving as a possible value for the resistance of the 
spark about 2 ohms. 

If taking this value of w we calculate the value of R’ 
necessary to damp out the oscillation in one complete double 
discharge in the case of the large.iron wire, we shall have 

9°5(°66 +3) = 1(R’+8), 

R’ = 30 ohms. 

But neglecting the magnetic property of the iron, its cal- 
culated resistance to alternating currents of this periodicity 
was R/=2:78 ohms. This is obviously inadequate and would 
point to the conclusion that the oscillation is not, as some- 
times stated, too rapid to admit of the magnetic action of the 
iron. 

If we substitute this value R’=80 in the equation 

N= V743plpkR, 
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we have for the resulting value of the magnetic permeability 

j= 200: 

This lies between the limits ~=103 and w=1110, found by 
taking the number of oscillations one and a half and one half 
respectively for the case of the iron wire. 

It should be noticed that this estimate of mw necessitates 
assuming that T and L remain the same within broad limits. 
Measurements of the single oscillation on the negatives show 
that this is near enough the case. Part of the more rapid 
decay of the oscillation in the iron may be well ascribed to the 
dissipation of energy by hysteresis. While we cannot place 
much reliance upon an estimate of its value in such a case— 
its percentage effect probably mereasing rapidly with the 
decay of the spark—it is not difficult to show that its influence 
may be very great. | 

There still remains the fact, not generally recognized, that 
in Leyden-jar discharges through iron wires the magnetic 
property of the iron has time very materially to modify the 
character of the spark. 

I give an example of the measurement of the half. oscil- 
lation, which was the only one visible on the photograph of 
the discharge over iron wires, all the others having been 
damped or extinguished by the iron, in comparison with 
the measurement of the similar half oscillation on copper 
wires of the same diameter as the iron wires. The number of 
oscillations on the copper wires was from eight to ten. The 
total duration of the discharge on iron wires was only three 
millionths of a second, while that on similar copper wires was 
three hundred-thousandths of a second. A steel wire gave the 
same results as the annealed iron wires. 

Length of first | Length of first 
half oscillation | half oscillation 
in millimetres. | in millimetres. 

Fine Iron Wire. "23 Large Iron Wire. “20 
“it 20 
wD 19 

, 21 ag 

Fine Copper 19 Large Copper LF 
Wire. “20 Wire. 18 
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I wish to express my deep obligations to my assistant, Mr. 
W.C. Sabine, for his valuable suggestions and for his skill in 
the mechanical details of this investigation. 

CONCLUSIONS. 

1. The magnetic permeability of iron wires exercises an 
important influence upon the decay of electrical oscillations 
of high frequency. This influence is so great that the 
oscillations may be reduced to a half oscillation on a circuit 
of suitable self-induction and capacity for producing them. 

2. It is probable that the time of oscillation on iron wires 
may be changed. Since I have been able to obtain only a 
half oscillation on iron wires, I have not been able to state 
this law definitely. 

3. Currents of high frequency, such as are produced in 
Leyden-jar discharges, therefore magnetize the iron. 

Jefferson Physical Laboratory, 
Cambridge, U.S. 

LXII. Table of Zonal Spherical Harmonics, calculated by 
Messrs. C. HE. Holland, P. R. Jones, and C. G. Lamb. 
With a short Haplanation and some Illustrations of tts use 
by Professor JoHN Perry, D.Sc., F.RS.* 

[ Plate I. ] 

[ HAD intended merely to present to the Society for publi- 
cation a table of Zonal Spherical Harmonics. But some 

Members whom I have consulted seem to think that I ought 
also to give one or two examples of the practical use of such 
a table. The Members of the Society will, I hope, pardon 
my putting before them one or two elementary examples. 

The use of Spherical Harmonics in the numerical solution 
of practical problems is almost unknown, I believe, except at 
the Finsbury Technical College, where, every year, I have 
been accustomed to make some Hlectrical Engineering students 
work a few common examples. My students have for some 
years been in possession of tables of zonal harmonics, but this 
year I have thought it well to make the tables more complete 
and to get them published for the general use of students of 
practical physics. 

I have been told that many of the users of such a table 
would be glad of a few statements of the general principles 
underlying itsuse. or the proofs of these statements readers 

* Communicated by the Physical Society: read November 14, 1890. 
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are referred to Mathematical treatises. Many readers will 
be satisfied with the treatment of the subject in Mr. Ferrer’s 
excellent treatise, which is, however, written only for beginners. 

In problems on Heat Conduction (V being temperature), 
on Hydrodynamics of incompressible fluids (V being velocity- 
potential*), in Electrostatics (V being electric potential), in 
Magnetism (V being magnetic potential),.and in many other 
applications of Physics, we require to find V a function of 
“, y, which shall satisfy the equation 

aN.) .d?> 5 gma: Vi ie Gee 

or, as it is usually written, V2V=0. ..(1), and which shall 
also satisfy certain other conditions. Now there are many 
kinds of function which satisfy equation (1). The definition 
of a Spherical Harmonic is “a homogeneous function of 
x, y, and z, which satisfies equation (1).” 

If such a function can be found, say of the zth degree, an 
if we divide it by r%+1 where 7? =? + y?+ 2%, it canbe proved 
that the resulting expression will also satisfy (1), where 2 may 
be a positive or negative integer or fraction. 
Now if a-Spherical Harmonic of degree z (generally called a 

Solid Spherical Harmonic) be divided by 7, we get what is 
called a Surface Spherical Harmonic of degree 2. 

It was shown by Green that if there is a function V 
which satisfies equation (1) at every point of any given 
surface, then it is the only function which satisfies (1) 
throughout space ; and there is always a function V obtainable 
which satisfies (1). It is the characteristic property of a 
surface spherical harmonic distribution of density of attracting 
matter on a spherical surface, that it produces a similar and 
similarly placed spherical harmonic distribution of potential 
over any concentric spherical surface throughout space, ex- 
ternal and internal. 

Instead of using 2, y, and z coordinates we may of course 
use 7, 0, and @ coordinates. 

* When there exists a velocity-potential V in a portion of fluid, we 
mean that the velocity of the fluid at any place resolved in the direction 
sis 

uN. 
ds” 

When the motion is “ rotational,” as in the wheel of a centrifugal pump 
or turbine, a velocity-potential does not exist. In any portion of a 
frictionless fluid, if there is irrotationality, that is, if there is a velocity- 
potential, the property cannot be destroyed. 

Phil. Mag. 8. 5. Vol. 32. No. 199. Dec. 1891. 2M 
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In a great number of practical cases V is symmetrical 
about an axis, and a symmetrical spherical harmonic is said 
to be a Zonal Spherical Harmonic. Taking the axis of sym- 
metry as the axis of z, V is a function of z and Wa#?+y?. 
Or, in polar coordinates, V is a function of 7 and 9. 

Let O be a point in the axis, the origin of coordinates ; 
let the distance of any point P from O be called 7, let the _ 
angle between O P and the axis be called 0, then in any dis- 
tribution which has an axis of symmetry we need only to 
know 7 and @. And over any spherical surface whose centre 
is QO, the distribution will be a function of @. Any zonal 
surface spherical harmonic is then merely a function of 0, and 
I give a table of values of these for values of @ differing by 
1° from 0° to 90°, up to the harmonic of the seventh degree. 
These are indicated by Po, P,, Po, &. Py. 
i surface harmonic of no degree is 1, and is indicated 

bya 
The student is referred to Mathematical treatises for the 

proof that, if w be written to represent cos @, then 

Poa 

Pi=p, 

3? —1 
= 2 ) 

ju —3 pe lad ; = 

©2 P 63° — 70m? + 15 
mn See 

De 231° —315y*+ 105u?—5 
=<. ae 16 : 

— 429u'—693u> + 315? — 35 
2. is ee 

Any function of @ may be expanded in terms of Po, P,, P,, 
&e., that is any symmetrical function V may be expanded in 
a serles of Zonal Spherical Harmonics. Take, for example, the 
powers of cos @, it may be shown that 

P, 
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po=1=P), 

a P,, 

2 il 
w= 3 Pot 3 Po, 

2 3 
p= 5 Pst 5 Py, 

8 4 ile 
p= a5 Pet =Pyt 5 Bo 

8 4. 3 
e= ggtst g Pat 7 Ph 

And also 

Cosme — 

4 IL 
Cos 20= 3 Pa— 3, Po, 

8 3 
Cos 80= abs phi, 

; _ 64 16 1 
Cos 40= 35 Pa 97 Pe 15 lca 

Cpe = oom peep. 
63 9 7 

There is an easy rule for expanding any function of @ in 
terms of Po, P,, P. ce. 

The following table up to P; was primarily calculated 
separately by Messrs. C. HE. Holland and P. R. Jones, who 
checked each other’s result by comparison. 

Mr. C. G. Lamb applied certain checks to the results of 
Messrs. Holland and Jones, and then calculated P, and P,. 

It is quite easy to extend the table to Pg, for it can be 
proved that there is a law connecting three consecutive har- 
monics, say the (n—2)th, (n—1)th, and the nth. 

ei nP,,= (2n—1)pP,_1—(r—1) P,-2. 

2 M2 
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Q. P.. De ‘D. Pe Ps pe P.: 

(e) . 

0 1:0000 1:0000 1:0000 1:0000 1:0000 1:0000 1:0000 

i *9998 "9995 "9991 "9985 ‘9977 ‘9967 "9955 
2 *9994 9982 9963 *9939 9909 ‘9872 "9829 

3 "9986 *9959 ‘9918 °9863 “O795 | 9713 “9617 
4 °9976 "99297 "9854 ‘9758 9638 9495 9329 

5 -9962 "9886 OTe "9623 9437 “9916 ‘8961 
6 "9945 "9836 9674 “9459 9194 "8881 *8522, 

7 "9925 OTT7 *Q557 ‘9967 “8911 84:76 “7986 
8 *9903 ‘9709 "9493 ‘9048 *8589 *8053 “7448 

9 ‘9877 "9633 9973 *8803 8232 7571 6831 
LO 9848 9548 ‘9106 8532 °7840 °7045 6164 

il ‘9816 9454 "8923 °8238 “T4417 6483 5461 
1, ‘9781 "9352 "8724 ‘7920 °6966 5892 4732 

13 "9744. 9941 *B511 “7582 6489 9273 *3940 
14 ‘9703 ‘9122, 8283 7224 *D990 ‘4635 *B219 

15 9659 *8995 *8042 "6847 5471 *3982 “2454 
16 "9613 *8860 ‘T1387 *6454 "4937 *3322 "1699 

17 9563 8718 “7519 6046 4391 2660 “0961 

18 ‘9511 °8568 "72.40 5624 3836 *2002 "0289 

19 "9455 °8410 °6950 5192 *3276 1347 — ‘04438 
20 9397 "8245 6649 4750 2715 0719 — ‘1072 

PAL "9336 ‘8074 6338 4300: "2156 0107 —‘1662 

DP, "9272 "7895 6019 °3845 "1602 — ‘0481 —°2201 

23 *9205 “7710 5692 "3386 °1057 —°1038 — ‘2681 

24 °9135 “7518 D857 2996 "0525 — "1559 —°3095 

25 79063 “7321 -5016 ‘2465 ‘0009 — °2053 — 3463 

26 "8988 aL A7/ "4670 2007 — ‘0489 — ‘2478 — 3717 
27 °8910 6908 "4319 °1553 —°0964 — 2869 —°3921 
28 "8829 6694. *3964 °1105 —'1415 ULI — 4052 

29 "8746 "6474. °3607 ‘0665 — 1839 —°3503 —°4114 

30 *8660 *6250 °3248 0234 Ss — 3740 AOL: 

3l *8572 ‘6021 ‘2887 —'0185 — 2595 — °3924 — ‘4022 

a2 *8480 ‘D788 D527 — 0591 — 2923 —°4052 — 3876 
33 *8387 5551 9167 — °0982 SEAS — °4196 —:3670 

34 *8290 5310 1809 a7 — ‘3473 —°4148 — +3409 

35 "8192 "5065 "1454 — 1714 ' — ‘38691 SS — +3096 

36 “8090 4818 -1102 — 2052 Sesto (Il — 4031 STS 

it “7986 “A567 *0755 = OS y Al) SecA Olu —°3898 ae) ela 

38 “7880 "4314 0413 —°2666 mAh, — 3719 —'1918 

39 nal: “4059 0077 — ‘2940 An —°3497 —‘1469 
40 7660 "3802 — °0252 — 3190 = IG = Oe —:1003 
4] “T7547 3544 — ‘0574 — ‘3416 rate — °2938 — "0534 

42, 7431 3284 — ‘0887 —°3616 —°4128 — 9611 — ‘0065 

43 "7314 3023 —'1191 —'3791 — 4038 — 2259 "0398 
44 7193 2762 —°1485 —°3940 —°3914 —°1878 0846 
45 7071 -2500 —°'1768 — 4062 TO | — 1485 1270 

46 *6947 2238 — 2040 —°4158 — °3568 — ‘1079 -1666 
AT °6820 1977 — 2300 — "4952 | —45/51010) — ‘0645 2054 

48 6691 “1716 — 2547 —°4270 — ‘3105 —'0251 "2349 

49 6561 *1456 — 2781 — ‘4286 — 2836 +0161 2627 
50 *6428 “1198 —-3002 4S) — 2545 + -0563 2854 
51 *6293 0941 —'°3209 —°42939 YU +0954 3031 

yy 6157 "0686 — "3401 — 4178 —°1910 +°13826 15a 

53 *6018 "0483 — "3578 — 4093 — 1571 +:1677 BHA k 

54 5878 ‘0182 —°3740 — 3984 23 +2002 °3234 
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Table (continued). 

é. Pe i Ea lige Pe P;. Be | leds 

eS Eee -_-_ ——_|—_ —-— —_ SSS 

55 ‘5736 —°0065 — 3886 —-3852 | —-0868 +2297 | ‘3191 
56 5592 — ‘0310 — 4016 — 3698  —-0510 +2559 3095 
ay | 5446 | —-0551 | —-4131 | —3524 | —-0150 | +2787 | -2949 
5B | | *5299 — ‘0788 —°4229 —°3331 0206 +2976 | 2752 
BO | « *a150 —'1021 — “4310 —'3119 0557 +°3125 | °2511 
60 , +5000 — +1250 — 4375 — ‘2891 ‘0898 +°3232 2231 
Gl | 4848 — ‘1474 —°4423 — 2647 “1229 +3298 1916 
62 46995 — 1694 — 4455 —°2390 1545 +°3521 payal 
63 "4540 —"1908 — 4471 — 2121 | 1844 +°3302 12038 
62 | 4384 — 2117 — 4470 — 1841 | 2123 +°3240 | 0818 
65 | ‘4226 —'2321 —°4452 —1552 | "2381 +3138 | "0422 
66 ‘4067 —°2518 — 4419 — 1256 2615 +°2996 | 0021 
67 3907 —°2710 — 4370 —'0955 2824 +°2819 —°0375 
68 3746 — ‘2896 — “4305 — 0650 3005 +°2605 — ‘0763 
69 "3584 — "3074 — 4225 — 0344 3158 +°2361 —1135 
70 “3420 — "3245 —°4150 ‘0038 3281 +°2089 —'1485 
él 3256 — ‘3410 — 4021 ‘0267 3373 +1786 — 1811 
72 3090 — 3568 — 3898 0568 3434 +1472 — ‘2099 
73 2924 — "3718 — ‘3761 ‘0864 3463 +1144 — ‘2347 
74 2756 — 3860 — 3611 1153 "3461 +:°0795 —'2559 
75 2588 — "3995 —°3449 1434 3427 +0431 — ‘2730 
76 2419 —°4112 —°3275 "1705 "3362 +0076 — 2848 
77 2250 —"4241 | —°3090 1964 3267 — 0284 —°2919 
78 2079 — 4352 —°2894 2211 3143 — 0644: —- "2945 
79 1908 — “4454 — 2688 2443 2990 —°0989 — ‘2913 
80 "1786 —°4548 — ‘2474 2659 2810 —'1521 —°2835 
81 1564 —°4633 —°2251 "2859 "2606 —°1635 — ‘2709 
82 1392 —4709 — 2020 “3040 ‘2378 —1926 —*2536 
83 "1219 — "4777 — 1783 3208 2129 — ‘2193 — ‘2321 
84 "1045 —°4836 —°1539 3349 | "1861 —°2431 — ‘2067 
85 0872 — ‘4886 — 1291 3468 "1577 — 2638 — 1779 
86 ‘0698 —*4927 —'1038 | 3569 1278 — ‘2811 —*1460 
87 0523 — “4959 — ‘0781 3648 | ‘0969 — 2947 — 1117 
88 0349 — “4982 — 0522 3704 .|; ‘0651 — 3045 — ‘0735 
89 | -0175 — 4995 —*0262 3739 0527 —°3105 — ‘0381 
90 | -0000 — ‘5000 — 0000 3750 0000 — 3125 “0000 

N.B.—To find P;, if @ lies between 90° and 180°, look up 
the value for the angle 180°—9@, and change the sign if z be 
odd. 
When Pj, P., &c. are plotted as radial heights and depths 

above and below a quadrant, the resulting curves, especially 

them to a useful scale in about one hour. 

Kaample I. 

A student can draw 

The density o of attracting matter on a spherical shell 
1 centim. in radius is proportional to the square of the 
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distance of any point from a diametral plane, being 6 per square 
centimetre where greatest: find the potential A inside and B 
outside. Taking the diametral plane as the equator and @ as 
the co-latitude, it is obvious that 

o=bp’. 

The expansion of yw? in spherical harmonies is already given as 

Ih 2 
— 3 Pot 3 ieee 

So that we have o in spherical harmonics, 

Oo => ZA + AP.. 

Hence, as A and B are derivable from the same surface 
harmonics, 

2, lea + Agr’ P., 

B B 

where Ao, As, Bo, Bz are constants to be found. 
Now at the surface, that is where r=1, A=B, and we can 

apply this to every harmonic separately. Hence 

Jp Ban Ay =e 

Again, we know from the theory of attraction that the 
resultant force just outside and just inside the shell differs by 
the amount 47ro, or 

and this is to be applied to every harmonic separately. Thus, 
taking terms involving Po, we have 

0+ Bor -?=47 x 2: 
or putting r=1 

ie é Bo=8r. 
Again, taking the second terms, 

2Aor ale 3Byr-4 =4rx4 3 

or, as A,=B,, and putting r=1, 

16 
)Ba— bom, 2. Bo= 5 T. 
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Hence we have 

ETE potential Me Sx Py + = a P,, 
5 

Outside potential ae or ae Po; | P r Sp a 

or & =P) + 50? Py=a say, oe eee GE) 

ie 21,,. es oe oe pee) 

As, for our purpose, the actual unit of potential is unimportant, 
B 

we will use & for — and 8 for ree 

Thad no notion of how the equipotential surfaces would shape, 

and I tried to avoid forming any such notion, as it was my 

object to test the usefulness of the tables in working out any 

new problem. The first thing that it strikes one to do in this 

case is to find the potential on the sphere itself. This can be 

done from either (1) or (2) by putting r=1, and then 

2 2 
5 5 le 

We can now find @ for various values of 0, using the table. 

Thus when 0=0, P2=1, and thereforea=1:4. Thus we have 

the following values :— 

a=Pot+ io: or 1+ 

G) Reeaaee 0 15 30 45 60 75 90 

1E ee dor 1 9 "625 "25 —'125 | —-3995 | —:5000 

was: 14 1:36 1:25 11 0:95 0°84 0:80 

Next, take any value of 6, say 0=45°. Then from the 

table, P,=0°2500, so that 

1 
meide, ¢= lp y- 

HOR 7 
2 

outside, gas Ne Ld a lee 
7 10 ” 10r 

For any value of 7 less than 1 we calculate #; for any value 
of r greater than 1 we calculate @. 
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For 0=45°. — 

rl 0 | et | pele lg | Vga soe 
— | —$—_— | — ————__ | — | ___ | | | | | |__| 

w ...| 1 {1001 |1-004 |1-009 |1:016 |1:025 1-036 |1-049 |1-064 |1-081 |1-100 

Pe.) 2 |) WA AGS 20F | 272 ie 2am) 9|neaee 4 5 

2 ...| 891217507 | -65 |-572 1-512 |...) Jai | eee | 
| | 

Now on a sheet of squared paper I plotted the values of + 
and « or 8, and so found the values of + for such particular 
values of « or 8 as seemed suitable for curve-drawing. In 
fact I found the values of + for 0=40° for various equi- 
potential surfaces. 

Repeating this for other values of @ and drawing radial 
lines on a sheet of paper, it was easy to draw the equipoten- 
tial surfaces. 

The figure (Pl. I.) was obtained in this way by Mr. Joselin. 
It shows the equipotential surfaces from 0°5 to 1:4. These 
surfaces are surfaces of revolution. Of course the resultant 
force anywhere is inversely as the normal distance apart of 
the equipotential surfaces, and the direction of the force is 
everywhere normal to the equipotential surfaces. 

Haanple LU. 

One circular spire of wire of radius a has an electric cur- 
tric current C flowing init. Find the electromagnetic potential 
everywhere. 

At any point on the axis, z centimetres from the centre, 
the potential is : ( 

V=%n0(1~ 3s). a) 

It is always worth while at first to get an idea of the range of 
values of V. 

Putting gel). V=27,6) 

Z=a, V ='293 x 2m. 

== OO 5h, MieeQ: 
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For the sake of ease of calculation let 27C=1, and let 
a=1 centim. : 

Then Val 
V 27 +1 

We can expand this in powers both of z and of 2 and we have 
either = 

= 1 3 3 5 5) 7 39 ~9 ¢ 
| eet 5* — goat 198" ae = 6) (2) 

or 

\ 35 = Se gee ee =e gg Ie apie (3) 

Now, if we can find V as a function of r and @ whichis correct 
along the axial line, then it must be correct everywhere. 
[This is Green’s theorem, assuming that the axial line to 
infinity is a cylindric surface of no lateral dimensions.| But 
it is obvious that 

1 3 iy) dd 
V=1—r7P,+ 5 Ps— 8 Pee +. ig’ ti 198” Pot Xe. (4) 

becomes (2) when @=0; and 

a Ee ee pS Me re ae 

Peoria (pee ade Ais pO) 

becomes (3) when 0=0. 
Hence these express the potential everywhere. The first 

of these is useful for calculation only when r is less than 1. 
The second is useful only when + is greater than 1. 

And this shows a defect of the Spherical Harmonic method. 
For if 7 is nearly 1 we cannot easily calculate V from either 
of the series, having to use toomany terms. It will, however, 
be found, even in this case, that when we use the harmonics 
up to Py, for any value of @ we can plot V on squared paper 
from r=0 to r=0°9, and from r=1'1 to values of ¢ as 
large as we please. If the intermediate part of the curve from 
r=0°9 to r=1°1 be drawn with a little judgment, it is astonish- 
ing how quickly and accurately the equipotential surfaces 
may be drawn. ‘The result may be compared with the lines 
of force as worked out by the elliptic integral method of 
Sir William Thomson. 
Any such Electromagnetic solution is also the solution of a 

Hydrodynamic problem. 
The principle adopted in this example is very useful. It is 



522 | Prof. John Perry on a 

this :—If the potential at any point along an axis is expressible 
as 

A, +Ayz+Age?+ &e., where Ao, Ay, Ag, &e. are constants, 
then the potential anywhere is 

AoPo -+ A, Pir + A,Por? + &e. 

If the potential along an axis is 

Hi Bo By, 1B 

be Pg &c., where B,, By, B,, &. are constants, 

the potential anywhere is 

a te ae ae as OC. 

I gave to Mr. Holland, as an example, the case of a hollow 
i cylindric coil of wire, 2 centim. long, 1 centim. in radius 

: inside, and 2 centim. radius outside: to find the magnetic 
potential everywhere when there are n turns of wire in the 

| coil per unit length of the coil and there is unit current in 
Hl the wire. Mascart gives for such a case the force at any 
{i point of the axis, and it is possible to expand Mascart’s ex- 
: e e e e IL 7) 

iM pression in powers of z and again in powers of 13180 that it 

oa IL 
is easy to get the potential in powers of z and of ? and there- | 

fi, fore, as in the last case, the potential everywhere. Now 
: inside the coil and well outside it only a few terms of the 

series need calculation ; but just at the ends of the coil the 
i] calculation is troublesome because many terms are required. 
1 Mr. Holland tried to shorten the work in the following 

way. He found that the potential at points along the axis 
it could be expressed approaimately from z=0 to z=2°5, with a 
i maximum error anywhere of only 2 per cent., by 

V = 20? (2—-48842 + 05513 2° —-00518 2° + 000222"), 
z being measured from the middle point of the coil. 

Hence, he said, the magnetic potential ata point 7, @ is 

V = 20? {2 —-4884 Pir + 055138 Psr* —-00518 P57’ +°00022 Pir’. 

. From this he plotted equipotential surfaces and lines of force. 
He found that, inside the coil, and indeed everywhere near the 

| coil except certain critical positions, these were approximately 
Hil correct. But at the flat ends close to the wire they were 
| absurdlv wrong. It is easy now to see the physical meaning 

of Mr. Holland’s approximation, and why we cannot use this 
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ingenious quick way of working ; but we had to be taught by 
experience. 

Example ILI. 

A solid bounded by a surface of revolution moves axially in 
an infinite mass of incompressible fluid which has no other 
motion than this gives to it. Find the motion. 

In this case | 
Ve\ 0) = 

dV ; 
and — Jy, ot any point at the surface of the solid (dn being 

an element of the normal) in the fluid is really the normal 
velocity of the solid itself. Again, V must be constant at any 
infinite distance. 

This may easily be worked out for any surface of revolution. 
Applying it to a sphere of 1 centim. radius. Let v be the 
velocity of the centre of the sphere in the direction parallel to 

the axis of z. Then a =vcos@ at any point at the surface 
of the sphere. 4 

Hxpressing V in zonal harmonics, and taking it as 0 at an 
infinite distance, 

es AMP 
a wars == 4F 

1 Te 

qV when 7=1 is 
dr 

Uv COS = = AoPo i Aye Be = JAP, = &e. 

But P;=p= cos @, so that the other coefticients vanish, and 
Uv 

A Fae 5 

so that 
v 

V = 4 e eae . ° ° . e ° (1) 

The equipotential surfaces which a student will draw from (1) 
are perfectly well known. Itisa good exercise to draw them. 

If now a velocity —v is impressed upon the whole system, 
sphere and fluid, we have the case of the sphere at rest and 
the fluid moving past it. We now merely add the term 
—vr cos @ to (1) and obtain 

1 Ve—o(rt oa)Ps, - i A) ig 

which again is easily represented upon paper in equipotential 
surfaces. 
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LXIIT. A Kinetic Theory of Solids, with an Experimental 
Introduction. By Wituiam SUTHERLAND. 

[Coneluded from p. 225. | 

THEORY. 

HE working out of a kinetic theory of solids ought, on 
purely theoretic grounds, to have proved a simpler matter 

than that of the kinetic theory of gases, because in solids 
each molecule abides about a fixed mean position ; but the 
generality of the two great experimental laws of perfect 
gases stimulated theory to overcome the more difficult task 
first. The experimental laws which have just been estab- 
lished for solids seem to give as good a guarantee that in 
its essence the kinetic theory of solids must be as simple a 
matter as that of gases. 
We will therefore start out on the assumption that in solids 

the molecules have the properties assigned to them in the 
kinetic theory of gases, that they attract one another, and 
that each one moves in a small region of space round a 
certain mean position. In the almost purely statical mole- 
cular theories of solids put forth in the early part of this 
century by the great French elasticians, repulsive forces had 
to be imagined to equilibrate the attractive ; for example, 
Poisson’s molecular theory was founded on the supposition 
that while molecules of matter attracted molecules of matter, 
they repelled the particles of heat, so that each molecule was 
in equilibrium under two sets of opposite central forces. But 
it is easy to see that no theory founded on purely central 
attractions and repulsions can explain the facts of rigidity as 
we actually know them, because in a pure shear, as there is 
no change of volume, there can be no change in the potential 
energy of the purely centrally acting molecules ; or, more 
accurately, a small shear of the first order will produce a 
change of potential energy of the second order of small 
quantities, but experiment shows that the change of energy 
in a shear is of the same order of magnitude as the change 
that accompanies a change of volume: hence purely central 
attractions and repulsions, while they can give a sort of 
rigidity, give one infinitely different from that of nature. 
The statical theory can give equations of the same form as 
the natural ones, but with some of the coefficients infinitely 
smaller. 

Attempts have been made to avoid this difficulty by giving 
the molecules polar properties, which, however, can hardly be 
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got to be compatible with the behaviour of isotropic bodies. 
The true solution of the difficulty lies in taking account of 
the kinetics of the molecules. The motion of the molecules 
is a fundamental part of the phenomenon of elasticity of 
solids as of gases. 

The subject-matter of the kinetic theory of solids will be 
taken in the following order :— 

1. Establishment of the characteristic equations of solids. 
2. Testing of the equations on the supposition that the 

molecules are unalterable. 
3. Testing of equations on the supposition that the mole- 

cules alter somewhat with change of temperature. 
4, Further evidence of the alteration of molecules with 

change of temperature. 
5. Periods of vibration of the molecules of metals. 
6. Comparison of the theoretical variation of Young's 

modulus with temperature with the experimental. 
7. Rigidity according to the kinetic theory. 
8. Ratio of lateral contraction to elongation in Young’s 

experiment. 
9. Dulong and Petit’s law, Joule and Kopp’s law, and the 

equation for compound solids. 
10. The parameter of molecular force. 

1. Establishment of the characteristic Equations of Solids.— 
In the kinetic theory of gases molecules are supposed to 
exercise pressure on an external body by colliding against its 
molecules, and the molecules are supposed to collide with 
one another. Let us imagine, then, a number of molecules of 
equal mass and size moving amongst one another under the 
influence of an attractive force (7) exerted by each, and 
colliding and rebounding with coefficient of restitution unity. 
If the molecules are close enough together, it is evident that 
each separate molecule is hemmed in by its neighbours, so 
that it cannot change its position beyond vibrating about in 
its own limited share of space which I call its domain. Such 
a collection of molecules has one characteristic property of a 
solid body. Liquefaction occurs when each molecule ceases 
to be hemmed in and just manages to wriggle through 
amongst its neighbours. In the solid body each molecule as 
it knocks about in its domain has its mean position preserved, 
just as if it were held there by central repulsive forces 
emanating from all the other molecules, or only from its 
immediate neighbours, while it itself by colliding with its 
neighbours many times a second in all directions acts vir- 
tually as a centre of repulsion to them. There is this much 

Sekar ee 
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in common, then, between the kinetic theory and the old static 
ones, with the great difference, however, that the kinetic state 
of the molecules is taken account of and regarded as the 
fundamental cause of the effective repulsions, and these repul- 
sions act only between immediate neighbours, and do not 
extend to all distances as the attractions do. 
What are the conditions of equilibrium in our system of 

molecules? First, let us take the case of a solid homoge- 
neous and isotropic body free from external force. Suppose 
it divided into two parts by a plane, and on unit area in the 
plane suppose a right cylinder erected in one part of the 
body ; this cylinder as a whole is attracted by the half of the 
body on the other side of the plane, and this attraction can 
be equilibrated only by the repulsion due to the collisions 
occurring across the base of the cylinder. Accordingly we 
must evaluate these two forces. Let the distribution of 
molecules be a cubical one with edge of cube e; then, in the 
manner of Poisson (Journal de Ecole Polytech. Cahier xx.), 
the attraction on the cylinder is easily proved to be 
il “i 
ga =r ol); where the summation extends to all molecules 

within reach of appreciable action of one fixed molecule. 
To evaluate the collisional repulsion on the base of the 

cylinder, we will first take a short cut justified by the theory 
of gases, and then verify the result by another method. The 
short cut consists in assuming that the collisional transfer of 
momentum goes on as if all the molecules had the average 
velocity square, and as if one third of the number always 
travelled parallel to each of three rectangular axes. Take 
one axis to be perpendicular to the unit-base of the cylinder, 
and let x be the number of molecules per unit area, so that 
n=1/e’, then n/3 molecules collide against the base of the 
cylinder with velocity v, and the number of times per second 
that each strikes the base is v/2«, where « is the mean swing 
of a molecule inside its domain. As each molecule has its 
velocity reversed by a collision, the force of the collisions on 

3 2mw S 

librium we have the equation 
moa | 
Sig Gel PO) = 2 opens (1) 

or, as we have been dealing with average values, we may as 
well sum for all the molecules of the body and put our result 
in the form 

the base of the cylinder is or mv?/3e"a, and for equi- 

Lard) =0. "2 eda) 
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The same equation will now be established from Clausius’s 
equation of the virial, taking account of the virial of the 
repulsions during collision as Lorentz does (Wied. Ann. xii.) 
in the case of gases. Let F be the repulsive force between 
two molecules in collision when their centres are distance H 
apart, then the equation of the virial is 

1 (Ce mv? 
3; =z a 

eh [soa ee a tag 
=5-5224 4 (0) w= 5-3 E72 HF dt +terms 

which vanish when the motion is stationary and ¢ is large 
enough. As Hf is practically constant during collision, 

jHFadt=E { Fat. 

Now suppose each encounter to last a time 7, then, since 
each molecule in time ¢ experiences vt/« collisions, we have 

t a T 

i) hd = ull Fdi= ue 2mv ; 
0 a 0 a 

and then 

ae (1 A =) = 5-5 22r0(r). 

Now H is the mean distance apart of the molecules when 
in contact, and accordingly 

H+a=e; 

hence, as before, 

de m0? ~ ae 
5 2.) | Dae >>rd(r) =0 

In the usual theory of gases the molecules are treated as 
elastic spheres, in which case E is constant; but as change of 
temperature is known to produce changes inside the molecule, 
it will be safer to consider E as possibly a function of the 
temperature ; Hi can hardly depend appreciably on the pres- 
sure, except in cases where, by the application of external 
pressure, the number of collisions per second becomes great 
enough to influence the internal structure of the molecule, as, 
for example, when great pressure produces crystallizations 
and combinations. In the most general case, then, we have 
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to consider E as possibly a function of both temperature and 
pressure. But we can first see how the supposition that Hi is 
constant will work. The equation (1) then states that, given 
i} the size of the molecules, their total energy, and their law. 
of force, then e, the mean distance apart of the molecules free 
from external force, is determinable. The equation specifies 
the law of expansion of the simplest solid free of external 
stress. Hor example, imagine that we know only that 
solids expand very slightly with rising temperature, then 
1 : 4 
5 =rd(7) is probably nearly constant, and therefore « must 

be nearly proportional to the kinetic energy, or the expansion 
from absolute zero is nearly proportional to the absolute 
temperature, which is the definite experimental result. But 
before discussing this equation any further, we may as well 
make it more general by taking account of external stress 
and removing the condition of isotropy. 

Imagine the properties of our molecules to be different in 
different directions, and in such a manner that all the cireum- 
stances can be specified with reference to three rectangular 
axes. Let the paths and velocities of the molecules be such 
that they produce the same collisional pressure in the direc- 
tion of the w axis as if they were an isotropic system with 
mean kinetic energy mu’/2 per molecule, and similarly kinetic 
energy mv /2 and mw?/2 along the y and ¢ axes, so that 
(mu* + mv" +mw*)/2 = 38D, where D is the mean kinetic 
energy per molecule of the actual system. let the mean 
positions of the molecules correspond to a parallelepiped dis- 
tribution with sides &, 7, to the parallelepiped, so that the 
mean distance apart of the molecules along the w axis is &, 
and soon. Let the external stress be specified by pressures 
P, Q, R parallel to the three axes, and let the mean compo- 
nents of the swing of each molecule in its domain be a, §, y, 
then for equilibrium parallel to the # axis we have merely to 
add P to the molecular pressure in equation (1), and make 
the necessary slight alterations to get 

mu" Ll ue 
Sata! ~ Bee A Meer s  2) 

with two similar equations. 
If BHZ are the values of &, 7, € when the molecules are in 

contact, we have three equations of the form £—B=a. Hence, 
given &, H, Z, u’, v’, w’, P, Q, R, and the law of force, the 
problem of finding &, », ¢ is determinate ; that is, the law of 
expansion in the three directions with increase of kinetic 
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energy under a given stress. But if the separate components 
u,v, w are not given, but only D the mean kinetic energy, 
then, given P, Q, R, D, that is to say the stress and the 
temperature as well as &, H, Z, there are four relations 
connecting the six quantities u’, v°, w*, &,7,¢. Two other 
relations would make the connexion between energy and size 
in different directions quite determinate ; it is the business of 
experiment to ascertain these two relations. 

If the body is homogeneous and isotropic when free from 
external stress, then the equations (2) are a little simplified 
by the relation 5=H=Z=H, and we have 

mu” 1 

ng\E—e) Beng "P= = 
with two similar equations. 

If, further, the body is subjected to hydrostatic pressure p 
only, so that P=Q=R=~p, then the three equations of form 
(3) reduce to the one 

2D ce rs 
zen) meee = ° .  « (4) 

Thus, if the size of the molecules is given, and also the law 
of force, then the relation of pressure, volume, and kinetic 
energy is determinate. Accordingly, we are able to calculate 
the bulk-modulus of the solid (the reciprocal of its compres- 
sibility). 

Let w denote volume, then the bulk-modulus is wdp/do, 
denoted by 

A! D il 

Paacrie= 3° dw e(e—H)  4e 2p") j 

But @=ve’, where v is the number of molecules per unit 
volume, and so 

2ed D 1 
b= 3-5 de Lek) ~ ae 28 } ° ° (5) 

We can go no further without the law of molecular force, 
so I will now use the law of force, which I have formerly 
discussed in connexion with gases and liquids (Phil. Mag. 
5th ser. xxiv. & xxvii.), namely, d(7)=3Am?/4. Then 

R 
Anr’dr3Ampr snp feet 

Pievages. &. Vola a2. Nowl99: Dec. 1891. 2N 
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where @ is a length of the order of e, and R is a length of the 
order of the linear dimensions of the body. 

Srdb(r) =12Ammp log R/a. 

On account of the smallness of a, log R/a is approximately 
the same for all ordinary bodies, and then Sr@(r) for a given 
body is always proportional to the density, and for different 
bodies its value depends on that of a parameter A, which has 
a definite value for each body. Apart from all specification 
of the law of molecular force, if the potential energy and the 
virial of a number of molecules are proportional to the den- 
sity of their distribution, and can be represented by such 
forms as Bp, where B is constant for each substance, the same 
conclusions will hold as those I am about to draw from the 
law of the inverse fourth power. My previous arguments in 
favour of the inverse fourth power law amounted to this, that 
that is the only simple natural law, like the law of gravitation, 
that will make the potential energy of a number of molecules 
and their virial both closely proportional to the density ot 
distribution, as experiment shows they must be. 

With the, above value of Srd(7) and with p=m/eé?, we have 

2G of D dAm?r log =) 
"38 de Le(e—H) 8 

gad 1 ae» mL i 18Am/?7 log R/ay 
= 3 3 e(e— EK) e(e—H) oll 5 Py 

But in the absence of external stress (4) becomes 

D 3Am*t log R/a 
= } 

e’(e—K) é 

2 € 4D Dir 

b= 351 Fen) Ae a) 

2. Testing of the Equations on the supposition that the 
Molecules are unalterable—Suppose that E is constant, then 
if b is the mean coefficient of linear expansion between 
zero and @ which corresponds to kinetic energy D, then 
(e—E)/e=b0, and if cis the mean specific heat between zero 
and 6, then D=Jmc0, where J is the mechanical equivalent 
of heat, if we suppose that all the energy of the molecules 
exists in their vibrations as wholes; if not, then we must 
write D=hAJcem0, where h is a fraction probably not differing 
much from unity. Thus we have 

2 Jem 1 
aA ast a) . ° . . ° (7) 

and hence 

‘ 
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Even at the melting-point 1/00 for most metals is about 
50, so that at ordinary temperatures 4 is small in comparison 
with 1/56. Neglecting 4 for the present, and remembering 
that ¢ and 6 vary only to a small extent with temperature, 
and that em, by Dulong and Petit’s law, is the same for all 
metals, we can write, putting A=1, 

2 Jcm 
OER aI ° . ° e ° . ° (8) 

approximately, and assert that theoretically the bulk-modulus 
varies inversely as the temperature, and that the product 
kb’@m/p is the same for all metals. This result makes the 
bulk-modulus infinite at absolute zero, which, of course, is 
merely the result of our assumption that the change of 
volume of the molecules produced by collisions is negligible. 
At any rate the bulk-modulus at absolute zero is probably 
very large, that is, the molecules are probably only slightly 
compressible, as will be seen later on. 

In our equations (7) and (3) for & we know all the quanti- 
ties on the right-hand side (if h=1) for the metals, and we 
also have some quasi-experimental determinations of k, so 
that we can proceed to test how our assumption of E being 
constant will hold. The values of & are not purely experi- 
mental, because they are not obtained by direct measurement, 
but by calculations from other elastic measurements on the 
assumption that the metals are homogeneous isotropic solids. 
In such solids & is connected with the rigidity n, and Young’s 
modulus q by the relation sk =nq/(9n —39). 
When & is calculated from the experimental values of n and 

qg, the worth of the result depends entirely on the nearness to 
perfect isotropy of the solid. Thus, on the assumption of 
perfect isotropy, it is possible to calculate a value of & for 
many metals at 15° C. from the average values of n and g 
given above in Tables II]. and VII. Tomlinson has given 
(Phil. Trans. 1883) values of & calculated from his measure- 
ments of x and g ; and there is this advantage in using his 
values, that » and g were measured on the same specimen, 
Amagat has found (Compt. Rend. evi.) values of & for a few 
bodies by measuring g, and also the change of volume pro- 
duced by external pressure on hollow cylinders, and then 
calculating on the assumption of perfect isotropy. It will be 
shown afterwards that the metals are at least nearly isotropic, 
but yet we must assume that all our values of & for the metals 
are only more or less rough approximations to true values, 
because small departures from perfect isotropy produce large 

2N 2 
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errors in the value of k given by the formula for perfect 
isotropy. 

The following Table contains in the row &, the values of k 
calculated from my average values of n and qg given in 
Tables III. and VIL., in &, Tomlinson’s values, in £; Amagat’s, 
and in k, the values found from equation (7) above, using 
Fizeau’s values of 6. The temperature is 15° C. in all. In 
the last row are given the values of the ratio of k, to the 
mean of £,, ka, and fs. 

Ca, ~Acw Aus ~ Me. Zn. Ar Sa. Pb aaike: Pt. 
10-&%,... 2500 690 1370 325 900 810 imp. 86 2000 . 990 

10-°%,... 980 980 §.... .. 350 - 820" 120 76 qloOommmEeD 
10-%%,... 1170 oe Ome 
10-%%,... 970 520 980 190 250 325 264 184 2000 2800 
Ratio... 63° 64 71. 59 40 . 58.9)203. 77 eC Ommea 

There are large discrepancies in the quasi-experimental 
values of £; for example, in the case of tin /, is impossible, 
because In—38g is negative ; accordingly tin is so far from 
being reliably isotropic as to make attempts at calculating & 
illusory. If, besides tin, we reject platinum, we find fairly 
good agreement amongst the values of the ratio of k,, the 
theoretical value, to the mean quasi-experimental value. The 
mean value of the ratio, leaving out iron, is 62, and including 
iron is 69; so that we can say that the theoretical values of 
the bulk-modulus of the metals, on the assumption that the 
molecules do not change in size with changing temperature, 
are about 70 times the actual values. Thus, while the 
assumption of constant size in molecules is proved by this 
comparison to be untenable, the general form of our equation 
receives some partial verification from it, as it shows kb?@m/p 
to be nearly the same for 8 out of 9 metals, and this is what 
the form of our equation demanded. 

But fortunately there is a more satisfactory comparison to 
be made between theory and experiment in the matter of 
latent heats of melting. We cannot imagine our equation to 
bridge the gap in continuity between the solid and liquid 
states and calculate the latent heat by the formula 

r= Gdp/oedv, 

where v, and v, are the volumes of unit mass in the liquid 
and solid states. But without any bridging of the gap in 
continuity we have the thermodynamic relation 

N= (Vo — 0 )Odp/dé, 
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where dp/d@ means now the rate of increase of the melting- 
pressure with the melting-temperature. Now, according to 
our theory, melting occurs when molecules are able to escape 
from imprisonment by their neighbours, that is, when the 
space between molecules attains a certain value relatively to 
the size of the molecules. Hence, if the size of the molecules 
is invariable, melting must always occur for the same value 
of e whatever the pressure is, and we have dp/d@ of the last 
formula the same as Qp/O@ taken from our equation with the 
condition e=constant. 

Op 2dD/dé OP _ 2D(w.—2) 

00 3e(e—E) i 
aia ¢ and A= Cee ae (9) 

But on this view of melting the latent heat may be calcu- 
lated in another manner, for on this purely mechanical view 
it must be the energy supplied to produce the change of 
potential energy that accompanies the change of density on 
liquefaction. Hence X= B(p,—p;), and neglecting p in our 
equation, this 

lie) 2D pia 
— 8e(e—E)* py? ’ 

_ 2D(v.—7) v _ 2D(v.—2) 
To Be(e—H) - Be = Be(e—B) nearly, 

as before. Hence, remembering that €=m/p, D=Jem®, and 
e—H=eb0 nearly, we can write 

_ 2cm pi-—pe e 
N= a G - Calories, y..aey mee en) CLO) 

Person (Ann. de Ch. et de Ph. sér. 3, t. 24) has found the 
latent heats of several metals, and Vincentini and Omodei 
(Wied. Berbl. xii.) have found the change of volume at the 
instant of melting for lead, cadmium, tin, mercury, and other 
bodies ; and Roberts and Wrightson (Nature, xxiv.), amongst 
other data, give the densities of melted zinc and silver, whose 
densities just before melting can be calculated approximately 
by means of their coefticients of expansion, though this is not 
so satisfactory as a direct measurement. The mean coeffi- 
cient of expansion b of solid mercury is not known, but can 

be found by the relation JTm*=-044, where T is melting- 
point, to be afterwards discussed. Person, in his calcula- 
tions, intentionally ignored the increase of specific heat with 
temperature, but if we put c=c)(1+eé) and use the values of 
a given by Naccari (Wied. Beibl. xii.) from experiments 
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between zero and 820° C., we can get the true latent heats 
we require by subtracting 4c)e¢T? from Person’s values. 
Thus we can compare our theoretical values of > with the 
experimental in the case of six metals. The following Table 
contains the values of p; and p:, Person’s value of the latent 
heat 24, the true latent heat ., and the value A; caleulated 
on the supposition that the molecules are invariable :— 

Ag. Zn. Cd. Hg. Sn. Pb. 

Oi visisisices oriee oO, 6:85 38366) 1619 Pisa? 

Op eleybaie setts Jol |. 648 - TOS S69 GeO ORaiiepe: 

Dei testes slertele 7A Zeit) 13% 28. Va ond 

ereso avis shana 16°2 24°59 12:5 Zio). Lee 4°8 

IN aii sloscd.sieehs SEO MEL? On) Dd%8 Deh» £670 23°6 

Ratio A3/Ayg. 5°0 A°8 43 3°2 3°6 4°9 

In the case of silver it was not safe to extrapolate for 
specific heat up to the melting-point of 954° C. from experi- 
ments up to 820°, so I made a determination of its mean 
specific heat between 20° and 860° in comparison with that 
of gold, which is known ; the result was “0663, which, over a 
range of 934°, gives 61:9 calories in place of Person’s 57. 
In the case of tin I used Tomlinson’s determination of the 
specific heat, as Naccari omitted it. The ratio 3/A, comes 
out nearly constant, especially if we omit mercury as uncer- 
tain on account of the smallness of A, and tin as uncertain on 
account of its tendency to crystallize ; the mean value of the 
ratio for the other four metals is 4°75. In each case the cal- 
culated value of % is about 4°75 times the experimental, and 
here again, while the actual equation and the assumption of 
inalterability in the molecules are not verified, the form of the 
equation is confirmed in a striking manner if we remember 
that the latent heat ranges from 2°8 for nercury to 28 for 
zinc. In other words equation (10) asserts that 

2¢ (a — pz) /dbpyr 

is constant on purely theoretical grounds, and the tabulated 
comparison shows it to be constant, only that the value of the 
constant is, on the average, 4°75 instead of 1; still it is pro- 
mising confirmation for the kinetic theory that it should be 
constant at all. 
We may state, then, that collections of unaltering mole- 

cules, having the coefficients of expansion of the different 
metals, would, on the kinetic theory, have bulk-moduluses 
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about 65 times as large as the actual, and latent heats about 
4°75 times as large. 

3. Testing of Equations on the supposition that the Mole- 
cules alter somewhat with Change of Temperature—The next 
step is to ascertain what modification in the assumptions so 
far made would bring theory and experiment into accord. If 
we return to the approximate expressions 

(6) k=—2D/9%e(e—B)? 
and 

(9) A=2D(v,—2)/3e? (e—HB), 

we see at once that if E, which represents the linear dimen- 
sions of the molecule, were to diminish with rising tempera- 
ture, then theory and experiment could be brought to better 
accord. Now the shrinking of molecules with rising tempe- 
rature is a result required by the kinetic theory of gases, for 
the variation of the viscosity of gases with temperature is 
such as can be accounted for satisfactorily only by shrinkage 
of molecules with rising temperature. 

Holman (Phil. Mag. 5th ser. vol. xxi.) has made a thorough 
comparison of the results of all the best measurements of the 
effect of temperature on the viscosity of air, including his 
own, and his series of curves shows that up to 250° C. the 
viscosity of air at any temperature is best given in terms of 
that at zero C. by the exponential formula 

m=No(1+0:00367t)" or 9=1973(0/2738), 

where @ is absolute temperature. Now, according to the 
kinetic theory of gases, assuming the molecules to be spheres 
of sectional area og’, and ignoring molecular attraction, we 
have 

No =N273(F273/Fo)” (8/273), 

(573/06)" = (ize) 3 

that is to say, the molecules shrink with rising temperature. 
Now Barus (Amer. Journ. Sci. 3rd ser. vol. exxxv.) has 
given weighty support to this idea of molecular shrinking by 
pushing the study of the viscosity of air and hydrogen up 
to 1200° C., and showing that up to that temperature the 
viscosity of both gases is well represented by 

nape 

No= N73(8/273)*, 

and hence 

according to which 

(0573/09)? = (6/273)*. 
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Now both these formule for o are derived by combining a 
theoretical equation with empirical formule, and in the theo- 
retical equation molecular attraction is supposed not to exist. 
But the effect of molecular attraction on viscosity will partly 
account for the apparent shrinkage of molecules, because 
slowly moving molecules coming near to one another without 
actually colliding are swung round their common centre of 
mass by the action of molecular force, and are affected as 
regards their subsequent paths, as if they had suffered a col- 
lision. At high velocities two molecules, which pass close to 
one another without actual collision, shoot past one another 
with only a slight mutual deflexion; thus the molecules 
behave as if they had larger volumes at lower temperatures. 
This effect of molecular force on the temperature-variation of 
viscosity is a difficult problem in the kinetic theory of gases, 
which remains yet to be worked out. Steps towards its solu- 
tion have been taken by Maxwell (Phil. Trans. 1867) and by 
L. Natanson (Kinetische Theorie unvollkommener Giase), but 
no definite enough result has yet been reached to give a 
quantitative estimate of the importance of molecular force in 
viscosity of gases. Yet from a general point of view we may 
feel pretty sure that in the case of hydrogen the large appa- 
rent shrinkage of the molecules cannot be traced entirely to 
the effect of molecular force, and must be regarded as a true 
phenomenon. If we take our deduction from Barus’s expe- 
riments, ; 

0973/O9= (0/273) vr 

we notice that, although @ ranges from 273° to 1489°, yet 

6 ranges only from 1:60 to 1:84; and thus, while the for- 
mula for c, if supposed to hold down to absolute zero, would 
give the impossible result of o being infinite at zero, this 
impossible result is merely the consequence of trying to 
extrapolate with an empirical formula over a range seven 
times as great as that covered by experiment. 

Accordingly, we can get no definite assistance from the 
present state of the theory of viscosity of gases, but only a 
general assurance that molecules shrink with rising tempera- 
ture. For the law of shrinkage of the molecules of solids I 
will take the expression H=EH,/(1+0'@), which, up to the 
melting-point, may more conveniently be used in the form 
H=H,(1—0’@), so that e—H=H,(6+0') 0. 

The steps in the differentiation for finding the bulk-modulus 
are not affected by the variability of E with temperature: as 
before, we have (6), 
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meg: 4D D 

(=| een - ei 
_ 2D i ii eas 

GES t (b+b)e  (b+0)0 
—2Jcm ROY te = 765 )Om/p 41—4(+b)Oi; . . . (1) 

whence, using the mean of the quasi-experimental values of k 
given above as fy, ky, k3, and the other known experimental 
terms, we can get the values of b’ for the metals. 

But our expression for the latent heat will be altered by 
the variability of E. We have to find at what rate the 
melting-pressure varies with the melting-temperature for a 
collection of molecules that shrink with rising temperature. 
Now melting has chiefly to do with the mobility of the indi- 
vidual molecules. Hach molecule of a solid, if it is not close 
to the surface, moves as if it were free from the action of 
molecular force, because the attractions of the molecules all 
round it equilibrate one another. Let us conceive molecular 
force not to exist, that is conceive a perfect gas compressed 
till its molecules hem one another into fixed mean positions, 
this will be identical with our solid; except that molecular 
pressure is replaced by external pressure, the condition of the 
individual molecules is the same. Now melting occurs when 
the molecules escape from their domains, and suppose this 
happens for values e, H, p, and @ of the variables: it is desired 
to find how much the temperature is to be raised to reach the 
melting-point when p is increased to p+dp. It is obvious 
that e/H must remain constant, and the only other condition 
is that the collisional pressure increase must be equal to dp. 
Hence, if in our equation we ignore the molecular-force term 
and find dp/d@ on the supposition that e/E is constant, 
we can take it as dp/d@ in the thermodynamic relation 
N=O(v.—v,)dp/d, 

Odp/dd= = 2D /_B8ae 
71- Be ( e dO) 

But e/H=p say, and i is a function of @ only, so that 
de/d@= pd /d?= — ph, 

~. de/ed0= —U'H, /E= —b/(1 4 0’0) 

Hence at the melting-point, 
Jo—— VU yy, Coren? t1 4 avT +0} 

__ 2em(ve— 2) )41+430'T(1 +8'T)} 
i 3(b +b’) m/p 

— 

calories. (12) 
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If we now compare our expressions (11) and (12) for the 
bulk-modulus and latent heat with those which before gave 
results respectively 65 and 4°75 times too large, and neglect 
for a moment the small terms, we see that in a general way | 
the theoretical bulk-modulus (11) and the experimental 
would agree if 6’ were put equal to 7b as 8?=64, and the 
theoretical latent heat (12) would agree with the experi- 
mental if 6'=3°75b. But if in (11) and (12) we take account 
of the small terms and solve for b', we find that on the aver- 
age the relation b'=60 will bring the theoretical values of 
both the bulk-modulus and latent heat into accord with the 
experimental. The best way of showing this will be to 
tabulate the values calculated from (11) and (12) by means 
of the relation b’=6b, and compare them with the experi- 
mental. Tor the bulk-modulus the mean of fy, ko, kz given 
before is taken as the experimental value. 

10-§ times the Bulk-modulus. 

Cu. Ag. “Au. | Meo) (Zul ene: Fe. Pt. 

Quasi-Exp.... 1550 810 1370 3825 625 565 174 #41660 790 

Ine Oy ieee 1710. 920 61790 310 410 560 216 38740 5310 

TESBWOIO) oe ndoeces call 11 11883 96 66 1:0 1:2 2:2 6:7 

On the whole the values of the ratio show that b’=60 
brings experiment and theory into good accord as regards 
bulk-modulus. 

Latent Heat. 

Ag. Zn. Cd. He. Sn. Pb. 

Rep. sea LOZ Uae 1S) 2°8 28 A°8 

Theory... 172 Meare (| 10:4 1:9 8°0 A*G 

aniomee 1.06 “97 "83 67 63 oy 

If, for the reasons given before, we attach less weight to 
the values for mercury and tin, the value of the ratio for the 
other four metals is satisfactorily near to 1. 

4, Further evidence of the Alteration of Molecules with Change 
of Temperature.—It is important now to see what further 
justification there is for the idea that molecules shrink with 
rising temperature. The small amount by which metals ex- 
pand on being heated from absolute zero to their melting- 
points, namely about 2 per cent. of their linear dimensions, 
has made it difficult to form a mechanical conception of mole- 
cular behaviour during melting, because if the molecules are 
really at rest against one another at absolute zero it is hard 
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to see how an increase of only 2 per cent. in the distance 
apart of the molecules can give them the freedom and mo- 
bility of the liquid state. But if while heat is driving the 
molecules apart from one another it is also shrinking each, 
the difficulty disappears, for if the shrinkage is six times the 
expansion then at the melting-point the distance apart of the 
molecules is nearly 16 per cent. greater than the diameter of 
the molecule; that is to say, the complete swing of the vibra- 
tion is 16 per cent., and when two molecules have swung to 
their greatest distance apart that distance will be 16 per cent. 
greater than the diameter of the molecule. This is sufficient 
to make melting quite comprehensible. Let us take a definite 
instance : suppose four molecules at absolute zero in contact 
so that their centres form a square of side H,, and as the 
temperature rises, suppose each to oscillate along a diagonal, 
then the maximum distance apart of the opposite molecules 
becomes 1°'16,/2 times the diameter of the molecule, that is 
1:63 times, so that a molecule vibrating at right angles to the 
plane of the square towards its centre, would, if it arrived at 
the right moment, find an open space whose narrowest part 
is 63 times its own diameter. This shows how, in the various 
combinations possible in a large number of molecules, several 
can occur favourable to the escape of a single molecule in a 
neighbourhood, and a sufficient number of such escapes, even 
though a small number, would upset the stability of the whole 
system, which falls into the mobility ofa liquid. This theory 
of melting can be roughly tested by experiment; it is only 
necessary to agitate a number of equal spheres in a closed 
box and observe what ratio the free space bears to the volumes 
of the spheres when each sphere acquires a noticeable amount 
of mobility. I took a box which, when closed, just held 100 
marbles, with five specially coloured ones placed near the 
centre, and then noted how many had to be removed from 
the box to allow the five coloured ones to scatter on agita- 
tion ; a slight motion of the five as a body was not accepted 
as a sign of mobility. It was necessary to remove 16 to get 
slow and partial scattering of the central 5, and 20 or 25 to 
get quick and decided scattering. Thus for mobility among 
a set of marbles the free volume must be between 25 and 33 
per cent. of the volume of the marbles. Of course the cir- 

cumstances are in most ways vastly different from those of 
perfectly rebounding swiftly moving molecules, but the com- 
parison was worth making in passing. In the case of mole- 
cules mobility is reached when the free volume is 1:16?—1, 
or 50 per cent. of the volume of the molecules. But the 
melting volumes of the metals give more definite evidence. 
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According to the kinetic theory of solids now under dis- 
cussion, it is necessary, if the molecules of different metals are 
not much different in shape, that the ratio of the domain of 
the molecule at the melting-point to the volume of the mole- 
cule should be the same for all, because melting is merely 
the result of the domain reaching a size at which the molecule 
escapes from it. Hence (1+0T)(1+0’T) is to be the same 
for all, that is 6T+0/T is to be constant; but 6'=60, hence 
bT is to be constant. Now in a previous paper (Phil. Mag. 

Oct. 1890) I mentioned that JTm’ is nearly constant for the 
metals, and used the result to calculate the periods of vibra- 
tion of the molecules of solids at their melting-points with 

satisfactory results. But the range in the value of m* for the 
metals is not great, and it will be worth while tabulating side 

by side the values of JT and Tm*. Fizeau’s values of b are 
used. 

Cu. Ag. Au. Mg. Zn. Cd. Al. 

1000 bT...... 29 24 19 27 20 184.6 

1000 bTm*... 45 52 45 AT 40 ADT AS 

In. Nie Sn. Pb. Fe. Co. Ni. 

OOO) FI eee 19 7 ita 18 25 26 24 

TOO) rete, | TL ae 25° epee Fieu aay 

Ru. Rh. Pd. Os. Ir. Pt. 

100016 Teeeeeee 20 19 21 18 16 18 

1000 Bly 4g 4D A ee ee 

This comparison shows that the requirement of theory that 
bT should be constant is approximately satisfied, /T having a 

mean value ‘021 when tin is excluded; but as bTm* is more 
nearly constant, having a mean value ‘044, it is evident that 
the power of a molecule to break away from its domain de- 
pends slightly on its mass, that dependence being expressed 

in the empirical relation bTm* =constant. 
5. Periods of Vibration of the Molecules of Metals.—As the 

vibrational motion of the molecules is fundamental to the 
kinetic theory of solids here unfolded, it will be well at this 
stage to secure such support for the theory as is given by the 
harmonic relations | have shown to exist among the periods 
of vibration of the molecules of metals at their melting-points 
(Phil. Mag. Oct. 1890). The full swing of a molecule in one 
direction is 

e—H=— HE, (61 +81) = 7H, br. 
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Let M stand for the molecular weight of a molecule re- 
ferred in the ordinary way to that of hydrogen, and let H 
denote the real mass of a molecule of hydrogen, then the 
swing of a molecule is. 

7(MH/p)*-044/M*. 
But its translatory kinetic energy is 

4MHv?=JceM UT, 

v= V 2eMT/M, 
and accordingly the period of a complete vibration is 

oa x 7x ‘044H2 

Pr? W72JIcM 
For comparative values we can drop the whole numerical 

WW 

factor and take M*/p*T? as measuring the relative periods. 
In the subjoined table I replace the erroneously copied values 
for the beryllium family, given in my former paper, by the 
correct ones. 

Relative Periods, M?/p21?, 

Li. Na-K. Rb. Cs. Cu. Ag.» ‘Av 

eaueese "OC, “OGmmmE22 «321... :29.. 35 

Bese lic. “Ca. . Sr Base Za, Cd ~ Hg: 

pie "o4 “DMSO. -32 47:94 

Al. ita "Ga. Ine cl 

pe toa 74) “Ota bo 

Fe. Gory, Ni. . + Rie RiGee der Os, sabe.) gy bt. 

aime to: LT | “2a ZO 24 23 22d 27 

In the Li family the periods run as 1, 2, 3, 4:5, 6 with 
the copper sub-family connected; in the Be family the 
periods run as 1, 2, 3, 4°5, 6, with the zinc sub-family re- 
lated in somewhat the same way as the copper to the lithium, 
but not exactly. Al and La have periods nearly as 2 to 6. 
The other periods do not call for comment at present; but it 
is worth noting that the periods of the Be family are half 
those of the Li family. These beautiful harmonic relations 
almost amount to a proof that the expansion of the metals is 
a true measure of the amplitude of vibration of their mole- 
cules. It will be interesting to try to get an absolute value 
of one of these periods, and compare it with known periods 
of light- and heat-vibrations. Sir W. Thomson estimates that 
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there are between 3x10" and 10” molecules in a cubic 
centimetre of ordinary liquids and solids. Now the limiting 
volume of a gramme of hydrogen is about 4 cubic centi- 
metres, so that if we take 10” as the number of molecules in 
a cubic centimetre of hydrogen H=2'5 x 10~* gramme, and 
the numerical factor dropped above becomes 8 x 10~™, which 
makes the absolute period of the Lithium molecule 1:6 x 10~™ 
second; that is to say, there are 6 x 10” complete vibrations 
of the molecule in a second. Nowthe A line of the spectrum 
represents 3°945 x 10" vibrations, and the H, line 7°628 x 10” 
vibrations per second, while in the dark part of the spectrum 
Langley has found a line of 1:1 xi0™, and in the radiation 
of bodies below 100° C. a line of 2x10” vibrations in a — 
second. Accordingly, the periods of vibration of the mole- 
cules of the metals at their melting-points fall within the 
limits of actually measured periods of non-luminous vibra- 
tions. This fact supplies good general verification to the 
theory, and shows how interesting a bolometric study of the 
radiation of solids just about to melt would be. 

6. Comparison of the Theoretical Variation of Young’s Modu- 
lus with Temperature with the Hxperimental.—The next subject 
to apply the theory to with advantage is the theoretical law 
of variation of Young’s modulus with temperature for com- 
parison with the experimental results given in the introduc- 
tion. The metals, as will yet be shown, may be assumed to 
be approximately isotropic. In isotropic solids the relation 
between g,”, and k is g=9kn/(8k+n). Now in the intro- 
duction it was shown for all the metals that n/N=1—(0/T)?, 
where N is rigidity at absolute zero, and from the theoretic 
equation (11) we have the values of & at all temperatures, 
and 

_ ONS Ue 
1~ 7 + Ni1— (0/T)23/3k" 

Now, according to (11), & is infinite at absolute zero, which 
we will interpret to mean that it is very large, and hence Q 
the value of Young’s modulus g at absolute zero is 3N. 
Accordingly we have 

Q{1—(6/T)} (1/¢—-1/9)=1 -. ee) 
as the definitely prescribed law of variation of Young’s mo- 
dulus with temperature. Because of this definite theoretic 
relation I did not, in the introduction, dwell on the demon- 
stration of any empiric relation, but the values given for 
different temperatures and different metals will now furnish a 
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good test of the kinetic theory of solids. The best way to 
apply the test will be to calculate for each metal from the 
observed values of g and the theoretic values of & the values 
of Q,—these should come the same. [or ees according 
to my experiments on zinc the values of glo~® at absolute tem- 
peratures 289°, 333°, and 376° us 821, 758, and 682, and 
the Pee ponding values of Q10~° are 1280, 1320, and 1320, 
which satisfy well the requirement of constancy. Kiewiet’s 
values for zinc, found by the method of bending at 283°, 325°, 
and 353°, are 1031, 975, and 924, which give ctor @iivigs sae 
values 1710, 1800, ‘and 1870, which do not satisfy the con- 
dition of constancy. It will be seen from equation (13) that 
a good deal depends on a correct absolute value of g, as well 
as on the relative values at different temperatures. For the 
other metals I will simply give the values of Q10~° calcu- 
lated from 3 values of g at temperatures from 289° to 376° 
on the absolute scale. For tin 880, 890, and 990, and ac- 
cording to Kiewiet 740, 750, and 720 ; lead 326, 332, and 
839 ; magnesium 439, 443, and 433 ; copper 1590 and 1540; 
aluminium 818 and 839 ; ; aluminium unannealed 735, 746, 
and 752 ; and iron 2253, 2241, and 2226. It is evident that 
experimental uncertainties do not at present let us expect any 
better agreement between theory and experiment than that 
just shown. But there is another form in which the same 
comparison can be made. One of the results of equation (13) 
is that Young’s modulus at absolute zero is 3 times the 
rigidity. Now by means of (13) we can from the mean 
values of g at 15° C. given in Table VII. calculate the values 
of Q, and compare them with the values of N, given in 
Table V. 

Taste VILLI. 

10-°Q or 10~° times Young’s modulus at absolute Zero. 

Cu. Ag. Au. Mg. Zn. Cd. Al. 

Byes. oI0F 8 S60- s40Re 490 1490 91040 840 

ies). 2-9 Oe 3.9) 33-5 3:2 

Sn. i edoy Heme Ni Co. id BE 

Oe euueh ROO5 2,00 AOR ACOm) F970). AT30. (690 

ON... 850° 23 28 Be 26 

With the exception of platinum, the only metals for which 
the departure of N/Q from the value 3 is beyond the limits 
of experimental error are zinc, tin, and lead, the metals for 
which the results of different experimenters disagree most, as 
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shown in the compilation of data given in the introduction. 
These disagreements would seem to indicate that even if these 
metals can be got in an approximately isotropic state at all, 
their isotropy is easily disturbed, but this point will be re- 
turned to immediately. The mean value for the ratio Q/N 
for the 7 metals Cu, Ag, Au, Mg, Al, Fe, and Ni is 3:0, 
and accordingly it appears that these metals may be regarded 
as isotropic, and as having molecules so nearly incompressible 
as to give the relation Q=8N characteristic of incompressible 
molecules. 

The study of the ratio Q/N leads naturally to the famous 
controversy amongst elasticians as to whether there is a fixed 
value of the ratio of lateral contraction to longitudinal exten- 
sion for all isotropic bodies subject to traction; but this 
matter had better be postponed a little until we have seen 
what account the kinetic theory can give of rigidity. This 
is the most important point in a theory of solids, and as I 
have already pointed out that no static theory can give an 
adequate explanation of rigidity, there is great interest in 
seeing how the kinetic theory will fare. 

1. Lagidity according to the Kinetic Theory.—The funda- 
mental equation for a solid, homogeneous and isotropic and 
free from external force is 

2D 1 

3h) Cea ee 
or 

2D ‘ 
322) ane 

Suppose the solid now subjected to a pure shearing stress 
specified by a traction P parallel to the axis of x, and a pres- 
sure P parallel to that of y: the traction counts as a pressure 
—P, and the corresponding strains are an elongation of e to 
& parallel to x, and a contraction of e to 7 parallel to y. ‘The 
strained body is no longer isotropic, and equations (3) are 
applicable to it if we write —P for P,and put Q=P and 
R=0. Let £=e+0£,and 7n=e+6n, and =e, then 6n= —6OE. 
The effective kinetic energies in different directions are no 
longer equal each to D, but become $mu?, 4mv?, and dmw’, 
which will be denoted by D,, D,, and D3, and let D}, =D+6D, 
and so on. We do not know at present how we are to ex- 
press the condition that the shear is made at constant tem- 
perature, for when the effective kinetic energy is different in 
cifferent directions, what is the relation between these dif- 
ferent energies and temperature? All that we can assert is 
d5D,=—6D,. Now the shear produces a change of volume 



Kinetic Theory of Solids. 545 

only of the second order, so that >rd(7)/6e? may be regarded 
as unaltered, and after the shear we have 

D+6D, a 

Fer idere—e TP Ba*ro= 
Replace the last term by its value 2D/3e?(e—H), and expand 
the first term, then 

D 6D, on 6 

“Pte (p ees) See 211) WRT @ © 210 

ee ey (OWE OE 4. 88 
~ %e@(e—H HD D e e—H/ 

P is the shearing stress, and 26£/e is the shear, so that the 
rigidity n is Pe/20é, 

n=—hagom(e 7 et) + OH 
This equation gives a statement of what rigidity is according 
to the kinetic theory ; it depends on the rate of change of 
the effective kinetic energy in a direction with the change of 
the distance apart of the molecules in that direction. This 
ratio of 6D, to o& is fundamental in the theory of solids ; the 
condition for zero rigidity or fluidity is 

edD,/DdE=e/(e—H)—1. 

It would be possible to calculate the ratio of dD, to 6& on 
urely theoretical ground with the aid of suppositions as to 

the distribution of kinetic energy in different directions and 
its relation to temperature, but this is not worth doing at 
present; it will only be shown shortly that even in solids 
6D,/d& differs only from the large number e/(e—E) by a 
small number, that is,a number not much greater than 1. 
But first it may be as well to determine Young’s modulus 
from our equations in the same way as we have just found 
the rigidity. It is only necessary to put —P for P,, Q=0, 
L=0, $=e+0f, 56=dn= —od&, and replace Srd(r)/6e° by 
Brr2/2n *¢”, and to expand, to get the following equations in 
which the variables are accented to distinguish the conditions 
of variation from the former ones : 

puis Dy (a On) oe tb 206 2) Oz ) . 
io e?(e— e e—h)’ 

Pe ‘ D OD, e 35 
Yea 3! = hee nihoe b ee Se <a) + 5) 

DJ _8D4_/ ae | 
De Sap: =a ie ! 

Phil. Mag. 8. 5. Vol. 32. No. 199. Dee, 1891. 20 
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Now at absolute zero our collection of molecules is supposed 
to be practically incompressible, so that Q=3N, and o=%; 
hence for N we have the two values, the limit of 

D oD, C é ) 

‘oem Does 
and the limit of 

Bae A) 01)! @ € 
3ae—m) (GF D~ apt): 

These two forms and the value of 6D,’ above, which at abso- 
lute zero is given by 2e6D,!/D6&'=1—e/(e—E), suggest that 
both e6D,/dED and e6D,//dé'D are nearly equal to e/(e—E). 
If in the case of Young’s modulus the condition for constant 
temperature were that the mean of the effective kinetic 
energies in all directions is constant or 

6(D,'+ D,’+ D,')=0, 

then, from the values of 6D,’ and 6D,' we get 

eoD,! nay 2o¢€ ¢ ) 

sep = (on +2-6¢), 
which at absolute zero would make gq vanish, and therefore 
cannot be quite correct, but proves at all events that at ab- 
solute zero e6D,/Doé’ is nearly equal to e/(¢e—H). The two 
expressions for N show that at absolute zero we may put 

cole 
Die cE ae | 

where A is a constant the same for all bodies, and 

eon ice 

(ema 
where B is the same for all bodies, and ic 

B+1=3(A+), 
A and B are both numbers not large compared to 1. Then 
N is the limiting value of 

, D(B +1) 
3 9 (e—K) ) 

which, with D=Jem@ and e—H=7b0K), gives 

_Jem(B+1)_ 
P21 bn/pu ue ute) 
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cm is constant, so that we have this result, that the product 
Ndm/p is the same for all metals, and so also the product 
Qbm/p. The best manner of testing this last theoretical con- 
clusion will be to tabulate the values of 7Qbm/Jemp and 
21Nbm/Jemp, and see whether all the metals give the same 
value for B+1. 

Cu. Ag? Au: Me: A 

7Qdm/Jcmp or B+1...46 46 3:2 5:0 105 10:9 5:9 

21Nbm/JemporB+1...45 47 3:2 5 arg 

So: | Boweeee, Nr, Cosa pede) PE: 
7Qdm/Jemp or B+1...62 3:7 48 54 44 3:2 3:6 

21Nbm/JcomporB+1 54 47 S1 5:2 | 4:3 

The values for zinc and cadmium are about double those 
for the other elements; if for the moment we take half of 
them as the true values, and take the mean of all, we get for 
B+1 the value 4°6, the serious departures from which are in 
the case of gold 3:2, aluminium mean 9-7, tin mean 5°8, and 
palladium 3°2; in the case of palladium the fault lies probably 
in the absolute value of g at 15° C., which is the mean of 
Wertheim’s static and kinetic values 980 x 10° and 1130 x 10°, 

while before annealing they are 1180x10° and 1240 x 10°. 
In the case of tin uncertain isotropy and experimental un- 
certainty explain the discrepance, but for gold and aluminium 
no adequate explanation is available except one suggested 
below. On the whole the theoretical conclusion is well borne 
out. In the case of zine and cadmium, the fact that the 
product is double the normal value is connected with the fact 
that the molecules of zinc and cadmium are known in the 
vaporous state to be monatomic. The product 7Qhm/Jemp is 
independent of m the molecular mass; but as we do not know 
the dynamical significance of the constant B+1, we cannot 
tell whether or not it ought to be twice as large for mona- 
tomic molecules as for diatomic. ‘The assertion that B+1 
must be the same for all metals goes on the assumption that 
they are dynamically similar systems of molecules at absolute 
zero; 1f they are not so, then the assertion no longer holds, 
and this may be the cause of the difference in the case of gold 
and aluminium. 

The theoretical relation that Qdm/p is to be the same for 
all metals corresponds to Wertheim’s empirical discovery that, 
if g is Young’s modulus at 15° C., g(m/p)* is approximately 
the same for all the metals (Ann. de Ch. et de Ph. sér 3. t. xii.). 

20 2 
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Tomlinson (Phil. Trans. 1883) has investigated the same re- 
lation. We have seen, in the experimental introduction, that 
the elastic properties of the metals correspond only at tempe- 
ratures which are the same fraction of the melting-tempera- 
tures, and accordingly any relation connecting Young’s 
modulus at a fixed temperature with molecular volume or 
domain must be empirical. Now as the coefficient of expan- 
sion 6 is roughly proportional to the molecular domain m/p, 
the relation Qbm/p=constant becomes Q(m/p)?=constant ap- 
proximately, whence we see the origin of Wertheim’s relation. 
There are various other approximate empirical relations dis- 
covered by different physicists which correspond to combina- 
tions of those already established on theoretical grounds in 
this paper, but there is no use in discussing them further. 

8. Ratio of Lateral Contraction to Elongation in Young’s 
Experiment.—We can now take up the famous question as to 
whether the ratio of lateral contraction to longitudinal ex- 
tension in the Young’s modulus experiment has the same 
value for all isotropic bodies, as asserted by various builders 
of statical molecular theories of elasticity, and as denied by 
the upholders of a science of elasticity apart from molecular 
considerations. As no statical theory founded on central 
forces can give a true account of rigidity, it seems useless to 
disctiss a deduction of such theories, but the important point 
of getting a test for isotropy is involved. We see at once, 
from the results of the experimental introduction, that tem- 
perature is an important condition which has never been 
taken into account by the upholders of a constant ratio. In 
isotropic solids we have the following equations for o the 
ratio of contraction to elongation :— 

o=(8k—2n)/2(8k+n) and o=qg/2n—1. 

Now we have seen experimentally that 

n=N{1—(6/1)?}, 
and by theory (11) 

_ adem(1—28b0) 
a 4060 

so that o is a not simple function of the temperature. At 
absolute zero & is according to our theory very large, and 
may be regarded as infinite, while n remains finite, and there- 
fore the value of o at absolute zero is $. But again at 
the melting-point n is zero, while & is finite, so that at the 
melting-point o again attains the value 3. Now o has been 
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measured directly for a few metals by Mallock (Proc. Roy. 
Soc. xxix.) by one method, and by Amagat (Compt. Rend. 
evili.) by a quite distinct method, and also by an indirect 
method. We will compare the values given by the first 
equation for o at 15° C. with these experimental values. 

Values of o at 15° C. 

Cu. Zn Pb. 

Dheory <.20.n003 38 satird BIS) 

Mallock s<.'.sa.. Oo ee 53! 

JITTER COnBeROnE "On ae “43 

For iron theory gives a value ‘41, while Mallock found for 
steel the value *25, and Amagat for steel :27, but Okatow 
(Pogg. Ann. cxix.) has shown that steel according to its 
treatment gives values of o ranging from ‘275 to 40. If we 
calculate o according to the second equation above, using the 
mean experimental values of g and n at 15°, as given in 
Tables III. and VII. of the introduction, we get the follow- 
ing values:—Cu ‘42, Zn °33, Pb +13, Fe ‘33. These 
values for zinc and lead are in complete disaccord with the 
experimental values, that for zinc being much too large, and 
that for lead much too small. Now in studying the values of 
the ratio Q/N, which ought theoretically to be 3, we found 
for zine 3°5, and for lead 2°38; but as the values of Q and N 
are both calculated from the mean values of g and n at 15°C., 
it is very likely that there is experimental error in g and n 
as individual experimenters differ greatly in their values. 
Hence if 3 is the true value for Q/N for all the metals, g/n is 
wrong in the same proportion as Q/N; and if we multiply our 
values of g/n by 3, and divide by Q/N, and use the result 
in our second equation for c, we shall see whether theory will 
thus eliminate the discrepancy above for zinc and lead as due 
to experimental uncertainty in g/n. Doing this, we get for 
Cu °38, Zn 14, °Pb °47, and Fe 42, which agree well with 
the values given by the first equation for oc, and with the 
directly observed values of Mallock and Amagat. 

This agreement of theory and experiment shows that all 
idea of a constant value for o in the case of isotropic bodies 
must be abandoned, and, what is much more important, that 
the metals are at least approximately isotropic. Amagat has 
already shown by some fine experimental work ( Compt. Rend. 
evill.) that some metals and alloys are isotropic, although 
his method of calculation makes the proof a little more per- 
fect than it actually is. His method is to measure Young’s 
modulus directly by statical experiments ; let P be the pressure 
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applied longitudinally to a cylinder of length L producing a 
change of length dL, then 

g=PL/dL (a). 
He also observed directly the change of volume of the 
cylinder in this experiment, but 

dV=(1—20c)VP/q (0); 

hence these two experiments give a direct determination of o. 
Again, he compressed the hollow cylinder of radii R and Ry 
externally with hydrostatic pressure, and according to elastic 
theory, if the material of the cylinder is isotropic the change 
of volume is given by 

dV =(5—4c)R?PV/(R?—R,2)q_ (c). 
Amagat used this equation and (0) to calculate o and g from 
his data; but a somewhat more trustworthy method would be 
to substitute the directly observed value of g in (¢) and so ob- 
tain o for comparison with the direct value given by (a) and 
(b). To complete the available evidence for the isotropy of 
the metals and alloys I will reproduce Amagat’s directly 
found values of o and oj, his values got from (4) and (c) as 
o>), and values which I have calculated from (a) and (ce) as a3. 

Steel. Copper. Brass. Delta. Lead. 

Die. bes ane "268 329 "324 "B47 "431 

Got weal "269 329 “330 333 "425 

Ge evel "263 "303 301 388 "493 

The agreement is sufficient to justify the assumption of 
isotropy on which equation (c) is founded. 

9. Dulong and Petit’s Law, Joule and Kopp’s Law, and the 
Equation for Compound Solids—The physical meaning of 
Dulong and Petit’s law of the constancy of the atomic heats 
of the elements has been a subject of speculation with chemists 
and physicists ever since its discovery. As the kinetic theory 
of gases in regarding temperature as proportional to kinetic 
energy of the molecule, required that apart from internal 
motion and work the molecular heats of all gases should be 
the same, it has been felt that a similar connexion between 
temperature and molecular kinetic energy is at the founda- 
tion of Dulong and Petit’s law. The kinetic theory of solids 
makes this quite plain, that Dulong and Petit’s law is simply 
the expression of the fact that temperature is proportional to 
the kinetic energy of the molecule, or, to be more accurate, of 
the atom. ‘The meaning of Dulong and Petit’s law becomes 
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still clearer when taken in conjunction with that of Joule and 
Kopp, that the molecular heat of a solid compound is the sum 
of the atomic heats of the component atoms. This means 
that the freedom of the atom within the molecule is such that 
each atom vibrates independently of the others. On this 
basis it is easy to sketch the investigation of the equations 
for a solid compound. Let us consider a compound whose 
molecule consists of n, atoms of an element Ay, nz of As, and 
soon. Suppose a cubical arrangement of molecules at dis- 
tance e apart, then the number of molecules per unit area is 
1/e’, and hence the number of atoms A, per unit area is 
n2/e?. Let m,, m5, and so on be the masses of the atoms, 
and v,, v, their mean velocities, then the collisional pressure 
per unit area due to the atoms A, is n2myv,"/¢’«,3, if «, is the 
full swing of the atom in its domain. For the total colli- 
sional pressure we have the sum of such pressures for the 
different sorts of atoms. or the pressure due to molecular 
attraction it does not matter whether we consider the attrac- 
tions of the atoms separately or of the entire molecules; if we 
take the entire molecules, then we get the former expression 
Srd(r)/6e. For a solid compound submitted to hydrostatic 
pressure p we have the equation 

1 
+...  )—p—Gakro(r) =0. 

Kinetically, then, a compound in the solid state behaves 
like a mechanical mixture of its component atoms, because 
the molecules are almost as close to one another as the atoms 
in the molecule. It is evident that a complete kinetic theory 
of compounds must be a very complicated affair. 

10. The Parameter of Molecular Force.—Hitherto we have 
managed to dispense with a close knowledge of the molecular 
attraction because we have always managed to eliminate it by 
using the fact that when the external pressure is small we 
can put 

1 (nem? he NgFMgVq" 

Srp (7) [6A =2D/32(e—H), 
which is the fundamental equation for a solid free from ex- 
ternal force. But it is desirable to obtain an independent 
estimate of molecular force for comparison with that given by 
this equation, and Quincke’s measurements of the capillary 
tensions of the metals at their melting-points give an excellent 
opportunity (Poge. Ann. cxxxy. and cxxxviii.). 

I have shown (Phil. Mag. 5th ser. vol. xxvii.) that if the 
law of molecular force is 3Am?/7* then the surface-tension is 
proportional to Am#p?. Let us denote the surface-tension by 
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s, then A the parameter of molecular force is proportional to 
s/m*p%. But if o(r) =3Am?/r*, then 

Lrd(r) = 12Ammp log R/a, 

where log R/a is nearly the same for all bodies not excessively 
small or large; hence 

Lrdh(r)/6e =2Ap*a log R/a=2D/8e"(e—E) = 23 cmp/21mb, 

or A is proportional to cm/mbp, or, as em is constant, to 1/mbp. 
Thus s/m* p? is proportional to 1/mb, or bsm?/p? is constant 
It is to be noticed that while =rd(r)/6e* or 2Jcmp/21mb is 
independent of the molecular mass, the surface-tension 
xAm* p* is not, so that if the molecular weights of the metals 
are not all the same multiple of the atomic weights, excep- 
tional metals will give exceptional values of bsm?/p3. 

The following is a list of the values of 1000 bsm3/p, s being 
given in milligrammes per millimetre. Where Quincke 
found two values of s by different methods, both are given. 
In the case of lead the surface-tension was determined by 
myself. | 

Pt. Pd. Au. Aw Ag. Ag, | Sane: 

Sica: Saneeeinceeeee 169 1386 100 S35 43) 80 GOme 

L000 bsmi/peet 7:3 7:4 7:4. Oa AO e aeons 

Zn. Zn. Cd. Na. Ki |) Hig? ie: Fe. 

Sect siclew Haeitokete 88 = 83 “1 26: 31. 00) a2 a aeg 

1000 bsm3/p* 2.114 10°8 13°6 1445969 28° aoe 

The value of the surface-tension of iron is uncertain, as is 
the case also with sodium and potassium ; for the value of 6} 
for Hg, Na, and K, I used the relation JIm*=:044. The 
mean value of 1000bsm3/p* for Pt, Pd, Au, Ag, Sn, and 
Pb is 7:4, for Zn and Cd it is 12:3, which is once and a 
half as large or about 23 as large, for Na it is twice as large, 
and for Hg and K four times. These relations and the 
whole subject of surface-tension in melted solids require further 
investigation. I have touched on the matter here to show 
that in the kinetic theory unfolded, the law of molecular 
force has not been lost sight of. 

There are many phenomena of solids that invite investiga- 
tion by the light of a kinetic theory, but it has seemed better 
to me to confine the present paper to the broad fundamental] 
ones. One of the results of the inquiry is that the molecules 
of solids so nearly fill up their domains that the phenomena 
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of crystalline form are the outward results of the form of the 
molecule ; this has often been imagined to be the case, but 
the kinetic theory proves it. It is hardly necessary to enu- 
merate the paths of experimental and theoretical investiga- 
tion opened by a kinetic theory of solids; but it is obvious 
that a kinetic theory of liquids requires to be seen to. 

Melbourne, April 1891. 

LXIV. Note supplementary to a Paper on the Solitary Wave. 
By J. McCowan, M.A., B.Sc.* 

‘i the concluding section of a paper “ On the Solitary 
Wave,” printed in the July number of the Philosophical 

Magazine, I offered a brief criticism of certain views of Sir 
George Stokes, which are contained in a paper ‘ On the 
Theory of Oscillatory Waves,’ republished in the first volume 
of his Collected Papers, on the possibility of a solitary wave 
being propagated without change of form. He has, however, 
privately called my attention to the fact that not only had he 
himself seen the error of his former opinion, but had, in a 
paper “ On the Highest Wave of Uniform Propagation ” (Proc. 
Camb. Phil. Soc. vol. iv.), suggested a method by which the 
solitary wave might be approximated to by a sort of trial and 
error process, though he had not attempted the approxima- 
tion itself, which would be laborious. He has also published 
a note to this effect in the September number of the Philo- 
sophical Magazine, which, however, I have only just seen, 
owing to my absence from town during the summer recess. 
I greatly regret that, in ignorance of his more recent paper, 
I should have offered any criticism of Prof. Stokes’s earlier 
views, a criticism to which I was only led by the considera- 
tion that it would be impossible to pass over in silence the 
opinions of an authority of such eminence when they were in 
conflict with the results of my paper. 

In his last “‘ Note on the Theory of the Solitary Wave,” 
already referred to, Prof. Stokes has explained how he had 
previously been led to a wrong conclusion, and this need not, 
I think, call for any remark on my part; but he has further 
offered certain objections to my criticism to which it is 
necessary for me to reply to prevent misinterpretation of my 
remarks, which were possibly too brief to be quite free from 
ambiguity. 1 refer to the third paragraph of the “ Note.” 
He begins by saying that he cannot agree with me that the 
expansion which he used is inadmissible. With respect to 

* Communicated by the Author. 
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this, I have only to point out that I have nowhere said that it 
was inadmissible. I am not therefore concerned with his 
further statement regarding the expression of non-periodic 
functions by series of periodic functions: Fourier’s repre- 
sentation of such functions in definite integral form is well 
known. ~ 

- He goes on to say further, “I cannot agree with Mr. 
MeCowan ... Jean. that the form which he proposes at 
p. 58 to substitute, that of a series involving exponentials 
in which the coefficient of x in the index is real, is (at least 
for my purpose) admissible.” It is “ inadmissible, on account 
of the discontinuity of the expression.” To this, again, I 
must reply that I have nowhere proposed to use any such 
series. To clear away whatever obscurity may remain, let 
me quote the part of the paper ‘ On the Theory of Oscillatory 
Waves,” which I have criticised in $12 of my paper. In §2 

2 

;=0, where cc 1 Yr 7 a he says “the general integral of (2) Lae 7 oe 

is the velocity potential,]| is 
d = > Amery. 

the sign > extending to all values of A, m, and n, real or 

imaginary, for which m?+n?=0....... In the present 

case, the expression for @ must not contain real exponentials 
in w, since a term containing such an exponential would become 
infinite either for 2=—%, or for = +, as well as its 
differential coefficients which would appear in the expressions 
for wu and v [the components of the velocity] ; so that m must 
be wholly imaginary.” 

The italics and the added explanations within square 
brackets are mine. I understand this to mean that it is only 
for the reason given that real exponentials are omitted. 
Remembering then the difference in the notation, that my 
“imaginary m’’ is his real m, and that my zis his y, and 
that my ¢+ Uz is practically his ¢, refer to § 12 of my paper. 
I explain that he has “ put aside imaginary values of the m 
as inadmissible,” having ‘‘ concluded that such a value would 
imply infinite velocity, &c., either when c= +, or when 
2—=— ;” andthen I goon to criticise this view, saying “ but 

this is not necessarily so..... for in fact the value of @¢ 
given in (5) 

E +Urc=Ua 

gives a well-known expansion 

sinh maz ] 
y) cos mz+ cosh ma 

— 

[¢ + Uxc=Ua+2Ua coe ema COS Mz 
i=) i 
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when « is positive, and 

= Ua+2Uaz(—)'e™* cos miz 

ae 2 is negative,| of the form 

>A certs, 

such as is considered by Stokes; but the real coefficients p 
are discontinuous, changing sign with x, so that e* vanishes 
both for z= +, and for r=—.” 

I have here corrected a slight misprint in the exponential, 
which would, however, cause no difficulty. Ihave also added 
for the sake of clearness within square brackets the expansion 
to which reference only was made, and it may be noted that 
though I explain that (5) may be so expanded, I make no 
suggestion that such an expansion should or could conveniently 
be used. 

LXV. On Instability of Periodic Motion, being a continuation 
of Article on Periodic Motion of a Finite Conservative 
System™. By Sir WILLIAM THomsont. 

23. a abr, b, x, 3, be generalized coordinates of a system; 
and let A (a, ¢,...’, 6’,...) be the action in 

a pata (§ 2 above) from the configuration (’, ¢’,...) to the 
configuration (yf, @,...) with kinetic energy (H— ay with 
any given constant value for H, the total energy ; V being 
the potential energy (§ 3 above), of which the value is given 
for every possible configuration of the system. Let v, &,, ae 
and v’, &', 7’, ¢'... be the generalized component momentums 
of the ana as it passes through the configurations (Wp, ¢, . . .) 
and (wW’, a) respectively. If by any means we have 
fully oe the problem of the motion of the system under 
the given forcive*™ (of which V is the potential energy), we 
know A for every given set of values of W,¢,...W’,¢',...; 
that is to say, it is a known function of (fb, 6..., W', ’,...). 
Then, by Hamilton’s principle [Thomson and Tait’s ‘ Natural 
iia aoe ’ § 330 (18) |, we have 

an, ak an dA. eal ra. dA ) 
ea ih? aga) Gg | 

MG 
: dA dk gp dA c tge 

V —_ 

mania dnp? f= 

* Phil. Mag. Oct. 1891. 
+ Communicated by the Author, having been communicated to the 

Royal Society on the 26th of November, 1891. 
t This is a term introduced by my brother , Prof. James Thomson, to 

denote a force-system. 
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24. Now let P! P designate a particular path * from position 
(', d', x!,...) which for brevity we shall call P’, to position 

» p, X,.+-) which we shall call P. Let 9P!’ »>P be a part of 
a known periodic path, from which P’ P is infinitely little dis- 
tant. But first, whether >P’)P is periodic or not, provided 
it is infinitely near to P’P, and provided ,P! and oP are 
infinitely near to P’, and P, respectively, we have, by Taylor’s 
theorem, and by (1), 

Ores YX.) 

= A(oth; of, oXs ++ +9 os 08's ox!) «++ ) 

+ ov (oh) + 0€ (Poh) + - ol! (WoW) —0'(G! of!) — -- . 

+31 (Gao —o'+ (Gg) O-o + 

+2 (Gago) +. F ' 
25. Let us now simplify by choosing our coordinates so 

that the values of , y, &c., are each zero for every position 
of the path ,P’,P; and let yy, for any position of this path, 
be the action along it reckoned from zero at oP’. These 
assumptions, expressed in symbols, are as follows :— 

am aN 5) ee diane Ty TOs Gp ag = . a 

for all yalues of arand ar, if 6=0, y=0, 2 ag — 0 ee 

26. Taking now 

iy ea) wr=o, op=0, ov=0,. aye ov’ =0, of’ =0, oy = Uae eee: (4) : 

we have 

Air, oy oxy ae 9 0's 08 0x)» -) =A (ov, 070,22 0, 0,0 II 

* For any given value of H, the total energy (§ 3 above), the problem 
of finding a path from any position P’ to any position P is determinate. 
Its solution is, for each coordinate of the system, a determinate function of 
the coordinates which define P and P’ and of ¢, the time reckoned from 
the instant of passing through P’. The solution is single for the case of 
a particle moving under the influence of no force; every path being an 
infinite straight line. For a single particle moving under the influence of 
a uniform force in parallel lines (as gravity in small-scale terrestrial bal- 
listics) the solution is duplex or imaginary, For every constrainedly finite 
system the solution is infinitely multiple ; as is virtually well known by 
every billiard player for the case of a Boscovichian atom flying about 
within an enclosing surface, and by every tennis player for the parabolas 
with which he is concerned, and their reflexions from walls or pavement. 

= 

sam 
Ys bo Neb ; 
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and, in virtue of this and of (3) and (1), (2) becomes 

A (oh, BX) ++ +5 9, 9 Xo ++) =AGY, 0,0,.. -0,0,0)> 

+ Afi? + oy? +338? + uh? +55y +669" | 

+ 2(wby +1365 + uhh! + 15hy" + 16h 

a3yd + 24! + osyy’ +2645! Se) 

+ 313d! +355y/ +2695! | 

+ 5h’! + 46'S! 

+ s6x'9") | J 
where, merely for simplicity of notation, we suppose the total 
number of freedoms of the system, that is to say the total 
number of the coordinates W, 6, x, 9, to be four; and for 
brevity put 

CA A aA 
=a a aes 9 F@e es WF , 

Cs) aoe (aay) 12 lee ) eye (TY 

27. From (6) we find, by (1), 

& =ud+ py +135 + ud! +15! +169! 

n =21 + 22v + 239 + 21d’ + 254" + 269" 

C =s1d + 2x +335 + 24d! + 359! + 369! 

—& =adb+ ary +439 + sag! + 45y/ + 469! 

—7 =n + 52y +535 + 54d! + ssy’ + 569’ 

> 

Let 4, PC) 

—V/=d+c2x + 639 +61 + 65x +660’ | 

These equations allow us to determine the three displacements, 
, xX, 3, and the three corresponding momentums, &, 9, ¢, for 
any position on the path, in terms of the initial values $’, y’, 9’, 
£’, 7’, (7, supposed known. 

28. To introduce now our supposition (§ 24) that 9P’)P is 
part of a periodic path ; let Q be a position on it between ,P’ 
and ,P; and let us now, to avoid ambiguity, call it pP’ Q oP. 
Let oP’ and )P now be taken to coincide in a position which 
we shall call O; in other words, let »>P’Q,P, or OQO, be the 
complete periodic circuit, or orbit as we have called it (¢ 2 
above). Our path P’P is now a path infinitely near to this 
orbit, and P’ and P are two consecutive positions in it for 
which yf has the value zero. These two positions are infinitely 
near to one another and to O. We shall call them O;, and 
O;41, considering them as the positions on our path in which 
vv is zero for the zth time and for the (¢+1)th time, from an 
earlier initial epoch than first passage through yry=0 which we 
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have been hitherto considering. It is accordingly convenient 
now to modify our notation as follows :— 

g=b, X=x%, Y=%; F=h aan CHG ; (9). 
© =O41,X% =p Mai; € =F m1, oer 

Here ¢,, y,, 3; are the generalized components of distance 
from O, at the cth transit through w=0, of the system 
pursuing its path infinitely near to the orbit; and &, »,, ¢, 
are the corresponding momentum-components. With the 
notation of (9), equations (8) become equations by which the 
values of these components for the 2+1th time of transit 
through w=0 can be found from their values for the 7th 
time. They are equations of finite differences, and are to be 
treated secundum artem, as follows :— 

29. Assume 

Pin = PP i, Xit-1— PX 341 = P%; 3 (10) 

Es. =pé, Ups | OU C41 = PS; j 

Substituting accordingly in (8) modified by (9), and elimi- 
nating &, 7,, ,, we find 

14 15 16 ‘\ (114 — +4Ip+44)p (124+ +42) 445 )x+ (18+ ~+45p4-46)9=0 | 
24 Zo 26 

(21+ p +51p+54)+(22+ 7 +5%+55 y+ (234— +53p-+56)3=0 >. Cea 

34 i 30 36 
(31+ +6lp +64 )o-+ (324 ~ +62p+ 65 )y-+ (33+ «+639 +66) a 

Remarking that 41=14, 12=21, &ec., we see that the deter- 
minant for the elimination of the ratios d|x|5 is symmetrical 
with reference to p and 1|p. Hence it is 

Cs(p° + p~*) 1 Cole +07) Ci (pt een) 2Cyl (12) 
where C,, C,, C., C3 are coefficients of which the values in 
terms of 11, 12, &c. are easily written out. This determinant 
equated to zero gives an equation of the 6th degree for 
determining p, of which for each root there is another equal 
to its reciprocal. We reduce it to an equation of the third 
degree by putting 

pt+p 1=2e. (13) 

Let ¢, ¢2, ¢; be the roots of the equation thus found. The 
corresponding values of p are , 

et V (e7—1) 9 Cg + VW (e,7—1) 9 eg / (és? —1) (14) 
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In the case of ¢ having any real value between 1 and —1, it 
is convenient to put 

€=COS &, 

which gives p=cosa+esin a \ ee, SOLO) 

and p-!=cos a—vsina 

30. Suppose now, for the first time of passing through 

ar=0, the three coordinates and three corresponding mo- 
menta, ), X1, 91 £1, M1, 1, to be all given; we find 

b,,, =Arpr’ + Ay'p:—? + Ape’ + Ag!po-? + Asp! + Asip3—"> 

Kis, = Bipi' + Bye: + Bzps' + By'ps* + Bsp,' + By'ps™ 
; (16) 

= Vee 

64, = Fie’ + FY pr * + Feps + Fy'po* + Fapy' + Fs’p37* J 

where A;; Aj, Ay, Ad sunsets i Fy, F,, nee are 36 ecoefti- 

cients which are determined by the six equations (16), with 
i=0: and the six equations (8), modified by (9); with 2 
successively put=1, 2, 3, 4, 5; with the given values substi- 
tuted for d1, x1, 441, 1, M1, $1, in them ; and with for gp, yp, &e. 
their values by (16). 

31. Our result proves that every path infinitely near to the 
orbit is unstable unless every root of the equation for e has a 
real value between 1 and —1. It does not prove that the 
motion zs stable when this condition is fulfilled. Stability or 
instability for this case cannot be tested without going to 
higher orders of approximation in the consideration of paths 
very nearly coincident with an orbit. 

[To be continued. | 

Postscript, Vovember 10, 1891. 

The subject of periodic motion and its stability has been 
treated with great power by M. Poincare in a paper, “Sur le 
probleme des trois corps et les équations de la dynamique,” 
for which the prize of His Majesty the King of Sweden was 
awarded on the 21st of January, 1889. This paper, which 
has been published in Mittag-Leffler’s Acta Mathematica, 13, 
1 and 2 (270 Ato pp.), Stockholm 1890, only became known 
to me twelve days ago through Prof. Cayley. Iam greatly 
interested to find in it much that bears upon the subject of my 
communication of last June to the Royal Society “On some 
test cases for the Maxwell-Boltzmann doctrine regardin 
Distribution of Energy ;”’ particularly in p. 239, the following 
paragraph :-—* On peut démontrer que dans le voisinage 
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d’une trajectoire fermée représentant une solution périodique, 
soit stable, soit instable, il passe une infinité d’autres trajectoires 
fermees. Cela ne suffit pas, en toute rigueur, pour conclure que 
toute région de Vespace, si petite quelle soit, est traversée par 
une infinité des trajectoires fermées, mais cela suffit pour donner 
a cette hypothese un haut earactére de vraisemblance.”* 
This statement is exceedingly interesting In connexion with 
Maxwell’s fundamental supposition quoted in § 10 of my 
paper, “that the system if left to itself in its actual state of 
motion, will, sooner or later, pass through every phase which 
is consistent with the equation of energy ;”} an assumption 
which Maxwell gives not as a conclusion, but as a proposition 
which “ we may with considerable confidence assert, .. . except 
for particular forms of the surface of the fixed obstacle.” It 
will be seen that Poincaré’s “hypothesis, having a high 
character of probability,” Hoes not go so far as Maxwell’s, 
which asserts that every portion. of space is traversed on all 
directions by every trajectory. The conclusion which I gave 
in § 13, as seeming to me quite certain “that every mode 
differs infinitely little from being a fundamental mode,” 
clearly a necessary consequence of Maxwell’s find ane 
supposition ; the truth of which still seems to me highly 
probable provided exceptional cases are properly dealt with. 

I also find the following statement, pp. 100-101 :-—* Il y 
aura donc en général n “quantités a” distinctes. Nous les 
appellerons les coefficients de stabilité de la solution périodique 
considerée. 

“Si ces n coefficients sont tous réels et négatifs, la solution 
periodique sera stable, car les quantités & et mj, resteront 
inférieures a une limite donnée. 

“Il ne faut pas toutefois entendre ce mot de stabilité au 
sens absolu. Hn effet, nous avons négligé les carrés des & et 
des 9 et rien ne prouve qu’en tenant compte de ces carrés, le 
resultat ne serait pas rane Mais nous pouvons dire au 
moins que les € et 7, sils sont originairement trés petits, 
resteront trés petits er trés longtemps. Nous pouvons 
exprimer ce fait en disant que la solution périodique Jouit, 
sinon de la stabilite sécwlacre, du moins delastabilité temporaire.” 
Here the conclusion of § 31 of my present paper is perfectly 
anticipated and is expressed in a most interesting manner. 
M. Poincare’s investigation and mine are as different as two 
investigations of the same subject could well be, and it is very 
satisfactory to find perfect agreement in conclusions. 

* The “ trajectoire fermée”’ of M. Poincaré i is what I called a “ funda- 
mental mode of rigorously periodic motion,” or “ an orbit.” 

+ “Scientific Papers,” vol. ii. p. 714. 
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LXVI. Notices respecting New Books. 

A Course of Experiments in Physical Measurement.—Part IV. 
Appendix for the Use of Teachers. By Haroup Wuitine, Ph.D. 
Boston, U.S.A. D.C. Heath and Co. 1891. 

Wu the present volume Dr. Whiting’s treatise on Practical 
Physics is brought to a conclusion. He discusses in it those 

portions of the subject which are primarily of more importance to 
the teacher than to the student, such as the cost of providing 
apparatus for the course described in the three previous volumes, 
and also the most suitable arrangement of tables in the laboratory 
in order that the teaching may be imparted with the maximum of 
convenience both to teacher and student. The author recommends 
that the practical work be preceded by a special lecture on the 
theory and practice of the experiment to be performed, these 
demonstrations being quite distinct from the ordinary formal 
course of lectures on Physics. It is an open question, and one 
which the author does not discuss, whether the experimental 
demonstrations ought to precede or follow the formal course; in 
the case of the more mathematical portions of Physics it seems to 
us advisable to interest the student by means of an experiment, 
before introducing him to the complete theory of it as given in the 
lecture course. This is especially the case with Mechanics, in 
which subject the formal lectures ought to follow the demonstra- 
tions and experiments rather than precede them. 

A great portion of the volume is devoted to tables of actual 
observations and results obtained in each of the experiments pre- 
viously described. Then follow lists of the experiments, a know- 
ledge of which is required in the case of candidates for admission 
to Harvard University ; this section is of course of greater interest 
to American teachers. The remainder of the volume is taken up 
by proofs of the mathematical formule used in the earlier part of 
the work. . 

In reviewing the treatise as a whole we think the author has 
done well to insist upon the necessity of always making mea- 
surements, whatever their nature may be, as exactly as possible, 
and of eliminating errors by taking the mean of several observa- 
tions; so that with comparatively rough apparatus really valuable 
results may be obtained by a careful student. On the other hand, 
the work has one drawback which it shares in common with all 
text-books on practical Physics, namely, that the experiments de- 
scribed are supposed to be performed with apparatus of a special 
pattern, which other laboratories do not possess. To a large 
extent, therefore, the course of experiments in each laboratory is 
arranged in accordance with the form of the apparatus . possessed 
by it, and such text-books as the present one only serve as general 
guides which must be supplemented by printed or manuscript 
notes. James L. Howarp. 

Phil. Mag. 8. 5. Vol. 82. No. 199. Dec. 1891. 2 P 
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LXVII. Intelligence and Miscellaneous Articles. 

MOLECULAR THEORY OF DIFFUSION AND ELECTROLYSIS. 

BY H. RIECKE. 

po a dilute solution of a body which is not an electrolyte, the 
concentration of which is constant in all plane layers which are 

at right angles to an axis (z-Axis), but is variable in the direction of 
this axis, the author finds that the excess of the molecules moving 
downwards (that is, the strength of the diffusion-current) is 

g_ lu ON . 

ls “Ope 

in which J is the mean path of the dissolved molecules, wu the 
molecular velocity, N the number of gramme-molecules in unit 
volume of the solvent; then S is the number of gramme-molecules 
which move through unit section in a second in the direction of 
decreasing concentration. The coefficient of diffusion & for the 
time of a day is therefore | 

k=86400. lu/3. 

Thus the author calculates :— 

s Molecular |,. a 
k. weight, {in em, 10-8. 

Wires movteceease ees: 0-81 60 0-086 

Chloral hydrate ... 0°55 165 0-094 

Miamnnibenieereeeceec 0°38 182 0-068 

Cane-sugar ......... 0-31 342 0-077 

For electrolysis Prof. Riecke finds for the number Q, of positive 
ions which pass in a second through unit section, 

in which N is the number of molecules in unit volume, e the quan- 
tity of positive electricity united to each molecule, / the mean path, 
u the molecular velocity, » the molecular weight, 7 the time between 
two successive impacts of a molecule of the ion against a molecule 
of the solvent, and Z the E.M.F. in electrostatic measure. The suffix 
p signifies that the numbers refer to the positive ion; n in like 
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manner represents the negative ion. From this may be calculated 
the transfer-number and the conductivity. If, further, A is that 
quantity of hydrogen which is liberated in a second by a current 
of unit strength in electromagnetic measure, the molecular con- 
ductivity, L, expressed in electrochemical equivalents, is 

ils Hii l, 
L= —_({_?- peste 15t )): 

A (= Up si un _) 

If U and V are the absolute mobilities of the ions, then L=U+V, 
and therefore 

lp Wits Ln 

Ay Up 4 Apn Un, 

With the aid of the values of U and V given by Prof. Kohlrausch 
the author thus calculates :— 

U= 

Positive Ions. 

H. Li. NE Na. K. Ag. 

LOT... 300 22°6 51 33°5 52 43 

Ce. oehgeeerenee 1 rf 18 23 39 107°7 

PANO? Bowens 0°82 0-16 0:59 0°44 0:89 1:22 

Negative Lons. 

WO es. 32°4 | 54 53 24°8 496 | 57-2 | 43 57°2 

Renetecis<ss02: 19 26 35°4 | 59 62 798 | 83:4 | 126-5 

(Pe Sone 0-12 | O75} 0:86 0:52 LOG ao OT" 1-76 

For the coefficient of diffusion of an electrolyte, finally, that is 
the number of gramme-molecules which with unit difference of 
concentration pass through unit section, the author finds 

k=40-1(1+0-003672)nU x 10°, 

in which n is the transfer-number, and U the absolute mobility of 
the ion in question. Thus for hydrochloric acid, »=0-19 and 
U=300 x 10-33, and therefore k=2°44. Observation gives 2°30. 
This example also proves the agreement between Riecke’s equation 
and that which Nernst first gave for the connexion between the 
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conductivity and diffusion of an_ electrolyte.—Zeitschrift fir 
physikalische Chemie, vol. vi. p. 564; Berbldtter der Physik, vol. xv. 
p. 370. 

METHOD OF DETERMINING THE SURFACE-TENSION OF MERCURY, 

BY H. SENTIS. 

A rectangular plate of iron of the volume adc and the weight p 
floats on mercury; the actual dimensions were about 120x8x2 
ec. millim. The depth 2 to which it sinks is determined by means 
of a spherometer. On the one hand, we have from the principle 
of Archimedes, 

p=abhD+2(a+b)F cosa; 

in which D is the density of mercury, F the surface-tension, and 
a the edge-angle, and the second term on the right is the weight 
of the mercury which would fill up the groove about the plate. 
The error which is due to the corners may be eliminated by 
means of another plate of volume cde, and weight p’, immersed 
to the same extent, which gives exactly the same error. On the 
other hand, the well-known equation 

h= A COS &) 

holds, and by eliminating the error and the edge-angle we get the 
formula 

pat a le Pee ED 
4 [d+b—c—d/PhD ° 

from which observations give F=39-23 mg.—Journal de Physique, 
vol. ix. p. 384 (1890). 

ALLOTROPIC SILVER. 

Mr. M. Carey Lea requests us to correct a typographicai error 
occurring in his paper, entitled ‘“ Notes on Allotropic Silver,” 
which appeared in our October number. In this paper in several 
places appears ‘‘ protochloride” where photochloride is the correct 
reading. Silver photochloride is the name proposed some years 
ago by Mr. Lea for the coloured compounds resulting from the 
union of normal silver chloride with small quantities of subchloride 
in no definite proportion, but after the manner of lakes as specially 
described by him.—The violet substance resulting from the expo- 
sure of silver chloride to light is a photochloride. 
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TELESCOPIC WORK FOR STARLIGHT EVENINGS. 
BY 

WILLIAM F. DENNING, F.R.AS. 
(Formerly President of the Liverpool Astronomical Society.) 

EXTRACTS FROM REVIEWS. 

Mr. Denning “ writes as an observer of skill and experience, whilst the early chapters 
on the invention, history, and development of the telescope are replete with interest to 
all, but especially to those who are themselves astronomical observers.” —<Athenewm. 

“Tt deserves to be read with respect and attention by every amateur astronomer ; nor 
can the task prove anything but a pleasure to such as will genially commit themselves 
to the guidance of an author whose arbitrary dealings, here and there, with language 
impart a certain raciness to the ready and animated flow of his discourse. The want, 
moreover, of such an unpretending handbook is, we believe, genuinely felt. Many 
persons are the possessors of telescopes which they are at a loss how to employ. 
Intending observers cannot do better, under these circumstances, than place themselves 
under Mr. Denning’s guidance. The book is suitably and sufficiently illustrated, in 
large measure from the author's original drawings.” —Saturday Review, May 23. 

“Mr. Denning is universally recognized as one of the greatest living authorities on 
the subject of Meteoric Astronomy. A work from his pen will therefore be read with 
much interest and expectation by all lovers of the sublime science, and his readers will 
not be disappointed. This is a very interesting and valuable work, and all telescopists 
should procure a copy without delay.” —Philosophical Magazine (J. H. Gore). 

‘Mr. Denning is so well known as a patient observer of meteors and comets that 
a work from him on observational astronomy will be looked upon with special 
interest.” —Knowledge. 

‘The illustrations are numerous and well executed and there is a fairly copious 
index. Mr. Denning’s work will we trust have a large circulation, for it thoroughly 
deserves it. The book would make an admirable addition to the shelves of a lending 
library.” —Bristol Times and Mirror. 

“ Since the appearance of Webb's ‘Celestial Objects for Common Telescopes’ I much 
doubt if any work more useful to the amateur observer (and notably to the beginner) 
has appeared than ‘ Telescopic Work for Starlight Evenings.’ One conspicuous merit of 
Mr. Denning’s excellent book lies in the fact that it is obviously written by a man 
possessing the most thorough personal familiarity with the objects he so lucidly 
describes.’ —“F.R.A.8.” in English Mechanic. 

‘“‘Mr. Denning has written in a straightforward earnest fashion that must not only 
make many difficulties clear to his readers but inspire them with something of his own 
determination and enthusiasm.”— Observatory. 
‘A glance at its table of contents will interest any reader of Astronomy who knows 

anything of the Author’s ability as a practical astronomer and a ready writer on 
geneial astronomical themes.” —WSidereal Messenger. 

‘‘ Would-be purchasers of telescopes are assisted with sound advice, would-be 
workers with telescopes are supplied with stimulating suggestions.”’—Journal of the 
British Astronomical Association. 

‘Mr. Denning is one of the keenest, most unwearying observers in England, and the 
book is worthy of his reputation.” — Weekly Maat. : 
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TELESCOPIC WORK FOR STARLIGHT EVENINGS. — 

BY 

WILLIAM F. DENNING, F-.R.A:S. 
(Formerly President of the Liverpool Astronomical Society.) 

EXTRACTS FROM REVIEWS. 

‘“‘ As might be expected from such an experienced and enthusiastic observer as Mr. 
Denning, this book is thoroughly practical. He is not contented with describing the 
beauties of the skies, but gives invaluable information as how to see them best. To 
observers of limited means the book will be of the greatest assistance, both in the 
selection and use of their instruments. The book is full of important practical details. 
Every one who uses a telescope or intends to use one, of whatever dimensions, should 
read Mr. Denning’s book.”—Nature. 

“There is a peculiar interest and fascination connected with the subject of 

Astronomy, which even the comparatively uneducated reader cannot but feel, and 
hence there exists here a field for popular presentation which is hardly equalled in 
any other branch of science. The present work is one of this class, and is fresh in 
matter, attractive and popular in style, and with its numerous illustrations cannot fail 
to bring pleasure and instruction to all who use it.”—American Journal of Science. 

Mr. Denning “writes as an observer of skill and experience, whilst the early chapters 
on the invention, history, and development of the telescope are replete with interest to 
all, but especially to those who are themselves astronomical observers.” — Atheneum. 

“Tt deserves to be read with respect and attention by every amateur astronomer; nor 
ean the task prove anything but a pleasure to such as will genially commit themselves 
to the guidance of an author whose arbitrary dealings, here and there, with language 
impart a certain raciness to the ready and animated flow of his discourse. The want, 
moreover, of such an unpretending handbook is, we believe, genuinely felt. Many 
persons are the possessors of telescopes which they are at a loss how to employ. 
Intending observers cannot do better, under these circumstances, than place themselves 
under: Mr. Denning’s guidance ‘The book is suitably and sufficiently illustrated, in 
large measure from the author’s original drawings.” Saturday Review, May 28. 

“ Mr. Denning is universally recognized as one of the greatest living authorities on 
the subject of Meteoric Astronomy. A work from his pen will therefore be read with 
much interest and expectation by all lovers of the sublime science, and his readers will 
not be disappointed. This is a very interesting and valuable work, and all telescopists 
should procure a copy without delay.” —Philosophical Magazine (J. H. Gore). 

‘‘Mr. Denning is so well known as a patient observer of meteors and comets that 
a work from him on observational astronomy will be looked upon with special 
interest.” —Knowledge. 

‘The illustrations are numerous and well executed and there is a fairly copious 
index. Myr. Denning’s work will we trust have a large circulation, for it thoroughly 
deserves it. The book would make an admirable addition to the shelves of a lending 
library.” —Bristol Times and Mirror. 

“ Since the appearance of Webb’s ‘Celestial Objects for Common Telescopes’ I much 
doubt if any work more useful to the amateur observer (and notably to the beginner) 
has appeared than ‘ Telescopic Work for Starlight Evenings.’ One conspicuous merit of — 
Mr. Denning’s excellent book lies in the fact that it is obviously written by a man 
possessing the most thorough personal familiarity with the objects he so lucidly 
describes.’—“F.R.A.S.” in Hnglish Mechanic. . 

‘“‘Mr. Denning has written in a straightforward earnest fashion that must not only 
make many difficulties clear to his readers but inspire them with something of his own 
determination and enthusiasm.”— Observatory. 

‘A glance at its table of contents will interest any reader of Astronomy who knows 
anything of the Author’s ability as a practical astronomer and a ready writer on 
general astronomical themes.”— Srdereal Messenger. 

“Would-be purchasers of telescopes are assisted with sound advice, would-be 
workers with telescopes are supplied with stimulating suggestions.’—Journal of the 
British Astronomical Association. 

‘‘Mr. Denning is one of the keenest, most unwearying observers in England, and the 
book is worthy of his reputation.’— Weekly Mait. 
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TELESCOPIC WORK FOR STARLIGHT EVENINGS. 

BY 

WILLIAM F. DENNING, F-.R.A;S. 

(Formerly President of the Liverpool Astronomical Society.) —_ 

EXTRACTS FROM REVIEWS. 

“« As might be expected from such an experienced and enthusiastic observer as Mr. 
Denning, this book is thoroughly practical. He is not contented with describing the 
beauties of the skies, but gives invaluable information as how to see them best. ‘To 
observers of limited means the book will be of the greatest assistance, both in the 
selection and use of their instruments. The book is full of important practical details. 
Every one who uses a telescope or intends to use one, of whatever dimensions, should 
read Mr. Denning’s book.’—WNature. 

“There is a peculiar interest and fascination connected with the subject of 
Astronomy, which even the comparatively uneducated reader cannot but feel, and 
hence there exists here a field for popular presentation which is hardly equalled in 
any other branch of science. The present work is one of this class, and is fresh in 
matter, attractive and popular in style, and with its numerous illustrations cannot fail 
to bring pleasure and instruction to all who use it.” —American Journal of Science. 

Mr. Denning “writes as an observer of skill and experience, whilst the early chapters 
on the invention, history, and development of the telescope are replete with interest to 
all, but especially to those who are themselves astronomical observers.” —Atheneum. 

“Tt deserves to be read with respect and attention by every amateur astronomer ; nor 
can the task prove anything but a pleasure to such as will genially commit themselves 
to the guidance of an author whose arbitrary dealings, here and there, with language 
impart a certain raciness to the ready and animated flow of his discourse. The want, 
moreover, of such an unpretending handbook is, we believe, genuinely felt. Many 
persons are the possessors of telescopes which they are at a loss how to employ. 
Intending observers cannot do better, under these circumstances, than place themselves 
under Mr. Denning’s guidance ‘The book is suitably and sufficiently illustrated, in 
large measure from the author’s original drawings.”—Saturday Review, May 28. 

“Mr. Denning is universally recognized as one of the greatest living authorities on 
the subject of Meteoric Astronomy. A work from his pen will therefore be read with 
much interest and expectation by all lovers of the sublime science, and his readers will 
not be disappointed. This is a very interesting and valuable work, and all telescopists 
should procure a copy without delay.” —Philosophical Magazine (J. H. Gore). 

“Mr. Denning is so well known as a patient observer of meteors and comets that 
a work from him on observational astronomy will be looked upon with special 
interest.” — Knowledge. 

“The illustrations are numerous and well executed and there is a fairly copious 
index. Mr. Denning’s work will we trust have a large circulation, for it thoroughly 
deserves it. The book would make an admirable addition to the shelves of a lending 
library.” —Bristol Times and Mirror. 

“ Since the appearance of Webb’s ‘Celestial Objects for Common Telescopes’ I much 
doubt if any work more useful to the amateur observer (and notably to the beginner) 
has appeared than ‘ Télescopic Work for Starlight Evenings. One conspicuous merit of 
Mr. Denning’s excellent book lies in the fact that it is obviously written by a man 
possessing the most thorough personal familiarity with the objects he so lucidly 
describes.” —“F.R.A.8.” in English Mechanic. 

‘Mr. Denning has written in a straightforward earnest fashion that must not only 
make many difficulties clear to his readers but inspire them with something of his own 
determination and enthusiasm.’—Observatory. 

“A glance at its table of contents will interest any reader of Astronomy who knows 
anything of the Author’s ability as a practical astronomer and a ready writer on 
eneral astronomical themes.” —/Sidereal Messenger. 
‘‘Would-be purchasers of telescopes are assisted with sound advice, would-be 

workers with telescopes are supplied with stimulating suggestions.”—Journal of the 
British Astronomical Association. 

‘Mr. Denning is one of the keenest, most unwearyi bservers in England, and the 
book is worthy of his reputation.’”— Weekly Mail=s ay 5 = lA gH 
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